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Abstract

Recent studies have demonstrated that polygonal elements possess great potential in the study of nonlinear elastic materials
under finite deformations. On the one hand, these elements are well suited to model complex microstructures (e.g. particulate
microstructures and microstructures involving different length scales) and incorporating periodic boundary conditions. On the
other hand, polygonal elements are found to be more tolerant to large localized deformations than the standard finite elements,
and to produce more accurate results in bending and shear. With mixed formulations, lower order mixed polygonal elements are
also shown to be numerically stable on Voronoi-type meshes without any additional stabilization treatment. However, polygonal
elements generally suffer from persistent consistency errors under mesh refinement with the commonly used numerical integration
schemes. As a result, non-convergent finite element results typically occur, which severely limit their applications. In this work,
a general gradient correction scheme is adopted that restores the polynomial consistency by adding a minimal perturbation to the
gradient of the displacement field. With the correction scheme, the recovery of optimal convergence for solutions of displacement-
based and mixed formulations with both linear and quadratic displacement interpolants is confirmed by numerical studies of
several boundary value problems in finite elasticity. In addition, for mixed polygonal elements, the various choices of the pressure
field approximations are discussed, and their performance on stability and accuracy are numerically investigated. We present
applications of those elements in physically-based examples including a study of filled elastomers with interphasial effect and a
qualitative comparison with cavitation experiments for fiber reinforced elastomers.
c⃝ 2016 Elsevier B.V. All rights reserved.
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1. Introduction

The finite element space for polygonal elements contains non-polynomial (e.g. rational) functions and thereby
the existing quadrature schemes, typically designed for integration of polynomial functions, will lead to persistent
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consistency errors that do not vanish with mesh refinement [1,2]. As a direct consequence, the so-called patch test,
which provides a measure of polynomial consistency of conforming discretizations, is not passed on general polygonal
meshes, even in an asymptotic sense. Moreover, the persistence of the errors in turn renders the finite element
method suboptimally convergent or even non-convergent under mesh refinement. In practice, using sufficiently large
number of integration points can lower the consistency error. For linear polygonal elements in two dimensions (2D),
a triangulation scheme with three integration points per triangle is shown to be sufficiently accurate for practical
problems and mesh sizes [1,3]. However, for higher-order polygonal elements, for instance, quadratic elements that
will be discussed in this paper, the number of integration points of such a scheme can become prohibitively large. This
is also the case for polyhedral elements in three dimensions (3D). For example, maintaining optimal convergence rates
with a linear polyhedral discretization for practical levels of mesh refinement may require several hundred integration
points per element [2,4]. As the number of elements increase, the associated computational cost on a polyhedral
discretization can become too expensive for practical applications.

Several attempts have been made in the literature to address this issue. For example, in the context of scalar
diffusion problems, inspired by the virtual element method (VEM) [5–7], Talischi et al. [1] have proposed a
polynomial projection approach to ensure polynomial consistency of the bilinear form, and thereby ensure satisfaction
of the patch test and optimal convergence for both linear and quadratic polygonal elements. A similar approach has
also been adopted by Manzini et al. [2] to solve Poisson problems on polyhedral meshes. However, those approaches
require the existence of a bilinear form, and therefore extension to general nonlinear problems is non-trivial and is
still an open question. Borrowing the idea of pseudo-derivatives in the meshless literature [8], Bishop has proposed
an approach to correct the derivatives of the shape functions to enforce the linear consistency property on general
polygonal and polyhedral meshes [9,10]. With the correction, the linear patch test is passed and optimal convergence
is achieved. Although being applicable for general nonlinear cases, extension to higher order cases (e.g. quadratic
polygonal finite elements) is not trivially implied.

More recently, Talischi et al. [4] have proposed a general gradient correction scheme that is applicable to both linear
and nonlinear problems on polygonal and polyhedral elements with arbitrary orders. In essence, the scheme corrects
the gradient field at the element level with a minimal perturbation such that the discrete divergence theorem is satisfied
against polynomial functions of suitable order. With a minimum accuracy requirement of the numerical integration
scheme, the correction has been previously shown to restore optimal convergence for linear diffusion and nonlinear
Forchheimer flow problems [4]. In this work, we adopt the gradient correction scheme in two dimensional finite
elasticity problems and apply it to linear and quadratic polygonal elements. As we will see, the gradient correction
scheme renders both linear and quadratic polygonal elements optimally convergent.

To enable modeling of materials with a full range of compressibility, this work considers displacement-based
as well as two-field mixed polygonal elements, the latter of which contains an additional discrete pressure field.
For mixed finite elements, the numerical stability is a critical issue to ensure convergence and therefore has been
subjected to extensive studies in the finite element literature. Generally, the stability condition is described by
the well-known inf–sup condition [11–13], which, in essence, implies a balance between the discrete spaces for
displacement field and pressure field [14]. Many of the classical mixed finite elements are known to be unstable
(see, for instance, summaries in [15,16]). As a result, some post-processing procedures or stabilization methods
are needed for those elements (see, for instance, [17–20]). In contrast, some recent contributions have suggested
that linear mixed polygonal elements coupled with element-wise constant pressure field are numerically stable on
Voronoi-type meshes in both linear and nonlinear problems if every node/vertex in the mesh is connected to at most
three edges [14,21,3]. Furthermore, with the availability of higher order displacement interpolants (see, e.g. [22,
23]), various mixed approximations for higher order polygonal elements featuring more enriched pressure spaces are
made possible. For example, for quadratic mixed elements, together with quadratic interpolation of the displacement
field, the pressure field can be approximated by either discontinuous piecewise-linear or continuous linearly complete
functions. However, their stability, convergence and accuracy are still open problems and have not been fully explored
in the literature. In this paper, the performance of quadratic mixed polygonal elements with different choices of
pressure approximation is presented and studied with thorough numerical assessment. As a direct observation, the
quadratic mixed polygonal elements also appears to be stable with both discontinuous piecewise-linear and continuous
linearly complete interpolations of the pressure field on Voronoi-type meshes for linear elasticity problems. Intuitively,
this stability results from the larger displacement space for polygonal finite elements when compared with the classical
triangular and quadrilateral elements.
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The remainder of the paper is organized as follows. Displacement and mixed variational formulations of finite
elasticity are briefly recalled in Section 2. In Section 3, finite element spaces and approximations are presented and
numerical integration issues are discussed, including a review of the gradient correction scheme. Section 4 presents a
numerical study of convergence, accuracy, and stability for both linear and quadratic, displacement-based and mixed
polygonal elements. In Section 5, two examples of practical relevance are studied with polygonal finite elements: (i)
the nonlinear elastic response of a filled elastomer reinforced with a random isotropic distribution of circular particles
bonded through finite-size interphases, and (ii) the onset of cavitation in a fiber reinforced elastomer. Finally, some
concluding remarks are recorded in Section 6.

We briefly and partially introduce the notation adopted in this paper. For any functional f (x) that depends on
field x , we write Dx f (x) · y as the variation of f (x) with respect to x , where y is a trial field. Moreover, for any subset
E of the given domain Ω , E ⊂ Ω , we denote by |E | its area or volume and ⟨·⟩E the average operator:

⟨·⟩E
.
=

1
|E |


E

(·) dX. (1)

If the average is taken for the whole domain Ω , we denote the operator as ⟨·⟩ with the subscript Ω omitted. We shall
also have ∥ · ∥L2(E) to denote as the standard L2-norm over E and ∥ · ∥ as the standard L2-norm over Ω .

2. Finite elasticity formulations

In this section, two variational formulations of elastostatics are recalled, including the classical displacement-based
formulation and a general two-field mixed formulation [24–27]. Throughout, a Lagrangian description of the fields is
adopted.

Consider a body in its stress-free, undeformed configuration that occupies a domain Ω with boundary ∂Ω . On
its boundary, it is subjected to a prescribed displacement field u0 on ΓX and prescribed surface traction t (per unit
undeformed surface) on Γ t, such that ΓX

∪Γ t
= ∂Ω and ΓX

∩Γ t
= ∅. Moreover, it is also assumed to be subjected to

a body-force f (per unit undeformed volume) in Ω . A stored-energy function W is used to characterize the constitutive
behavior of the body, which is assumed to be an objective function of the deformation gradient F. In terms of W , the
first Piola–Kirchhoff stress tensor P at each material point X ∈ Ω is given by the following relation:

P (X) =
∂W

∂F
(X, F) , (2)

which is used as the stress measure of choice in this paper.

2.1. Displacement-based formulation

The displacement-based formulation considers the displacement field u as the only independent field. The
deformation gradient F is then assumed to be a function of u given by F (u) = I + ∇u, where ∇ denotes the gradient
operator with respect to the undeformed configuration and I is the identity in the space of second order tensors.
According to the principle of minimum potential energy, the unknown equilibrium displacement field u is the one that
minimizes the potential energy Π among the set of all kinematically admissible displacements v:

Π (u) = min
v∈K

Π (v) , (3)

with

Π (v) =


Ω

W (X, F (v)) dX −


Ω

f · vdX −


Γ t

t · vdS, (4)

where K stands for the set of kinematically admissible displacements such that v = u0 on ΓX.
The weak form of the Euler–Lagrange equations associated with the variational principle (3) is given by:

G (v, δv) = DvΠ (v) · δv =


Ω

∂W

∂F
(X, F (v)) : ∇(δv)dX −


Ω

f · δvdX −


Γ t

t · δvdS = 0 ∀δv ∈ K0, (5)

where the trial displacement field δv is the variation of v, and K0 denotes the set of all the kinematically admissible
displacement fields that vanish on ΓX.
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2.2. A general two-field mixed variational formulation

The displacement-based formulation is known to perform poorly with standard finite elements when the material
under consideration is nearly or purely incompressible. Mixed variational principles are typically adopted as the
formulation of choice for such problems instead. Recently, a new two-field mixed variational principle has been put
forth by Chi et al. [3], which, unlike the commonly used mixed formulations in the finite element literature, does not
require the multiplicative decomposition of the deformation gradient tensor F [3]. For the reminder of the paper, the
formulation of Chi et al. [3] is referred to as the F-formulation, whereas the commonly used formulation making use

of the multiplicative decomposition of F into a deviatoric part, F = (det F)−
1
3 F, and a hydrostatic part, (det F)

1
3 I,

is referred to as the F-formulation. In this section, the F-formulation is briefly reviewed. For the F-formulation, the
interested reader is referred to [28–34,3] and references therein.

The F-formulation consists of finding the equilibrium (u,p) ∈ K × Q, such that,

Π (u,p) = min
v∈K

maxq∈Q
Π (v,q) , (6)

with

Π (v,q) =


Ω


−W ∗ (X, F (v) ,q) +q [det F (v) − 1]


dX −


Ω

f · vdX −


Γ t

t · vdS. (7)

In the above variational principle, Q denotes the set of square-integrable scalar functions and the “complementary”
stored-energy function W ∗ (X, F,q) is defined by partial Legendre transformation:

W ∗ (X, F,q) = max
J

q (J − 1) − W (X, F, J )

, (8)

where W is defined such that W (X, F, J ) = W (X, F) when J = det F.
Unlike the F-formulation, in which the second independent field agrees precisely with the Cauchy hydrostatic

pressure field p
.
= trσ with σ = J−1PFT , the maximizing scalar field p is a pressure-like field, henceforth referred

to as the pressure field, relates to the hydrostatic pressure field p via the relation

p = p −
1

3 det F
∂ W ∗

∂F
(X, F,p) : F. (9)

The weak form of the Euler–Lagrange equations associated with (6)–(7) reads as

Gv (v,q, δv) = DvΠ (v,q) · δv =


Ω


−

∂ W ∗

∂F
(X, F (v) ,q) +q adj(FT (v))


: ∇(δv)dX

−


Ω

f · δvdX −


Γ t

t · δvdS = 0 ∀δv ∈ K0, (10)

Gq (v,q, δq) = DqΠ (v,q) · δq =


Ω


det F (v) − 1 −

∂ W ∗

∂q (X, F (v) ,q)


δqdX = 0 ∀δq ∈ Q, (11)

where the trial pressure field δq is the variation ofq, and adj (·) stands for the adjugate operator.

3. Polygonal finite elements approximations

This section addresses issues concerning polygonal finite element approximations. In particular, the constructions
of conforming finite dimensional displacement space and pressure spaces, for both linear and quadratic polygonal
finite elements, are presented. Furthermore, the gradient correction scheme of Talischi et al. [4] is reviewed and the
numerical integration schemes used in this work are discussed. Finally, we record Galerkin approximations of the
weak form of the Euler–Lagrange equations of the variational principles discussed in the preceding section including
the incorporation of the gradient correction scheme for displacement-based and mixed formulations, and demonstrate
the polynomial consistency of the proposed approximations.
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Fig. 1. (a) Illustration of angles βi defined in the Mean Value Coordinates interpolant wi . (b) Contour plot of a Mean Value basis vector ϕ1
i over a

convex polygon. (c) Contour plot of a Mean Value basis vector ϕ1
i over a concave polygon.

3.1. Finite element spaces

Consider Ωh to be a finite element decomposition of the domain Ω into non-overlapping polygons, where h is
the maximum element size. The boundary of the mesh, denoted as Γh is assumed to be compatible with the applied
boundary condition, that is, Γ t

h and ΓX
h are both unions of edges of the mesh. We also denote E ∈ Ωh as the element

of the mesh. The displacement space associated with the discretization is a conforming finite dimensional space Kh,k
that defined as:

Kh,k =


vh ∈ [C0 (Ω)]2

∩ K : vh |E ∈ [Mk (E)]2, ∀E ∈ Ωh


, (12)

where k is the order of the discretization. In the above definition, Mk (E) is a finite dimensional space defined over
each element E whose basis functions are denoted as ϕk

i henceforth. In this paper, we consider linear and serendipity
quadratic elements, corresponding to the case with k = 1 and k = 2, respectively.

For a linear polygonal element E with n edges, the space M1 (E) is a n dimensional space, with the degrees
of freedom at each vertex of E , as shown in Fig. 1(a), which can be defined by a set of generalized barycentric
coordinates ϕ1

i . Quite a few barycentric coordinates can be found in the literature [35–42], among which the Mean
Value coordinates [43] are adopted in this paper. Over element E , the Mean Value coordinate associated with vertex
i is defined as [43]:

ϕ1
i (X) =

wi (X)
n

j=1
w j (X)

, (13)

with wi given by

wi (X) =

tan


βi−1(X)

2


+ tan


βi (X)

2


∥X − Xi∥

, (14)

where Xi is the position vector of vertex i and ti follows the definition ti = tan (βi/2) in which βi is the angle defined
in Fig. 1(a). By defining

ci =
Xi − X

∥Xi − X∥2 −
Xi+1 − X

∥Xi+1 − X∥2 , (15)

the ratio Ri
.
= ∇wi/wi is expressed as

Ri =


ti−1

ti−1 + ti


c⊥

i−1

sin βi−1
+


ti

ti−1 + ti


c⊥

i

sin βi
+

Xi − X
∥Xi − X∥2 . (16)

In the above expression, we have made use of the notation a⊥
=

−ay, ax


to denote the 90◦ counterclockwise

rotation of a given vector a =

ax , ay


∈ R2, and ∥a∥ to denote its norm. As a result, the gradients of the Mean Value
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coordinates are given by the following [44,45]:

∇ϕ1
i = ϕ1

i


Ri −

n
j=1

ϕ1
j R j


. (17)

Unlike the Wachspress coordinates [44], the gradients of the Mean Value coordinates are shown to stay bounded as
the interior angles approaching π [46], meaning that the Mean Value coordinates are able to handle polygons with
collinear vertices. Furthermore, the Mean Value coordinates are shown to be well defined for concave polygons [47].
Examples of contour plots of the Mean Value coordinates on a convex and concave polygons are shown in
Fig. 1(b) and (c).

For a serendipity quadratic elements (k = 2), M2 (E) is a 2n dimensional space having the degrees of freedom at
each vertex of E , as well as the mid-point of each edge, as shown in Fig. 2(a) and (d). According to Rand et al. [22],
such a space can be constructed from linear combination of pairwise products of the barycentric coordinates ϕ1

i . Its
interpolants ϕ2

i are expressed as:

ϕ2
i (X) =

n
j=1

n
l=1

ci
jlϕ

1
j (X) ϕ1

l (X) , i = 1, . . . , 2n. (18)

Here, ϕ1
j are the barycentric coordinates for E , which are the Mean Value coordinates in this work. The coefficients

ci
jl are computed such that any quadratic functions can be interpolated exactly by ϕ2

i :

p (X) =

n
i=1


p (Xi ) ϕ2

i (X) + p
Xi


ϕ2

i+n (X)

, ∀p ∈ P2 (E) , (19)

where, Xi = (Xi + Xi+1) /2, are the positions of the mid-side nodes. By definition, the coefficients ci
jl depend only

on the coordinates of the vertices of E . Therefore, the gradients of the interpolants ϕ2
i are obtained as:

∇ϕ2
i =

n
j=1

n
l=1


ci

jl + ci
l j


∇ϕ1

j (X) ϕ1
l (X) . (20)

Although the construction above is derived assuming that the polygonal elements are strictly convex [22], we find it
also seems to be valid for several cases of concave polygons provided that the barycentric coordinates ϕ1

j in Eq. (18)
are well defined over concave polygons, which holds for Mean Value coordinates. In fact, our numerical assessments
in Section 4 suggest that the finite element solutions with certain non-convex polygonal elements indeed converge
with their optimal rates. Examples of the basis function constructed using this approach is shown in Fig. 2(b), (c), (e)
and (f) on both convex and concave polygons.

Following their definitions, the spaces M1 (E) and M2 (E) contain all the polynomial functions of order k over E ,
namely,

Pk (E) ⊆ Mk (E) , ∀E ∈ Ωh, k = 1, 2, (21)

where Pk (E) is the space of polynomial functions of order k. Their basis functions satisfy the Kronecker-delta
property, that is ϕk

i


X j


= δi j with k = 1, 2. In addition, any functions in Mk (E) possess kth order polynomial
variations on ∂ E .

Regarding the two-field mixed finite elements, approximation of the additional pressure field is needed.
As conforming approximations of Q, either discontinuous or continuous approximations can be adopted. For
discontinuous approximations, the discrete pressure space Q D

h,k−1 can be defined as:

Q D
h,k−1 = {qh ∈ Q :qh |E ∈ Pk−1 (E) , ∀E ∈ Ωh} , (22)

where k is the order of the element. As implied by the above definition, the approximated pressure field may be
discontinuous across element boundaries. This type of mixed elements is similar to the Crouzeix–Raviart (C–R)
elements in fluid problems [48]. For the remainder of the paper, we denote this family of mixed element as Mk −P D

k−1
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Fig. 2. (a) Illustration of the vertex and mid-edge degrees of freedom of a convex polygon. (b) Contour plot of a Mean Value basis ϕ2
i associated

with a vertex over a convex polygon. (c) Contour plot of a Mean Value basis ϕ2
i associated with a mid-edge node over a convex polygon.

(d) Illustration of the vertex and mid-edge degrees of freedom of a concave polygon. (e) Contour plot of a Mean Value basis ϕ2
i associated

with a vertex over a concave polygon. (f) Contour plot of a Mean Value basis ϕ2
i associated with a mid-edge node over a concave polygon.

elements, where “M” denotes the Barycentric Mean Value spaces, “P D” stands for polynomial spaces which are
discontinuous across element boundaries, and k is the order of the element. For instance, the pressure space of the
M1 − P D

0 element consists of piecewise constant functions, which are constant over each element. Similarly, the
pressure space of the M2 − P D

1 element contains piecewise linear functions that vary linearly over each element.
Alternatively, a continuous approximation of the pressure space can be defined in the following manner:

QC
h,k−1 =

qh ∈ C0 (Ω) :qh |E ∈ Mk−1 (E) , ∀E ∈ Ωh


. (23)

This class of elements resembles the Taylor–Hood (T–H) elements in fluid problems [49] and they are denoted as the
Mk − Mk−1 elements for the remainder of the paper. Because the space M0 does not exist, then elements in the
Mk − Mk−1 family have to be at least quadratic, i.e. k ≥ 2.

In this paper, we will consider both types of mixed polygonal finite elements up to quadratic order. As an
illustration, the degrees of freedom (DOFs) of the displacement field and pressure field for those mixed polygonal
elements are shown in Fig. 3.

3.2. Numerical integration and gradient correction scheme

Because of the non-polynomial nature of the space defined by the barycentric coordinates, commonly used
quadrature rules for polynomial functions will introduce consistency errors that are persistent with mesh refinement
and lead to non-convergent results in finite elasticity problem. Although higher order quadrature rules can reduce the
consistency error, they may contain a large amount of integration points and consequently make it computationally
expensive to iteratively evaluate stiffness and internal force vectors. To overcome the above-mentioned issues, we
introduce the gradient correction scheme in this work to polygonal elements in the context of finite elasticity
problems [4]. We note that although the gradient correction theory is applicable to both two dimensional (2D) and
three dimensional (3D) problems, the following discussion is restricted to the 2D case.

Consider a general polygonal element E with ∂ E denoted as its boundaries and hE as its diameter. As defined in
the previous subsection, Mk (E) and Pk (E) are the finite element space and polynomial space defined over E ,
respectively, which are of order k. In addition, we denote numerical integration schemes,

�
E , on E as an

approximations of the area integral,


E . For the remainder of the paper, the integration scheme is referred to as mth
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Fig. 3. Illustration of the degrees of freedom of the displacement field and pressure field for different mixed polygonal element studied in this paper:
(a) M1 − P D

0 elements, (b) M2 − P D
1 elements, and (c) M2 − M1 elements.

Fig. 4. Illustration of the “triangulation” schemes for general polygons in physical domain: (a) 1st order triangulation scheme, (b) 2nd order
triangulation scheme and (c) 3rd order triangulation scheme.

order if it can integrate polynomial functions of order m exactly. Regarding the boundary integral, one dimensional
Gauss–Lobatto quadrature rule is adopted for the line integral


∂ E , which uses two integration points per edge for

linear elements and three integration points per edge for quadratic elements.

Accuracy requirements on numerical integrations. A minimum accuracy requirement is assumed for the candidate
numerical integration schemes of

�
E [4]. For a fixed element order k, hence the fixed order of space Mk (E) and

Pk (E), the gradient correction scheme requires the available integration scheme
�

E to be exact when integrating any
polynomial functions of order at least 2k−2. For instance, the selected scheme should integrate any constants (order 0)
and quadratic (order 2) functions exactly for linear elements (k = 1) and quadratic elements (k = 2), respectively.
Moreover, the integration scheme

�
E needs to be sufficiently rich enough to eliminate spurious energy modes. One

example of such a scheme is the triangulation scheme [50,21]. It divides each polygonal element into triangles by
connecting the centroid to each vertex and applies available polynomially precise quadrature rules in each triangle. In
this paper, a triangulation scheme with the Dunavant rules [51] in each subdivided triangle is adopted for both linear
and quadratic elements. According to the above stated requirements, instead of using a one point rule that exactly
integrates constant functions, the 1st order triangulation scheme containing one integration per subdivided triangle is
used for linear element to avoid spurious energy modes. For a quadratic element, the 2nd order triangulation scheme
is employed, which contains three integration points per subdivided triangle. Furthermore, the 3rd order triangulation
scheme is also used to investigate the effect of increasing integration orders. Illustrations of those schemes are shown
in Fig. 4(a)–(c). As a side note, the triangulation scheme requires polygonal elements be star shaped with respect to
their centroids, which is the case for all the examples presented in this paper. However, since the gradient correction
scheme is also applicable to other quadrature schemes, as long as they satisfy the accuracy requirement stated in the
paper, other more advance quadrature schemes available in the literature, e.g., [52–54], which are specifically designed
for integrating polynomial functions over arbitrary polygonal domains, can also be used as

�
E .

Under the above stated accuracy requirement, the gradient correction scheme corrects the exact gradient field by
adding a small perturbation field to enforce the satisfaction of the discrete divergence theorem at the element level. In
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the sequel, we first define the gradient correction scheme for scalar problems, and then show its extension to vector
problems.

Gradient correction for scalar problems. For scalar problems, the corrected gradient, denoted as ∇E,kv =
∇E,kv


x ,

∇E,kv


y

T
, is taken to be closest vector field to ∇v =


(∇v)x , (∇v)y

T that solves the following

optimization problem:

min
ζ

�
E

(ζ − ∇v) · (ζ − ∇v) dX (24)

subject to�
E

p · ζdX =


∂ E

(p · N) vdS −

�
E

v DivpdX, ∀ p ∈


Pk−1 (E)
2

. (25)

The above minimization is performed over all the sufficiently smooth functions such that the utilized quadrature makes
sense. Since quadrature is used, we note that the above minimization problem only determines ∇E,kv at the quadrature

points and the following analysis shows that the difference of ∇E,kv−∇v is equal to an element of


Pk−1(E)
2 at those

points. Consider a basis of


Pk−1(E)
2 denoted as


ξ1, . . . , ξnPk−1


where nPk−1 is the dimension


Pk−1 (E)

2. We

replace the constraint (25) with an equivalent set of constraints:�
E
ξa · ζdX =


∂ E


ξa · N


vdS −

�
E

v DivξadX, a = 1, . . . , nPk−1. (26)

Introduce a set of Lagrange multipliers, λ1, . . . , λnPk−1 , the Lagrangian of the constrained optimization problem
(24)–(25) takes the form

L

ζ , λ1, . . . , λnPk−1


=

�
E

(ζ − ∇v) · (ζ − ∇v) dX

+

nPk−1
a=1

λa

�
E
ξa · ζdX −


∂ E


ξa · N


vdS +

�
E

v DivξadX


. (27)

Taking variation of the Lagrangian with respect to η, the optimality condition of ∇E,kv gives

Dζ L

∇E,kv, λ1, . . . , λnPk−1


· η =

�
E


∇E,kv − ∇v +

nPk−1
a=1

1
2
λaξa


· ηdX = 0. (28)

Therefore, motivated by above analysis, we formally defined ∇E,kv as the vector field that satisfies the following
two conditions:

∇E,kv − ∇v ∈


Pk−1 (E)
2

, and (29)�
E

p · ∇E,kvdX =


∂ E

(p · N) vdS −

�
E

v DivpdX, ∀p ∈


Pk−1 (E)
2

. (30)

Furthermore, notice that relation (30) holds for any functions in Pk (E). In such cases, as implied by the
minimization problem (24) and (25), the correction function is zero and the corrected gradients coincide with the
exact ones, implying

∇E,kq = ∇q, ∀q ∈ Pk (E) . (31)

By definition, we are able to show that for any sufficiently smooth vector fields ψ , the element-level consistency
error satisfies the following estimate�

E
ψ · ∇E,kvdX −


E
ψ · ∇vdX = O


hk

E


∥∇v∥L2(E), (32)

where hE is the diameter of E [4].
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From a computational perspective, since ∇E,k is a linear map, only the gradient of each basis function in Mk (E)

needs to be corrected in practice. Here, we present a procedure for computing the corrected gradient of each basis

function. We denote

ϕk

1 , . . . , ϕk
nMk


as the basis for Mk (E), where nMk is the dimension of the space Mk (E).

According to (29), we can find a coefficient matrix S such that

∇E,kϕ
k
i = ∇ϕk

i +

nPk−1
a=1

Siaξa, ∀i = 1, . . . , nMk . (33)

We further define matrices R of size nMk × nPk−1, and M of size nPk−1 × nPk−1 with the following forms:

Ria =


∂ E


ξa · N


ϕk

i dS −

�
E

ϕk
i DivξadX −

�
E
ξa · ∇ϕk

i dX, and (34)

Mab =

�
E
ξa · ξbdX. (35)

Replacing v and p with ϕk
i and ξb in (30) yields the following linear system of equations

nPk−1
a=1

Sia Mab = Rib, ∀i = 1, . . . , nMk and b = 1, . . . , nPk−1. (36)

Therefore, the coefficient matrix is obtained as S = RM−1.

Gradient correction for vectorial problems. When extended to vector field v =

vx , vy

T
∈ [Mk (E)]2, the gradient

correction scheme takes the form:

∇E,k ⊗ v =


∇E,kvx

T
∇E,kvy

T


. (37)

Similar to the scalar case, the corrected gradient satisfies the discrete divergence theorem,�
E

p : ∇E,k ⊗ vdX =


∂ E

(pN) · vdS −

�
E

v · DivpdX, ∀ p ∈


Pk−1 (E)
2×2

, (38)

and, moreover, for any sufficiently smooth 2nd order tensorial fields ψ , the element-level consistency error satisfies�
E
ψ : ∇E,k ⊗ vdX −


E
ψ : ∇vdX = O


hk

E


∥∇v∥L2(E). (39)

In computational implementation, assuming the set of basis functions

ϕk

1, . . . ,ϕ
k
2nMk


of [Mk (E)]2 is of the

form

ϕk
2i−1 =


ϕk

i , 0
T

, ϕk
2i =


0, ϕk

i

T
, i = 1, . . . , nMk, (40)

the correction scheme for vectorial problems in practice amounts to correcting each basis function as follows

∇E,k ⊗ ϕk
2i−1 =


∇E,kϕ

k
i

T

0


, ∇E,k ⊗ ϕk

2i =


0

∇E,kϕ
k
i

T


i = 1, . . . , nMk, (41)

where ∇E,kϕ
k
i is computed according to above-mentioned procedure described for scalar problems.

3.3. Conforming Galerkin approximations

Consider the given discretization Ωh of the domain and Γh of its boundary, we define the numerical integration�
Ωh

on Ωh , as the summation of the contributions from numerical integrals
�

E from element levels following typical
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assembly rules, namely,
�

Ωh
=


E∈Ωh

�
E , and


Γ t

h
as the numerical integration on Γ t

h based on Gauss–Lobatto rule.

In the same fashion, we define the discrete gradient map on the global level, ∇h,k : Kh,k →


L2 (Ωh)
2×2

, such that
it coincides with gradient correction map ∇E,k at the element level,

∇h,kvh

|E = ∇E,k ⊗ (vh |E ) , ∀E ∈ Ωh and vh ∈ Kh,k . (42)

The Galerkin approximation of the displacement-based formulation consists of finding uh ∈ Kh,k , such that,

Gh (uh, δvh) = 0, ∀δvh ∈ K0
h,k, (43)

where K0
h,k = Kh,k


K0 and Gh (uh, δvh) is the quadrature evaluation of G (u, δv) in Eq. (5) with the exact gradient

operator ∇ replaced by ∇h,k , which takes the form:

Gh (uh, δvh) =

�
Ωh

∂W

∂F


X, I + ∇h,kuh


: ∇h,k(δvh)dX −

�
Ωh

fh · δvhdX −


Γ t

h

th · δvhdS, (44)

and terms fh and th are the approximated body force and boundary traction.
For the two-field mixed formulation, by introducing the additional finite element space Q D

h,k−1 (or QC
h,k−1) ⊆ Q,

the Galerkin approximation consists of finding (uh,ph) ∈ Kh,k × Q D
h,k−1 (or QC

h,k−1), such that

Gv
h (uh,ph, δvh) = 0 ∀δvh ∈ K0

h,k, (45)

Gq
h (uh,ph, δqh) = 0 ∀δqh ∈ Q D

h,k−1 (or QC
h,k−1) (46)

with Gv
h (uh,ph, δvh) and Gq

h (uh,ph, δqh) being of the form

Gv
h (uh,ph, δvh) =

�
Ωh


−

∂ W ∗

∂F


X, I + ∇h,kuh,ph


+ ph adj


I + (∇h,kuh)T


: ∇h,k(δvh)dX

−

�
Ωh

fh · δvhdX −


Γ t

h

th · δvhdS, (47)

Gq
h (uh,ph, δqh) =

�
Ωh


det


I + ∇h,kuh


− 1 −

∂ W ∗

∂q 
X, I + ∇h,kuh,ph


δqhdX. (48)

Notice that since we replace the gradient operators ∇ of both uh and vh in Eqs. (44), (47) and (48) with ∇h,k , the
resulting approximations yield symmetric linearizations.

We finalize this section with several remarks regarding the performance of the above approximations in patch tests,
which are typically adopted to assess the level of consistency error. In the discussions that follow, we restrict our
attention to case where the discretization exactly represents the domain and boundary conditions, namely, Ωh = Ω ,
Γ t

= Γ t
h and ΓX

= ΓX
h . As a result, the errors arising from the approximation of the geometry is neglected in the

following discussions.
First, we consider the first order patch test, in which the exact displacement field is a linear vector field, that is,

u = p1 ∈ [P1 (Ω)]2. We note that by the polynomial completeness property of the element-level space M1 (E), the
exact displacement field is also in Kh,1. Accordingly, with any given stored-energy function W (X, F), the body force
f is zero everywhere in Ω and the boundary traction t on Γ t is given by t = PN, where P = ∂W (X, F (p1)) /∂F. In
addition, the associated exact pressure field is found as

p0 =

constant det F (p1) = 1
∂ W
∂ J

(X, F(p1), det F(p1)) otherwise,
(49)

where the constant pressure for incompressible solids is determined by applied boundary traction t. We proceed to
verify the exact passage of first order patch test by showing that uh = p1 and ph = p0 satisfy Eqs. (43), (45) and (46).
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For displacement-based approximation, upon recognizing

∇h,kuh = ∇h,kp1 = ∇p1 ∈ [P0 (Ω)]2×2 , (50)

and �
E

∇E,k ⊗ vdX =


E

∇vdX, ∀v ∈ [M1 (E)]2 (51)

we have for any trial displacement field δvh ∈ K0
h,k

Gh (p1, δvh) =


E∈Ω

�
E

∂W

∂F
(X, I + ∇p1) : ∇E,k(δvh)dX −


Γ t

th · δvhdS

=


E∈Ω


E

∂W

∂F
(X, I + ∇p1) : ∇(δvh)dX −


Γ t

t · δvhdS

=


Ω

∂W

∂F
(X, I + ∇p1) : ∇(δvh)dX −


Γ t

t · δvhdS = 0. (52)

In the similar manner, we are able to show that for any δvh ∈ K0
h,k ,

Gv
h (p1,p0, δvh) =


E∈Ω

�
E


−

∂ W ∗

∂F
(X, I + ∇p1,p0) + p0adj


I + (∇p1)

T


: ∇E,k(δvh)dX

−


Γ t

th · δvhdS = 0, (53)

and for any δqh ∈ Q D
h,k−1 (or QC

h,k−1),

Gq
h (p1,p0, δqh) =


E∈Ω

�
E


det (I + ∇p1) − 1 −

∂ W ∗

∂q (X, I + ∇p1,p0)


δqhdX = 0. (54)

We note the equality (54) comes from the fact that

det (I + ∇p1) − 1 −
∂ W ∗

∂q (X, I + ∇p1,p0) = 0, (55)

according to (49) and the definition of W ∗. As a result, both displacement-based and mixed approximations of order
k (k ≥ 1) exactly pass the first order patch test. In fact, our numerical studies in the subsequent section confirm that
the first order patch test is passed up to machine precision errors.

In contrast, higher order patch test may not be exactly passed in general for finite elasticity problems because of the
general forms that ∂W/∂F, ∂ W ∗/∂F and ∂ W ∗/∂q may take. However, the following analysis demonstrates that the
associated consistency errors converge to zero with the same rate as the finite element approximation errors (we recall
that the approximation errors are typical order k for the kth order element) [55], implying the higher order patch test
will be passed asymptotically with mesh refinement. For instance, in the kthe order patch test, the exact displacement
is taken as a kthe order polynomial field, i.e., u = pk ∈ [Pk (Ω)]2, and the body force f, boundary traction t, and
pressure field p can be computed accordingly through constitutive and equilibrium equations. For displacement-based
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finite element approximation, we have for any δvh ∈ K0
h,k ,

Gh (pk, δvh) =


E∈Ω

�
E

∂W

∂F
(X, I + ∇pk) : ∇E,k(δvh)dX −

�
Ω

fh · δvhdX −


Γ t

th · δvhdS

=


Ω

∂W

∂F
(X, I + ∇pk) : ∇(δvh)dX + O


hk


∥∇(δvh)∥ −

�
Ω

fh · δvhdX −


Γ t

th · δvhdS

=


Ω

f · δvhdX −

�
Ω

fh · δvhdX


+


Γ t

(t − th) · δvhdS


+ O


hk


∥∇(δvh)∥

= O


hk


∥∇(δvh)∥, (56)

where the second equality comes from the estimate (39) and the second to last equality is a consequence of the
assumed exactness requirements of the volume and boundary integration scheme [56,57]. For mixed approximation,
we can also show in the similar manner that,

Gv
h (pk,p, δvh) = O


hk


∥∇(δvh)∥, (57)

for any δvh ∈ Kh,k , and, based on the assumed exactness of volumetric integral
�

E ,

Gq
h (pk,p, δqh) = O


hk


∥δqh∥, (58)

for any δqh ∈ Q D
h,k−1 (or QC

h,k−1). Although not presented in this work, our numerical studies indicate that both
displacement and mixed approximations indeed asymptotically pass the higher order patch test with their respective
optimal convergence rates.

4. Numerical assessment

In this section, we present a series of numerical tests to assess the performance of the displacement-based and
two-field mixed polygonal elements. Both linear and quadratic elements are considered and investigated. Through the
patch test and convergence studies, the effectiveness of the gradient correction scheme in ensuring the convergence of
polygonal finite element solutions is demonstrated. Moreover, for mixed polygonal elements, numerical evaluations
and discussions on the numerical stability and accuracy for different choice of pressure approximations are also
provided.

Throughout the section, plane strain conditions are assumed and material behavior is considered to be
Neo-Hookean as characterized by the following stored-energy function:

W (F) =
µ

2
[F : F − 3] − µ(det F − 1) +

3κ + µ

6
(det F − 1)2 , (59)

where µ and κ denote the initial shear and bulk moduli of the material response. The corresponding Legendre
transformation (8) is given by

W ∗ (F,q) = −
µ

2
[F : F − 3] +

3 (µ +q)2

2 (3κ + µ)
. (60)

Unless otherwise stated, triangulation rules with minimal required orders of accuracy are adopted, which we recall
are 1st and 2nd order for linear and quadratic polygonal elements, respectively. In terms of the technique for solving the
nonlinear system of equations, the standard Newton–Raphson method is employed and each loading step is regarded
as converged once the norm of the residual reduces below 10−8 times that of the initial residual. The polygonal meshes
used in this section are generated by the general purpose mesh generator for polygonal elements “PolyMesher” [58].
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Fig. 5. (a) Problem setting for the patch test. (b) Illustration of the structured hexagonal-dominant mesh with 48 elements. (c) Illustration of the
CVT mesh with 50 elements.

Table 1
Results of ϵ1,u for the patch test for both linear and quadratic polygonal elements on
structured hexagonal-dominant meshes.

# element h Linear polygonal elements Quadratic polygonal elements
Uncorrected Corrected Uncorrected Corrected

130 0.088 0.1168 5.16E−14 1.15E−2 4.77E−13
520 0.044 0.1282 1.03E−13 1.08E−2 3.88E−12

2 080 0.022 0.1339 2.15E−13 1.03E−2 3.38E−11
18 720 0.0073 0.1377 5.99E−13 9.98E−3 9.10E−10

4.1. Displacement-based polygonal finite elements

In this subsection, we provide numerical experiments assessing the performance of the displacement-based
polygonal elements with the gradient correction scheme. For comparison purposes, results from triangulation rules
but without the correction of the gradients are also provided. In all of the examples considered we use µ = κ = 1.
Two global error measures are adopted, the L2-norms and H1-seminorms of the displacement field errors, which are
defined as

ϵ0,u = ∥u − uh∥ and ϵ1,u = ∥∇u − ∇uh∥, (61)

and evaluated with an 8th order triangulation rule in all the remaining numerical examples.

Patch test. We begin with the standard patch test on a unit square domain Ω = (0, 1)2, as depicted in Fig. 5(a). On the
boundary of the unit square ∂Ω , an exact displacement field is applied, which is linear in both X1 and X2 directions:

u1 (X) = 2X1, u2 (X) = −0.5X2. (62)

Structured polygonal meshes and the centroid Voronoi Tessellation (CVT) meshes are considered, as shown in
Fig. 5(b) and (c). Each of the structured polygonal mesh consists of hexagons in the interior and pentagons and
quadrilaterals on the boundary. In order to take into account irregular element shapes, the elements in the mesh are
slightly elongated in X1 direction.

We summarize the numerical results of the patch test in Tables 1 and 2. In the tables, only the more representative
H1-seminorm of the displacement error is presented, and each data for the CVT mesh is obtained by taking average
of errors from a set of three meshes. Without applying the gradient correction scheme, the errors for both linear and
quadratic polygonal elements stay constant over the mesh refinement, indicating that the patch test is not passed.
Although not presented here, we have observed the same non-vanishing consistency errors with triangulation rules of
higher order. In contrast, the errors remain close to machine precision levels for both linear and quadratic polygonal
elements when the gradients are corrected, indicating that the patch test is passed. For quadratic elements, an evident
accumulation of numerical errors under mesh refined, which is possibly due to the accumulation of numerical errors
in computing the shape functions and their gradients. We note that the similar behavior has also been observed in
Refs. [1,4], where the same construction of quadratic shape function is adopted as this paper.

Convergence study. A convergence study is performed in which we consider a boundary value problem where a
rectangular block of size π

3 × π is subjected to a certain distribution of body forces so as to be bent into a semicircle;
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Fig. 6. (a) Schematic of the bending deformation of a compressible (µ = κ = 1) rectangular block into semicircular shape. (b) An example of
structured hexagonal-dominant mesh consisting of 45 elements. (c) An example of the concave octagonal mesh consisting of 27 elements. (d) An
example of the CVT mesh consisting of 50 elements. (e) An example of the degenerated Voronoi mesh with small edges consisting 40 elements.
(f) An example of the structured quadrilateral mesh consisting of 48 elements. (g) An example of the triangular mesh consisting of 96 elements.

Table 2
Results of ϵ1,u for the patch test for both linear and quadratic polygonal elements on CVT
meshes.

# element h Linear polygonal elements Quadratic polygonal elements
Uncorrected Corrected Uncorrected Corrected

100 0.1 0.141 4.16E−14 2.27E−2 2.99E−13
500 0.045 0.118 9.25E−14 1.18E−2 3.35E−12

2 000 0.022 0.119 1.86E−13 1.24E−2 2.64E−11
20 000 0.0071 0.119 5.92E−13 1.16E−2 8.56E−10

see Fig. 6(a). More precisely, the displacement field is given by

u1 (X) = −1 + (1 + X1) cos (X2) − X1, u2 (X) = (1 + X1) sin (X2) − X2, (63)

and the body force by

f1 (X) = −
cos (X2) (X1 + 1) (3κ − 2µ)

3
, f2 (X) = −

sin (X2) (X1 + 1) (3κ − 2µ)

3
. (64)

Similar to the patch test discussed above, we first make use of hexagonal-dominated meshes, an example of which
is displayed in Fig. 6(b). In order to investigate the effect of the integration order on the convergence and accuracy of
the results, we also consider the integration rules that are one order higher than the minimal required one, namely
2nd order for linear elements and 3rd order for quadratic elements. The convergence results are summarized in
Fig. 7(a)–(d). For linear polygonal elements, it is clear from the figures that the 1st order integration is not a sufficient
scheme to ensure optimal convergence of the finite element solutions without the gradient correction scheme. The
L2-norm of the displacement error shows severely deteriorated convergence and a lack of convergence is observed
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Fig. 7. Plots of the error norms against the average mesh size h for the structured hexagonal-dominant meshes: (a) the L2-norm of the error in the
displacement field for linear polygonal elements, (b) the H1-seminorm of the error in the displacement field for linear polygonal elements, (c) the
L2-norm of the error in the displacement field for quadratic polygonal elements and (d) the H1-seminorm of the error in the displacement field for
quadratic polygonal elements.

for the H1-seminorm of the displacement error. This is due to the dominance of consistency errors observed in the
patch test, which do not vanish under mesh refinement. The 2nd order triangulation rule, on the other hand, seems
sufficient to ensure enough accuracy and optimal convergence for the range of mesh sizes considered even without the
gradient correction scheme. We should note, however, that with further refinement of the mesh, the consistency error
will gradually become dominant and the convergence rates of the error norms are expected to decrease accordingly.
Unfortunately, it is not the case for quadratic polygonal elements. Without the correction of gradients, both 2nd and
3rd order triangulation rules show severe deteriorated convergence in the L2-norm of the displacement error and
non-convergence in the H1-seminorm of the displacement error, which indicates that the consistency error plays a
dominant role on the convergence of the finite element solutions for quadratic polygonal elements.

With the application of the gradient correction scheme, on the contrary, we recover the optimal convergence
rates for both linear and quadratic polygonal elements, namely 2 and 1 for the L2-norm and H1-seminorm of the
displacement errors, respectively, for linear elements, and 3 and 2 for those of the quadratic elements, respectively.
Another key observation is that the gradient correction scheme allows the usage of the minimal required order of
integration to achieve the same level of accuracy as with higher order integrations. As shown in Fig. 7(a) and (b),
the error norms are almost identical for 1st and 2nd order triangulations rules for linear polygonal elements when the
gradients are corrected. This suggests that a 1st order integration rule with gradient correction can be used in practice
without sacrificing accuracy, which leads to more efficient implementations. Typically, a triangulation rule of order
1 contains n integration points for a n-gon. Compared to the commonly used 2nd order triangulation rule for linear
polygons in the literature, which contains 3n integration points per n-gon instead, the 1st order triangulation rule can
roughly reduce two thirds of the computational cost in forming the stiffness matrices and internal force vectors. The
same observations are also made for the quadratic polygonal elements, i.e., the solutions errors are almost identical
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Fig. 8. Plots of the error norms against the average mesh size h for the concave octagonal meshes: (a) the L2-norm and H1-seminorm of the
displacement errors for linear polygonal elements, and (b) the L2-norm and H1-seminorm of the displacement errors for quadratic polygonal
elements. Only the minimal required orders of integration are used here, i.e., 1st order for the linear polygonal elements and 2nd order for the
quadratic ones.

for 2nd and 3rd integration rules. This indicates that, when the gradient correction scheme is applied, the minimal
required 2nd order integration is also sufficient in practice for quadratic polygonal elements.

We also consider a set of concave meshes, an example of which is shown in Fig. 6(c) and use the minimal
required integration orders, which are 1st and 2nd orders for linear and quadratic polygonal elements respectively.
The numerical results are shown in Fig. 8(a) and (b), which confirm the optimal convergence rates when the gradients
are corrected. In fact, the optimal convergence implies the applicability of the quadratic shape functions and the
gradient correction scheme adopted in this work to certain concave polygonal elements.

We conclude this subsection with a brief study on the accuracy of the polygonal elements. The polygonal meshes
adopted are the CVT meshes and degenerated Voronoi meshes with small edges, as shown in Fig. 6(d) and (e)
respectively. Both linear and quadratic polygonal elements are considered. For comparison purpose, we also include
the quadrilateral and triangular meshes, examples of which are shown in Fig. 6(f) and (g). Similarly, the triangular and
quadrilateral finite elements use the standard iso-parametric construction and are up to quadratic order (for quadratic
quadrilateral elements, we use the 8-node serendipity elements). For each type of element, we plot in Fig. 9(a) and (b)
the error norms ϵ0,u and ϵ1,u against the total number of nodes under the refinement of mesh, which reflects the size of
the global system of equations and thus correlates with the cost of solving them. Each data point for the CVT meshes
is obtained from an average of the errors in three meshes. As we can see from the results in Fig. 9 that the structured
quadrilateral meshes provide the most accurate solutions for a given number of nodes in both linear and quadratic
cases. This may be attributed to the fact that the exact displacement field for this problem is multiplicatively separable
in X1 and X2 and is thus particularly well-suited for approximation by the tensor product in structured quadrilateral
meshes. In terms of the L2-norm of the displacement error, the polygonal meshes (the CVT mesh and degenerated
Voronoi meshes with small edges) yield similar accuracy to the triangular meshes in the linear case, where as in the
quadratic case, they are more accurate than the triangular meshes. One the other hand, in terms of the H1-seminorm
of the displacement error, the polygonal meshes yield more accurate results than the triangular meshes in both linear
and quadratic cases, meaning that the polygonal meshes are able to approximate the gradient of the displacement
field more accurately. Moreover, the comparison between the results from the CVT and degenerated Voronoi meshes
with small edges shows that the effect of small edges in the accuracy of polygonal elements is small, indicating the
polygonal meshes are tolerant to the presence of small edges.

4.2. Two-field mixed polygonal element

In this subsection, together with the gradient correction scheme, the performance of two field mixed polygonal
elements on stability, accuracy and convergence are numerically evaluated. Three types of mixed polygonal finite
elements are considered here, namely, M1 − P D

0 elements, M2 − P D
1 elements, and M2 − M1 elements. In this
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Fig. 9. Comparison of the error norms against the average mesh size h between polygonal meshes (CVT meshes and Voronoi meshes with small
edges) and meshes with standard triangular and quadrilateral finite elements: (a) the L2-norm and H1-seminorm of the displacement errors for
linear elements, and (b) the L2-norm and H1-seminorm of the displacement errors for polygonal elements. For the polygonal meshes, the results
are obtained with corrected gradients.

subsection, the material is considered to be incompressible with µ = 1 and κ = ∞ and thus characterized by the
standard Neo-Hookean stored-energy function

W (X, F) =

µ

2
[F : F − 3] if det F = 1

+∞ otherwise.
(65)

In addition to the measure of displacement errors defined in (61), we also consider the L2-norm of the errors in the
pressure field,

ϵ0,p = ∥p − ph∥. (66)

Numerical stability for linear elasticity. For mixed finite element methods involving approximations of the displace-
ment and pressure fields, the satisfaction of the stability condition is crucial to guarantee convergence [11,13,12].
In the context of finite elasticity, the stability condition is formally defined by the generalized inf–sup condition [13,
12]. It states that for a given uh ∈ Kh , there exists a strictly positive, size independent constant C0, such that

βh(uh) = inf
qh∈Q D or C

h,k−1

sup
vh∈Kh,k


Ω qh adj


I + (∇uh)T


: ∇vhdX

∥∇vh∥ ∥qh∥
≥ C0. (67)

Note that the above condition depends on the deformation state uh in addition to vh and qh , which is nontrivial to
verify. Instead, we only verify the inf–sup condition for linear elasticity in this work, that is

β0
h = inf

qh∈Q D or C
h,k−1

sup
vh∈Kh,k


Ω qhdivvhdX

∥∇vh∥ ∥qh∥
≥ C0, (68)

which can be viewed as a special case of (67) when uh = 0. For meshes consisting of lower order polygonal mixed
elements, Beirão da Veiga et al. [14] have derived a geometrical condition to guarantee the satisfaction of (68) if every
internal node/vertex in the mesh is connected to at most three edges. For higher order mixed elements, however, the
analogous condition is still an open question and is subjected to future research. Here, we numerically evaluate the
stability of linear and quadratic mixed polygonal elements. To that end, we adopt the so called inf–sup test proposed
by Chapelle and Bathe [16]. We note that while passing the inf–sup test only constitutes a necessary condition for the
satisfaction of the inf–sup condition (68), its predictions are shown to reliably match the analytical results [16,58].
In the test, we consider a unit square domain with imposed boundary conditions as shown in Fig. 10(a). Three
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Fig. 10. (a) Dimensions and boundary conditions adopted for the Inf-Sup test. (b) An example of the structured hexagonal dominant mesh with 56
elements. (c) An example of the randomly generated CVT mesh with 50 elements. (d) An example of the random Voronoi mesh with 50 elements. (e)
Plot of
the computed value of the stability index as a function of the average mesh size h for structured hexagonal dominant meshes. (f) Plot of the
computed value of the stability index as a function of the average mesh size h for CVT meshes. (g) Plot of the computed value of the stability index
as a function of the average mesh size h for random Voronoi meshes.

families of Voronoi-type meshes are considered here, namely the structured hexagonal, CVT and random Voronoi
Meshes, as shown in Fig. 10(b)–(d). In general, the Voronoi-type meshes satisfy the geometrical condition of Beirão
da Veiga et al. [14], including the random Voronoi mesh considered here (although they may contain very small edges).
However, we note that in several cases, Voronoi meshes from degenerated seeds alignments may be in violation of
the geometrical condition and lead to the failure of the inf–sup condition, for instance, the case where the Voronoi
seeds are aligned in a Cartesian grid, forming a Cartesian mesh. For all types of meshes considered, we compute the
stability index β0

h of linear and both types of mixed polygonal elements and plot them as functions of the average
mesh size h in Fig. 10(e)–(g). Each point in the plot for CVT and random Voronoi meshes represents an average
of the results from a set of three meshes. As suggested by the results of the test, all three types of mixed polygonal
finite elements are numerically stable on all families of meshes considered. For comparison purposes, the test results
for most of the classical triangular and quadrilateral elements can be found in [16,15] and hence are not listed here
for the sake of conciseness. We note that while the classical linear and quadratic mixed elements with continuous
pressure approximations (the T–H family) are unconditionally stable [11], most of those with discontinuous pressure
approximations (the C–R family), such as lower order mixed triangular and quadrilateral elements, are numerically
unstable [16,15,11].

Patch test. A patch test study is performed on an unit square domain Ω = (0, 1)2, which is subjected to an uniaxial
displacement loading on its right edge, as shown in Fig. 11(a). The analytical displacement is a linear field of the
form:

u1 (X) = 2X1, u2 (X) = −
2
3

X2, (69)

and the pressure type field p defined in the F-formulation is a constant over the domain with a value of p = −
1
9 .
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Fig. 11. (a) Problem setting for the first order patch test; (b) an example of the structured hexagonal-dominated mesh used in the patch test with 48
elements. (c) An example of the CVT mesh used in the patch test with 50 elements.

Table 3
Results of patch test with gradient correction for mixed linear polygonal elements with
structured hexagonal-dominant meshes.

# element h ϵ1,u ϵ0,p
M1 − P D

0 elements Uncorrected Corrected Uncorrected Corrected

130 0.088 1.87E−01 5.17E−14 1.08E−02 3.22E−15
520 0.044 1.80E−01 1.05E−13 1.09E−02 7.07E−15

2 080 0.022 1.74E−01 2.20E−13 8.36E−03 1.34E−14
18 720 0.0073 1.70E−01 6.16E−13 4.55E−03 4.56E−14

Table 4
Results of patch test with gradient correction for mixed linear polygonal elements with
CVT meshes.

# element h ϵ1,u ϵ0,p
M1 − P D

0 elements Uncorrected Corrected Uncorrected Corrected

100 0.088 1.56E−01 4.16E−14 4.95E−03 2.16E−15
500 0.044 1.41E−01 9.71E−14 5.65E−03 5.46E−15

2 000 0.022 1.36E−01 1.91E−13 6.33E−03 1.30E−14
20 000 0.0073 1.46E−01 6.09E−13 6.47E−03 4.31E−14

The same sets of structured polygonal meshes and CVT meshes are used as that in the patch test study of the
displacement-based elements, samples of which are shown in Fig. 11(b) and (c). The patch test results are provided
in Tables 3–6 for linear and quadratic mixed polygonal elements. Again, with the gradient correction scheme, all the
error norms stay close to machine precisions for all three type of mixed elements on both sets of meshes, which are
not the case for those with uncorrected gradients.

Convergence study. We proceed to evaluate the accuracy and convergence of the mixed polygonal finite elements with
a boundary value problem where an incompressible rectangular block of dimensions π

3 × π is bent into semicircular
shape. For this boundary value problem, it is possible to work out an analytical solution [24]. Specifically, the
displacement field and its gradient read as

u1 = r (X1) cos (X2) − r

−

π

6


−

π

6
− X1, u2 = r (X1) sin (X2) − X2; (70)

u1,1 =
cos (X2)

r (X1)
− 1, u1,2 = −r (X1) sin (X2) ,

u2,1 =
sin (X2)

r (X1)
, u2,2 = r (X1) cos (X2) − 1, (71)
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Table 5
Results of patch test with gradient correction for mixed quadratic polygonal elements
with structured hexagonal-dominant meshes.

# element h ϵ1,u ϵ0,p
M2 − P D

1 elements Uncorrected Corrected Uncorrected Corrected

130 0.088 1.37E−02 5.59E−13 1.08E−03 1.10E−13
520 0.044 1.26E−02 3.95E−12 8.61E−04 2.84E−13

2 080 0.022 1.20E−02 3.45E−11 6.41E−04 1.81E−12
18 720 0.0073 1.17E−02 9.26E−10 3.75E−04 4.05E−11

M2 − M1 elements Uncorrected Corrected Uncorrected Corrected

130 0.088 1.37E−02 4.89E−13 9.68E−04 5.111E−14
520 0.044 1.26E−02 3.93E−12 8.85E−04 2.02E−13

2 080 0.022 1.20E−02 3.43E−11 6.97E−04 1.00E−12
18 720 0.0073 1.17E−02 9.28E−10 4.27E−04 1.87E−11

Table 6
Results of patch test with gradient correction for mixed quadratic polygonal elements
with CVT meshes.

# element h ϵ1,u ϵ0,p
M2 − P D

1 elements Uncorrected Corrected Uncorrected Corrected

100 0.088 1.97E−02 3.75E−13 2.26E−03 1.08E−13
500 0.044 1.65E−02 3.15E−12 1.68E−03 4.88E−13

2 000 0.022 1.43E−02 2.84E−11 1.48E−03 3.34E−12
20 000 0.0073 1.40E−02 8.72E−10 1.37E−03 9.90E−11

M2 − M1 elements Uncorrected Corrected Uncorrected Corrected

100 0.088 1.56E−02 3.14E−13 1.90E−04 4.08E−14
500 0.044 1.48E−02 3.40E−12 7.38E−05 1.68E−13

2 000 0.022 1.47E−02 2.68E−11 3.60E−05 8.15E−13
20 000 0.0073 1.44E−02 8.74E−10 1.14E−05 1.94E−11

where the function r (X1) is given by

r (X1) =


2X1 + β with β =


4π2

9
+ 4. (72)

Additionally, one can also obtain the pressure field p:

p = −
µ

2


1

r (X1)
2 − r (X1)

2
+ µβ


. (73)

Fig. 12(a) shows a schematic of the problem. In order to avoid the development of surface instabilities [59] and
guarantee the uniqueness of the finite element solutions, the displacement is prescribed on the left side of the block.

In addition to the optimal convergence rate for the error measures of the displacement field discussed in previous
subsections with displacement-based elements, we expect the optimal convergence rate for its L2 pressure error to be
1 for linear mixed elements and 2 for quadratic mixed elements with either M2 − P D

1 or M2 − M1 elements. The
results of the convergence test are shown in Fig. 13(a)–(i) for all three types of mixed finite elements considered. When
no gradient correction scheme is used, we observe the same behavior regarding the convergence of displacement field
solution as those of the displacement-based elements. In terms of the pressure field, although the 1st order integration
leads to a degenerated convergence rate, the optimal convergence rate is obtained with the 2nd order integration
scheme for linear mixed elements. For quadratic mixed elements, however, the degeneration of the convergence rate
becomes more severe and increasing the integration order again proves to be not as helpful as in the linear case. In
contrast, with the correction scheme, optimal convergence in both displacement field and pressure field are recovered
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Fig. 12. (a) Schematic of the bending of an incompressible (µ = 1 and κ = ∞) rectangular block into semicircular shape. (b) An example of a
mesh (with 45 elements) utilized in the convergence tests [58].

for both linear and quadratic mixed elements. Again, the same level of accuracy for both displacement and pressure
field is achieved with a minimal required order of triangulation rule.

We conclude this section by examining the accuracy of different types of mixed elements in enforcing the
incompressibility constraint for the displacement field. To quantify the accuracy, we define ϵ0,J as the L2-norm of
the error between det F and 1,

ϵ0,J = ∥ det F (uh) − 1∥. (74)

Fig. 14(a) and (b) show the convergence of ϵ0,J as a function of mesh size and total number of DOFs, respectively, for
both hexagonal and CVT meshes [58]. For the CVT meshes, each data point is obtained by averaging values from a set
of three meshes with the same number of elements. As we can see, the rate of convergence of ϵ0,J to 0 is 1 for mixed
linear polygonal elements and roughly 2 for both types of mixed quadratic polygonal elements. In addition, with
either similar mesh size or total number of DOFs, M2 − M1 elements seem to better enforce the incompressibility
constraint on both hexagonal and CVT meshes for this problem.

5. Applications

This section presents physically-based applications of the above-developed polygonal finite elements. Two
problems are studied: (i) the nonlinear elastic response of an incompressible elastomer reinforced with a random
isotropic distribution of circular rigid particles bonded through finite-size interphases, and (ii) the onset of cavitation
in a fiber reinforced elastomer. These example problems are aimed at demonstrating the ability of polygonal elements
to model the complex behavior of nonlinear elastic materials over a wide range of length scales and deformations.
For both examples, the inclusions are considered to be infinitely rigid and the variational formulation proposed by Chi
et al. [60] is adopted, which treats the presence of rigid inclusions as a set of kinematic constraints on the displacement
DOFs of their boundaries. Again, the polygonal meshes considered in this section are generated by “PolyMesher” [58].

5.1. Elastomers reinforced with particles bonded through interphases

Experimental evidence has by now established that filled elastomers contain stiff “interphases” or layers of stiff
“bound rubber” around its inclusions [61], and that these can significantly affect their macroscopic response when the
fillers are submicron in size [62,63]. In most cases of practical interest, filler particles happen to be indeed submicron
in size. In the sequel, motivated by the recent work of Goudarzi et al. [63], we investigate the nonlinear elastic
response of an elastomer filled with a random isotropic distribution of circular particles bonded through finite-size
stiff interphases by means of the polygonal finite element framework presented in this paper.

Fig. 15 shows the unit cell that we consider for the problem at hand, which is assumed to be repeated periodically
in the e1 and e2 directions so as to approximate a truly random and isotropic distribution of particles. The unit cell
contains a total of 50 monodisperse rigid particles at an area fraction of cp = 25%. Each particle is bonded to the



238 H. Chi et al. / Comput. Methods Appl. Mech. Engrg. 306 (2016) 216–251

Fig. 13. Plots of the error norms against the average mesh size h: (a) the L2-norm of the displacement error, (b) the H1-seminorm
of the displacement error, and (c) the L2-norm of pressure error for M1 − P D

0 elements; (d) the L2-norm of the displacement error, (e) the H1-

seminorm of the displacement error, and (f) the L2-norm of the pressure error for M2 − P D
1 elements; (g) the L2-norm of the displacement error,

(h) the H1-seminorm of the displacement error, and (i) the L2-norm of the pressure error for M2 − M1 elements.

matrix through an interphase of constant thickness t , which is taken to be 20% of the particle radius, resulting in a
total area fraction ci = 11% of interphases. The matrix phase is modeled as an incompressible Neo-Hookean solid
with stored-energy function given by (65) with µm = 1. Further, the constitutive behavior of the interphases is also
taken as incompressible Neo-Hookean, but ten times stiffer than the matrix phase, namely, µi = 10µm = 10.

We employ the commonly used mixed formulation in this example (the F-formulation) and study the nonlinear
elastic behavior of such a material by polygonal meshes with linear and quadratic mixed elements [58]; see Fig. 15(b)
and (c). For the quadratic polygonal mesh, elements with both discontinuous and continuous pressure approximations
are considered, namely, the M2 − M1 and M2 − P D

1 elements. For comparison purposes, finite element meshes
of 4-node hybrid linear quadrilateral elements (termed CPE4H), 6-node hybrid quadratic triangular elements (termed
CPE6MH) and 8-node hybrid quadratic quadrilateral elements (termed CPE8H), are also included, the depictions of
which can be found in Fig. 15(d)–(f). For fair comparison, all the meshes are chosen such that they have a similar
number of nodes in the matrix phase. For the polygonal mesh, we use the same convergence criterion as the other
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Fig. 14. Plots of L2 error in satisfying the incompressibility constraint versus (a) the average mesh size h and (b) the total number of DOFs.

examples, that is, each loading step is regarded as converged once the norm of the residual reduces below 10−8

times that of the initial residual. Whereas for the results by ABAQUS, we use its default set of convergence criteria,
among which the permissible ratio of the largest solution correction to the largest corresponding incremental solution
is |∆u|/|umax | = 10−2, and the largest residual to the corresponding average force norm is 5 × 10−3. In addition,
the largest permissible absolute error in satisfying the incompressibility constraint is 10−5 in the ABAQUS default
convergence criteria.

The boundary conditions are as follows [62]

uk (1, X2) − uk (0, X2) = ⟨F⟩k1 − δk1
uk (X1, 1) − uk (X1, 0) = ⟨F⟩k2 − δk2 ∀k = 1, 2

(75)

and

p (1, X2) = p (0, X2) , and p (X1, 1) = p (X1, 0) . (76)

In the above relations, δkl is the Kronecker delta, and uk and Xk (k = 1, 2) stand for the components of the
displacement field and initial position vector in a Cartesian frame of reference with its origin placed at the left lower
corner of the unit cell. We consider two loading conditions: (i) pure shear where ⟨F⟩ = λe1 ⊗ e1 + λ−1e2 ⊗ e2 and
(ii) simple shear where ⟨F⟩ = I + γ e1 ⊗ e2 with λ > 0 and γ ≥ 0 denoting the applied stretch and amount of shear,
respectively.

Here, it is important to remark that the periodic boundary condition (76) cannot be enforced, in general, when
using elements with discontinuous pressure fields, such as the M2 − P D

1 , M1 − P D
0 , CPE4H, CPE6HM, and

CPE8H elements. On the other hand, it can be enforced when using elements with continuous pressure fields, such
as the M2 − M1 elements. To gain insight into the effects of not enforcing the periodic boundary condition (76),
Fig. 16(a)–(c) show plots of the macroscopic stress response for loading cases (i)–(ii) against the applied stretch/shear
making use of M2 − M1 elements with and without the enforcement of (76). As it can be seen from the plots,
the macroscopic stress from applying both periodic displacement and hydrostatic pressure boundary conditions are,
for all practical purposes, identical to the ones from only applying the periodic displacement boundary conditions.
Moreover, the unit cell considering only periodicity in the displacement field reaches a larger global stretch. Based on
these observations, for the results presented in the remainder of this example, only periodic displacement boundary
conditions are applied.

Fig. 17(a)–(d) depict the deformed configurations of the unit cell obtained with M2 − M1, M2 − P D
1 ,

M1 − P D
0 , CPE4H, CPE6MH, and CPE8H elements, at their respective maximum global stretches, λmax =

2.9132, 2.6456, 2.2515, 1.9524, 1.4308, and 2.5861. The fringe scales correspond to the maximum principal stretches
of each element, with those having a value of 8 and above being plotted as red. Similarly, Fig. 18(a)–(c) depict the
deformed configurations of the unit cell at the same level of global stretch λ = 2 obtained with M2 − M1, M2 − P D

1 ,
and M1 − P D

0 elements, with the elements whose maximum principal stretches are larger than or equal to 5 plotted
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Fig. 15. (a) The unit cell considered in the problem. (b) The linear polygonal mesh comprised of 39 738 elements and 76 020 nodes in total, with
66 095 nodes in the matrix phase. (c) The quadratic polygonal mesh comprised of 20 205 elements and 95233 nodes in total, with 67 325 nodes in
the matrix phase. (d) The quadratic triangular mesh comprised of 58 814 CPE6MH elements and 118 141 nodes in total, with 71 179 nodes in the
matrix phase. (e) The linear quadrilateral mesh comprised of 108 742 CPE4H elements and 109 323 nodes in total, with 68 819 nodes in the matrix
phase. (f) The quadratic quadrilateral mesh comprised of 36 444 CPE8H elements and 109 986 nodes in total, with 66 502 nodes in the matrix
phase.

red. In addition, the relevant components of the macroscopic first Piola–Kirchhoff stresses ⟨P⟩ as functions of the
global stretch λ or shear γ are shown in Fig. 19(a)–(c) for loadings (i)–(ii), and compared with the available analytical
solution in the literature for elastomers reinforced by a random and isotropic distribution of polydisperse circular
particles [64,63].

Several observations can be made from Figs. 17–19. For starters, the macroscopic responses computed from
all types of elements agree reasonably well with the analytical solution for all loading cases. Yet, the ones from
quadrilateral and polygonal discretizations reach significantly larger global deformations than the ones from the
triangular mesh. We note that, because of the high effective area fraction considered in this example (cp + ci = 36%)
and the resulting high level of heterogeneity and localization in the deformation field, remeshing remedies would be
of little help to make the unit cell with the triangular meshes (CPE6MH elements) stretch farther, as demonstrated
in [65]. Comparing the polygonal meshes and quadrilateral meshes, except for the case of pure shear (λ < 1), where
the quadrilateral mesh with CPE8H elements stretch farther, polygonal meshes can reach larger deformation states than
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Fig. 16. Plots of the macroscopic first Piola–Kirchhoff stress as functions as the applied stretch/shear for the cases of applying both periodic
displacement and pressure boundary conditions and applying only periodic displacement boundary condition under (a)–(b) pure and (c) simple
shear. The plots are obtained using M2 − M1 elements.

Table 7
Error in the approximation of the incompressibility constraint under different loading conditions.

# of pressure DOFs ϵ0,J (λ = 2) ϵ0,J (λ = 0.6) ϵ0,J (γ = 0.6)

M1 − P D
0 elements 39 738 0.1180 0.0757 0.0355

M2 − P D
1 elements 60 615 0.0295 0.0163 0.0071

M2 − M1 elements 37 495 0.0508 0.0341 0.0177

the quadrilateral ones, especially under pure shear (λ > 1) with M2−M1 and M1−P D
0 elements. Moreover, although

all the polygonal elements produce almost identical deformed configurations at λ = 2, as shown in Fig. 18(a)–(c),
the quadratic polygonal elements exhibit better performance than the linear ones in reaching a larger deformation
state. As shown by Figs. 17 and 19, the unit cell discretized with the M2 − M1 and M2 − P D

1 elements reach
significantly larger global deformations than the one with the M1 − P D

0 elements under pure shear. In addition, the
linear polygonal elements produce slightly stiffer macroscopic behavior than quadratic polygonal elements. This is
because the quadratic elements provide a richer functional approximation of displacements and so they can better
represent the curvatures in the highly stretched regions (see, e.g., the red regions in Fig. 17(a)–(c) and Fig. 18(a)–(c))
than the linear ones. We also notice that although yielding almost identical macroscopic responses as the M2 − P D

1
elements, the M2 − M1 elements seem to be able to reach a slightly larger global stretch than M2 − P D

1 elements
under pure shear (λ = 2.91 as compared to λ = 2.65).

To further understand the performance of each of the four types of elements, we compute the error norm ϵ0,J
associated with the satisfaction of the incompressibility constraint. The results are summarized in Table 7. In essence,
the linear mixed polygonal elements are seen to deliver results with larger errors than the quadratic ones. Furthermore,
the results from the M2 − P D

1 elements are more accurate in satisfying the incompressibility constraint than the
M2 − M1 elements on the same mesh, which is a consequence of the larger number of global pressure DOFs that
the M2 − P D

1 mesh contains. As a result, the M2 − M1 elements are able to reach a larger global stretch than the
M2 − P D

1 elements under pure shear.

5.2. Onset of cavitation in fiber reinforced elastomers

An interesting phenomenon of re-emerging interest that occurs in elastomers is the so-called phenomenon of cavita-
tion, namely, the sudden growth of pre-existing defects into large enclosed cavities under sufficiently large loads [66].
Cho and Gent [67] studied this phenomenon in fiber reinforced elastomers by means of some ingenious experi-
ments. As shown in Fig. 20(a), they fabricated specimens consisting of two steel tubes of length L and diameter D,
parallely aligned at an initial distance d , bonded by a layer of transparent silicone rubber. The surfaces of the steel
tubes were polished and treated with a primer so as to prevent debonding. The specimens were subjected to uniax-
ial tension transverse to the tubes. The onset of cavitation could then be monitored visually through the transparent
rubber.
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Fig. 17. The final deformed configuration reached by (a) M2 − M1 elements, (b) M2 − P1 elements, (c) CPE8H elements (solved in ABAQUS),
(d) M1 − P0 elements, (e) CPE4H elements (solved in ABAQUS), and (f) CPE6HM elements (solved in ABAQUS). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

In this subsection, motivated by the work of Lefèvre et al. [68], we reproduce theoretically (via a 2D plane-strain
model) two of the experiments of Cho and Gent [67] by means of the polygonal finite element framework presented
in this paper. Among the several sets of experiments that they reported, we choose two with dimensions given in
Table 8. In the table, we also include the values of the measured “macroscopic” strain εe at which cavitation occurred.
In addition, Fig. 20(d) shows a photograph of the cavity formed between the two steel tubes in the specimen with
initial distance d = 0.43 mm.
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Fig. 18. The deformed configuration at λ = 2 obtained by (a) M2 − M1 elements, (b) M2 − P D
1 elements, and (c) M1 − P D

0 elements. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Given that the length of the steel tubes L = 12.5 mm is more than one order of magnitude larger than their
initial distance d for both cases (d = 0.43 mm and 0.91 mm), and that the cavities observed in the experiments are
somewhat cylindrical in shape, as shown by Fig. 20(d), we idealize the experiment as a two-dimensional plane-strain
problem and restrict attention to the growth of cylindrical defects. More specifically, we consider a square block of
side H = 300 mm in which two cylindrical fibers are embedded adjacent to each other. The size of the block is large
enough to avoid the interaction between the fibers and the outer boundary. The block is subjected to uniaxial tension
in the direction of alignment of the fibers. As in the experiments, the “macroscopic” strain is defined as ε

.
= h/H − 1,

where h is the deformed length of the block in the direction of applied tension. Fig. 20(b) and (c) show schematic
descriptions of the model in its undeformed and deformed configurations. The silicone rubber is modeled as a one-term
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Fig. 19. Plots of the macroscopic first Piola–Kirchhoff stress as functions as the applied stretch/shear for different type of elements under (a) pure
shear (λ ≥ 1), (b) pure shear (0 < λ < 1) and (c) simple shear.

compressible Lopez-Pamies material [69]:

W (F) =
31−α

2α
µ

(F : F)α − 3α


− µ (det F − 1) +

µ

2
+

κ

2
−

αµ

3


(det F − 1)2 . (77)

Its Legendre transformation W ∗ (F,q) is given by:

W ∗ (F,q) = −
31−α

2α
µ

(F : F)α − 3α


+

(µ +q)2

2

µ + κ −

2
3αµ

 . (78)

The shear modulus µ of the rubber is taken to be 1 and, to reasonably model the nearly incompressible behavior of
the silicone rubber, its bulk modulus κ is taken to be 1000. The material parameter α is taken to be 0.6 here in order
to ensure appropriate growth conditions that allow for cavitation in 2D [70]. Moreover, again, the fibers are treated as
infinitely rigid bodies (since the shear modulus of the steel is in the order of 80 GPa) that are perfectly bonded to the
rubber. In all of the calculations for this example problem, we employ the F-formulation of Chi et al. [3].

From a computational point of view, the modeling of cavitation is challenging with standard finite elements because
of the extreme local deformations that take place around the boundaries of the growing defects [71,72]. In the
literature, use has been made of structured quadrilateral discretizations which have proved successful in a variety
of problems (see, e.g., [72,68]). However, such an approach is not deemed viable to deal with material systems with
realistically complex microstructures. Unstructured polygonal discretizations, on the other hand, have recently shown
potential as a viable approach [3]. To further examine the performance of different types of mixed polygonal elements
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Fig. 20. (a) Schematic of the experimental setup of Cho and Gent [67]. (b) A two-dimensional plane-strain model of the experiment in the
undeformed configuration. (c) A two-dimensional plane-strain model of the experiment in the deformed configuration. (d) A photograph of the
lateral view (X direction) of the cavity formed between the two steel tubes for the case of d = 0.43 mm [67].

for cavitation problems, we consider unstructured polygonal discretizations and consider all three types of mixed
polygonal elements in this example.

Following the analysis of Lefèvre et al. [68], we begin by monitoring the onset of cavitation for the two cases
with initial fiber distances d = 0.41 and 0.91 mm. Although the actual growth of defects in rubber is a complex
process that may involve irreversible inelastic deformations (e.g., fracture), cavitation criteria based on purely elastic
deformations have been shown to provide accurate qualitative agreement with experimental observations, suggesting
that the elastic behavior of rubber plays a key role in the occurrence of the phenomenon [68]. For a review of
those criteria, the interested reader is referred to the papers by Lopez-Pamies et al. [73,74]. For the problem under
investigation here, we make use of the cavitation criterion derived by Lopez-Pamies [75] for compressible isotropic
solids under general plane-strain loading conditions. The criterion states that, under plane-strain conditions, defects
inside a compressible isotropic solid may suddenly grow into cylindrical cavities whenever the principal stretches
(λ1, λ2) satisfy the following condition:

∂Φ
∂λ1

(λ1, λ2) −
∂Φ
∂λ2

(λ1, λ2)

λ1 − λ2
= 0, (79)

where Φ (λ1, λ2) stands for the stored-energy function, written in terms of the in-plane principal stretches,
characterizing the elastic response of the rubber under plane-strain conditions. Upon recognizing that F : F =

λ2
1 + λ2

2 + 1 and det F = λ1λ2, the criterion (79) reduces to

κ + 2µ −
2αµ

3
+ 31−αµ


λ2

1 + λ2
2 + 1

(α−1)

− λ1λ2


κ + µ −

2αµ

3


= 0 (80)

when specialized to the stored-energy function (77).
To monitor the onset of cavitation criterion (80), we make use of a polygonal mesh with 30 000 M1−P D

0 elements,
which are graded so that smaller elements are placed in between the fibers [58]. Fig. 21 shows the mesh utilized for
the case with d = 0.43 mm. Fig. 22(a) and (b) depict the deformed states of the region between the two rigid fibers
with initial distances d = 0.41 mm and 0.91 mm at four levels of the applied macroscopic strain. In the figures, those
elements whose average in-plane principal stretches satisfy the criterion (80) are plotted in red, indicating the possible
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Fig. 21. The polygonal mesh used of the model of initial distance d = 0.41 mm, which consists of 30 000 polygonal elements.

Fig. 22. The deformed configurations of the region between two fibers under four levels of macroscopic strains for cases (a) d = 0.43 mm and
(b) d = 0.91 mm. The material points at which the cavitation criterion (80) are satisfied are plotted in red. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

Table 8
Summary of the experimental results by Cho and Gent [67] with different initial
distance between two steel tubes.

Specimen no. L (mm) D (mm) d (mm) d/D δ (mm) εe

# 1 12.5 9.5 0.43 0.045 0.034 0.08
# 2 12.5 9.5 0.91 0.095 0.255 0.28

onset of cavitation at the material points that they sit on. We emphasize that except for the elements plotted, no other
elements are found to satisfy the cavitation criterion during the entire loading process. For both cases of d = 0.41
and 0.91 mm, the criterion is first satisfied at the rubber/fiber interfaces. As the macroscopic strain increases, the
satisfaction of the criterion quickly propagates to the midpoint between the fibers and then continues to grow outward.
For the case of larger interfiber distance, d = 0.91 mm, the onset of cavitation at the rubber/fiber interfaces occurs at
a significantly larger macroscopic strain, ε ≈ 8.835%, as compared to ε ≈ 5.66%. Similarly, the onset of cavitation
at the midpoint between the fiber also occurs at a considerably larger macroscopic strain, ε ≈ 9.635%, for the case of
d = 0.91 mm, as compared to ε ≈ 5.86% for the case of d = 0.43 mm. Qualitatively, these relative values are in fair
agreement with the reported experimental data summarized in Table 8.

With the knowledge that the onset of cavitation might first occur at the rubber/fiber interfaces on the inner sides
of the fibers and then propagate to the midpoint between the fibers, we proceed to introduce pre-existing defects at
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Fig. 23. (a) The linear polygonal mesh used for the model of initial distance d = 0.41 mm containing three defects. The mesh consists of 25 000
elements. (b) The quadrilateral mesh used of the model of initial distance d = 0.41 mm, which consists of 40 843 linear quadrilateral elements.

those locations in the finite element models to study their actual growth and interaction. Thus, three vacuous defects
that are circular in shape are introduced in each finite element model with an initial radius Rc = 2 µm. Two of them
are placed 1 µm away from the inner side of each fiber at the rubber/fiber interfaces while the third one is placed
at the midpoint between the fibers. Both linear and quadratic polygonal meshes are considered, containing 25 000
and 10 000 elements respectively. As an example, Fig. 23(a) shows the linear polygonal mesh utilized in the case
with the initial distance d = 0.43 mm [58]. We also consider structured quadrilateral meshes of ABAQUS CPE4H
elements to serve as reference solutions [68], which are structured radially along each defect to accommodate its
growth. Fig. 23(b) shows the structured quadrilateral mesh utilized in the case with the initial distance d = 0.43 mm

Fig. 24(a) and (b) show snapshots of deformed states of the regions between the fibers obtained by M1 − P D
0

elements for cases with initial distances d = 0.43 mm and 0.91 mm, respectively, at four stages of macroscopic
strains, ε = 6.39, 9.89, 14.89, and 30.39%. The results obtained by quadratic mixed polygonal elements are identical
and therefore are not shown here. To gain more quantitative insight, we also quantify the current-to-undeformed area
ratios ai/Ai and am/Am of the defects at the interfaces and midpoints. The results are displayed in Fig. 25(a) and
(b) as functions of the applied macroscopic strain ε. For comparison purposes, these figures include results computed
with a structured quadrilateral mesh of ABAQUS CPE4H elements [68]. An immediate observation is that all the
mixed polygonal elements, namely, the M1 − P D

0 , M2 − P D
1 , and M2 − M1 elements are able to capture the

entire growth history and interactions between the defects and agree with the ABAQUS results. Physically, the results
indicate that the defects at the interfaces grow indeed first but that, upon further loading, the defects at the midpoint
start to grow as well. Further loading results in the contraction of the interfacial defects and the concentration of all
of the growth in the midpoint defects, which eventually become visible cavities. This intricate behavior appears to
be in qualitative agreement with the experiments of Cho and Gent, at least for the specimen with initial interfiber
separation d = 0.43 mm. The reason behind such a behavior is that the midpoint is the farthest point from the stiff
rubber/fiber interface and therefore is the location where the growth of a cavity is the least energetically expensive [68].
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Fig. 24. With three defects introduced in the model, the deformed configurations of the region between two fibers under four levels of macroscopic
strains for cases (a) d = 0.43 mm and (b) d = 0.91 mm.

Fig. 25. The growth histories of the three defects quantified by the ratio of their deformed areas to their initial areas as functions of the applied
macroscopic strain ε for both cases of d = 0.43 mm and d = 0.91 mm: (a) the defects on the matrix/fiber interface, and (b) the defect in the middle
of the two fibers.

Furthermore, if we heuristically define that cavitation occurs whenever a defect grows 1000 times in area say, the
specimen with initial fiber distance of d = 0.43 mm cavitates at a macroscopic strain around ε ≈ 6% while the one
with initial fiber distance of d = 0.91 mm cavitates at around ε ≈ 10%. These values are in good agreement with
the prediction given by the criterion (80) as well as with the experimental observations. We emphasize that such an
agreement is remarkable given that the computations carried out here account only for the elastic deformation of the
defects, whereas in the experiments inelastic growth of defects by fracture does occur.
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6. Conclusion

The modeling of nonlinear elastic materials with standard finite elements under finite deformations is a challenging
task due to, by and large, the invariably large local deformations induced by their heterogeneity. Recently, lower order
polygonal elements have shown potential in modeling such a class of materials. To further examine the capabilities of
polygonal elements to model nonlinear elastic materials, this paper has generalized existing displacement-based and
mixed polygonal elements to higher order and has provided a study of their performance under finite deformations.
One critical aspect of the generalization is the numerical integration scheme. Because polygonal elements contain
functions of non-polynomial nature in their finite element spaces, they typically suffer from consistency errors with
the existing integration schemes. As shown by numerical tests here, the consistency errors do not vanish under mesh
refinement when a standard integration scheme is used, which lead to non-convergent finite element results. This
problem becomes even more severe when using higher order elements. To address this issue, this paper has proposed
to employ a gradient correction scheme which can be applied to both displacement-based and mixed polygonal
elements of arbitrary order with any numerical integration scheme that satisfies the corresponding minimal order
requirement. With the correction scheme, both linear and quadratic polygonal elements have been shown to yield
optimally convergent results with displacement-based and mixed approximations. Furthermore, two choices of the
pressure field approximations have been discussed for the mixed polygonal elements, namely, the discontinuous
approximation and continuous approximation, and their performances on numerical stability and accuracy have been
investigated. Our numerical studies indicate that both families of mixed polygonal elements are numerically stable
in linear elasticity problems without any additional stabilization treatments up to quadratic order. The comparison of
performance in the accuracy (for instance, errors in satisfaction of incompressibility constraint) between the different
types of mixed polygonal element, on the other hand, appears to be problem specific (c.f. the discussions in the
examples of bending of a rectangular block into a semicircle and particle reinforced elastomer), and thus needs
further study. For demonstration purposes, we have employed the proposed polygonal elements to model the nonlinear
response of particle reinforced elastomers with interphases and the onset of cavitation in fiber reinforced elastomers.
These challenging physically-based applications have indicated that the proposed polygonal elements are well suited
to deal with complex microstructures including particulate microstructures and those involving different length scales,
and appear to be more tolerant to large local deformation than the standard finite elements (triangles and quads).
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