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The pervasiveness of fracture

Our new Constitution is now established, and has an appearance that promises permanency; but in 
this world nothing can be said to be certain, except death and taxes

In a letter to Jean-Baptiste Le Roy in 1789, Benjamin Franklin famously wrote:

More than 200 years later, in hindsight, one could argue the following amendment: 

Nothing is for certain, except death, taxes, and fracture
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The first view of fracture
1. The strength idea: Love (1893) — recall Cauchy (1823)

• In the absence of geometric singularities in the specimen

• In the presence of notches, cracks



The second view of fracture
2. The (fracture) surface energy idea: Griffith (1921)

• In the presence of “large” pre-existing cracks in the specimen

• In the absence of “large” pre-existing cracks

……

Pharr et al. (2012)



The whole picture
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1. Nucleation in the bulk: 
the strength

1. Nucleation from large pre-existing cracks:
the fracture energy

1. Nucleation from the boundary &
small pre-existing cracks: 
the transition zone

2. Propagation of fracture:
the fracture energy

1

2

3



1.1 Nucleation in the bulk: the strength
General affine stress BCs

Strength surface

uniform stress



1.1 Nucleation in the bulk: the strength
General affine stress BCs

Isotropic strength surface

Stress invariants



1.1 Nucleation in the bulk: the strength
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1.1 Nucleation in the bulk: the strength
General affine stress BCs

Isotropic strength surface

An example: Drucker-Prager strength surface
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1.2 Nucleation from large pre-existing cracks: the fracture energy

large crack Fracture energy 
or
Critical energy release rate

Note: “Large” refers to large relative to the characteristic size of the 
inherent microscopic defects in the material of interest. 

“Small”, on the other hand, refers to sizes that are of the same order 
or just moderately larger than the sizes of the inherent defects.

Kovar et al. (2000)
20 mm



1.3 Nucleation from the boundary/small pre-existing cracks: the transition zone
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small crack
(crack singularity)

Transition zone: mediation between the strength               and the fracture energy



2 Propagation: the fracture energy
propagating crack

Fracture energy 
or
Critical energy release rate

Note: Nucleation from a pre-existing crack is 
equivalent to crack propagation

Greensmith and Thomas (1955)



Summing up

Material Input Data:

stored-energy function

strength surface

critical energy release rate

The experimental observations make it plain that there are three basic ingredients that any attempt at a 
complete macroscopic theory of fracture for elastic brittle materials must account for:

For linear elastic brittle materials, we write

stored-energy function

strength surface

critical energy release rate
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……

The starting point: Francfort and Marigo (1998)
The idea (in words): Griffith (1921)

The mathematical formulation: Francfort and Marigo (1998)

Its phase-field regularization: Bourdin, Francfort, Marigo (2000, 2008)



The original phase-field approach to brittle fracture

where                           are monotonic functions such that                                                            

with

• Fracture nucleation from large pre-existing cracks and fracture propagation

• Fracture nucleation at large

The phase-field approach is fundamentally incomplete as it does not account for one of the three 
basic ingredients: the strength surface

Comparisons with experiments over the last 20 years confirm so



A comment on a popular but insufficient remedy
Amor, Marigo, Maurini (JMPS 2009) realized that imparting physical meaning to the localization length 
would result in the correct prediction for nucleation in the bulk under uniform uniaxial tension

This remedy is insufficient for essentially three reasons:

ii. Uniaxial tensile strength        is just a sole point in stress space and ignores the rest of the strength 
surface             for the material at hand

i. Fixing the value of     fundamentally changes the theory from a regularized fracture theory to a 
damage theory, as then we cannot pass to the sharp limit

For example, for AT1 with                     and                         : 

For example, for AT1 with                    ,                       , and                     , the strength surface predicted 
by the phase-field model is                        

Kumar, Bourdin, Francfort, Lopez-Pamies JMPS (2020)



A comment on a popular but insufficient remedy
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A comment on a popular but insufficient remedy

Kumar, Bourdin, Francfort, Lopez-Pamies JMPS (2020)

iii. By fixing the value of     the theory remains purely energetic in character, which is inconsistent with 
the stress-based character of the strength surface

To see this, consider the behavior of                                                         for increasing bulk modulus
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A new phase-field framework: Kumar, Francfort, Lopez-Pamies JMPS (2018)
The two-pronged idea is:
• To consider the Euler-Lagrange equations of the original phase-field as the primal model, and

• To add a driving force ce in the E-L equation for the phase field v that directly brings into the model 
the strength surface            , while keeping undisturbed the ability of the original phase-field 
formulation to model crack propagation 

E-L eq. for the 
displacement field  

E-L eq. for the 
phase field  



A new phase-field framework: Kumar, Francfort, Lopez-Pamies JMPS (2018)
Physical interpretation of the driving force ce within the framework of configurational forces 

Kumar, Ravi-Chandar, Lopez-Pamies Int. J. Fracture (2020)Gurtin (1996)

balance of Newtonian forces

balance of configurational forces

• External driving force analogous to the body force in the balance of Newtonian forces. 
In other words, the inherent microscopic defects are considered as external agents

• Physically represents the macroscopic manifestation of the presence of inherent 
microscopic defects in the material

Note: The functional form needed to conform with experimental observations does not allow to consider                
as part of the internal driving force 



The construction of ce

Material Input:

Consider the basic case of a linear elastic isotropic material with Drucker-Prager strength surface. That is 

There are three guiding principles to construct a viable constitutive prescription for      : 

1. Choose      to have the same functional form as the given             but with   -dependent coefficients 

3. Allow for possibly non-zero values                             in the ground state when 

2. Choose the coefficients so that in the sharp limit as             the resulting phase-field model predicts 
fracture nucleation in the bulk exactly according to the given strength surface



The construction of ce

The simplest viable prescription

with

• -dependent coefficient that needs to be calibrated so that the resulting phase-
field model maintains the correct Griffith nucleation/propagation of cracks

• The calibration is done numerically by matching the prediction of the phase-field  
model with any Griffith exact solution of choice 

Note: More elaborate constitutive prescriptions for ce can be constructed by adding terms of higher order in    
to the coefficients



Calibration of     : An example

Tada et al. (1973)

The classical center crack test specimen
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Summing up

• We now have a regularized macroscopic theory of fracture 
that directly accounts for the three basic ingredients 
required by experimental observations

stored-energy function

strength surface

critical energy release rate

• By construction, it describes correctly nucleation of fracture in the bulk, from large pre-existing cracks, 
as well as propagation of fracture 

Kimoto et al. (1985)

• Autonomously, the theory seems to also 
describe correctly nucleation from the 
boundary and from small pre-existing cracks 
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Applications
A series of recent papers have provided a wide range of validation results for a broad spectrum of
materials, including

and an equally broad spectrum of loading conditions suggesting that the proposed theory may indeed
provide a complete framework for the description of fracture in nominally elastic brittle materials

silicone, polyurethane, natural rubber, PMMA, titania, graphite, alumina, glass, 

In the sequel, we present representative results for two famous challenging problems:

glass
plate

steel cylindrical
punch

rubber
metal

fixtures

Indentation of Glass Stretching of Poker-Chip Rubber Specimens



Indentation of glass: The experiments
The experiments of Mouginot & Maugis (1985)
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ring crack

succeeding
cone crack
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What they did What they observed

sizes of the indenter:

rate of loading:

surface polished with 
various treatments

Kumar, Ravi-Chandar, Lopez-Pamies Int. J. Fracture (2022)



Indentation of glass: Calibration of the inputs entering the theory
Calibration of the three material inputs entering the theory:

• Elasticity
Based on their own ultrasound measurements, Mouginot and Maugis (1985) determined the Young's 
modulus and Poisson's ratio of their borosilicate glass to be

• Strength
Mouginot and Maugis (1985) did not provide direct 
experimental data on the borosilicate glass strength. 
However, they did provide an estimate of the roughness 
of the surface of the specimens, which was much larger 
than the size of defects in the bulk. We hence choose



Indentation of glass: Calibration of the inputs entering the theory
Calibration of the three material inputs entering the theory:

• Critical energy release rate

Mouginot and Maugis (1985) did not carry out independent experiments to measure the critical 
energy release rate of their borosilicate glass. However, they did estimate it to be within the range 

directly from their indentation experiments. In our simulations, we use

Choice of the regularization length      and corresponding calibration of the coefficient      :



Indentation of glass: Theory vs. experiments
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Contour plots of the phase field for the experiment with indenter size 

Nucleation occurs on the surface because the strength around the state of shear stress is reached

Subsequent propagation is controlled by Griffith



Indentation of glass: Theory vs. experiments
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Indentation of glass: Theory vs. experiments

Diameter of the cone crack as 
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Stretching of poker-chip rubber specimens: The experiments

Kumar and Lopez-Pamies JMPS (2021)

The experiments of Gent & Lindley (1959)

rubber
metal

fixtures

midplane

centerline

What they did

What they observed

H=0.061 cm H=0.180 cm



Calibration of the Inputs Entering the 
Theory for the Poker-Chip Simulations



Calibration of the stored-energy function
For the response at finite deformations we use their experimental result for the thickest poker chip, 
which did not fracture
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Calibration of the strength
No direct experimental data on the strength of the elastomers was included by Gent and Lindley (1959). 

The hydrostatic strength         can be extracted from their thinnest poker-chip experiment
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Calibration of the strength
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We can then conclude that



Calibration of the strength
How about the rest of the strength surface?
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From the separate classical experiments of Thor Smith (1960s), we know that

From the geometry of the specimens we also know that the stress fields at nucleation points are not far 
from hydrostatic just before nucleation…then



Calibration of the critical energy release rate
No direct experimental data on the Gc was provided by Gent and Lindley (1959). 

From the separate classical experiments of Lake and Lindley (1965) and Lake and Thomas (1967), we 
know that

• In the absence of viscous dissipation and strain-crystallization

• In the presence of viscous dissipation but absence of strain-crystallization (with artistic license!)

• In the presence of viscous dissipation and strain-crystallization (with even more artistic license!)

There is both viscous dissipation and strain crystallization
in the poker-chip experiments of Gent and Lindley (1959)



Calibration of the critical energy release rate
Guided by recent experiments, we use
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Stretching of poker-chip rubber specimens: Theory vs. Experiments
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Very Thin Poker-Chip:












Stretching of poker-chip rubber specimens: Theory vs. Experiments

A thick poker chip:
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Midplane View

In undeformed configuration In deformed configuration

Thick Poker-Chip:












Stretching of poker-chip rubber specimens: Theory vs. Experiments
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Some parting thoughts

1. All the validation results carried out until this point suggest that the proposed theory may indeed 
provide a complete formulation for the description of fracture in elastic brittle solids

In other words,

(Strength) + (Griffith viewed through the Francfort-Marigo lens) = the law of the land for fracture?

2. On-going work on viscoelastic elastomers suggests that the “law” might apply more generally for 
all materials, including dissipative ones

3. From a fundamental point of view, a key open problem is that of determining whether a limit 
model of sharp fracture does indeed exist in the limit as              , as suggested by numerical results

4. Another fundamental problem is that of deriving the proposed macroscopic theory as the 
homogenization limit of a local problem where the inherent defects of materials are modeled 
explicitly
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