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A B S T R A C T

In this paper, we introduce an Abaqus UMAT subroutine for a family of constitutive models
for the viscoelastic response of isotropic elastomers of any compressibility – including fully
incompressible elastomers – undergoing finite deformations. The models can be chosen to
account for a wide range of non-Gaussian elasticities, as well as for a wide range of nonlinear
viscosities. From a mathematical point of view, the structure of the models is such that the
viscous dissipation is characterized by an internal variable 𝐂𝑣, subject to the physically-based
constraint det 𝐂𝑣 = 1, that is solution of a nonlinear first-order ODE in time. This ODE is solved
by means of an explicit Runge–Kutta scheme of high order capable of preserving the constraint
det 𝐂𝑣 = 1 identically. The accuracy and convergence of the code is demonstrated numerically
by comparison with an exact solution for several of the Abaqus built-in hybrid finite elements,
including the simplicial elements C3D4H and C3D10H and the hexahedral elements C3D8H and
C3D20H. The last part of this paper is devoted to showcasing the capabilities of the code by
deploying it to compute the homogenized response of a bicontinuous rubber blend.

. Introduction

Over the past three decades, primarily because of their superior numerical tractability, constitutive models based on internal
ariables [1–8] have established themselves as the preferred choice over models based on hereditary integrals [9–11] to describe
he mechanical dissipative response of polymers, hydrogels, soft biological tissues, and other soft organic materials.

In this context, the objective of this work is to put forth an Abaqus UMAT (user material) subroutine for a family of
nternal-variable-based constitutive models for the finite viscoelastic response of elastomers, that introduced by Kumar and Lopez-
amies [6]. Such models can be derived within the so-called two-potential framework [6,12,13] and hence are characterized by
wo thermodynamic potentials: (𝑖) a free-energy function 𝜓 that serves to characterize how the material stores energy through
lastic deformation and (𝑖𝑖) a dissipation potential 𝜙 that serves to characterize how the material dissipates energy through viscous
eformation. A distinguishing advantage of this approach is that it allows to enforce material frame indifference, material symmetry,
nd entropy imbalance from the outset in a straightforward manner [6,14].

The focus of this paper is on models for isotropic elastomers of any compressibility, including fully incompressible elastomers.
y construction, the models allow to describe the elasticity of these materials in terms of an initial bulk modulus 𝜅 ∈ (0,+∞) and
wo non-Gaussian stored-energy functions 𝛹Eq and 𝛹NEq of choice. They also allow to describe their viscosity in terms of a nonlinear
iscosity function 𝜂 of choice.
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From a mathematical point of view, the structure of the models is such that they provide the first Piola–Kirchhoff stress 𝐒(𝐗, 𝑡)
t any material point 𝐗 and time 𝑡 explicitly in terms of the deformation gradient 𝐅(𝐗, 𝑡), a pressure field 𝑞(𝐗, 𝑡), and an internal
ariable 𝐂𝑣(𝐗, 𝑡), subject to the constraint1 det 𝐂𝑣(𝐗, 𝑡) = 1, that is solution of a nonlinear first-order ordinary differential equation
ODE) in time. The fact that the internal variable 𝐂𝑣 satisfies the non-convex constraint det 𝐂𝑣 = 1 poses one of the main difficulties.
ndeed, as is well-known from the classical literature on finite plasticity [15], commonly used time integration schemes are unable
o deliver solutions that satisfy such a constraint. In this work, we handle this challenge by making use of a time integration scheme
ased on an explicit fifth-order-accurate Runge–Kutta integrator capable of preserving the constraint det 𝐂𝑣 = 1 identically [6,16,17].

The organization of the paper is as follows. We begin in Section 2 by formulating the finite viscoelastostatics problem of interest
n this work. The family of finite viscoelasticity models under consideration are introduced in Section 2.2, while the final set of
he governing equations that they lead to for the deformation field 𝐲(𝐗, 𝑡), the pressure field 𝑞(𝐗, 𝑡), and the internal variable
𝑣(𝐗, 𝑡) is presented in strong form in Section 2.5. In Section 3, we present the discretization in time and space of the weak

orm of the governing equations. In particular, we make use of a FD (finite difference) discretization of time and a FE (finite
lement) discretization of space. In Section 4, we describe the inputs needed for an Abaqus UMAT subroutine in order to solve
n Abaqus the discretized governing equations laid out in Section 3. In Section 5, we demonstrate the accuracy and convergence of
he proposed Abaqus UMAT subroutine. Finally, in Section 6, we showcase the capabilities of the subroutine by solving a problem
f both fundamental and practical interest, that of the homogenization of the finite viscoelastic response of a bicontinuous rubber
lend.

. The problem

.1. Initial configuration and kinematics

Consider a body made of an elastomer that in its initial configuration, at time 𝑡 = 0, occupies the open domain Ω0 ⊂ R3,
ith boundary 𝜕Ω0 and outward unit normal 𝐍. We identify material points by their initial position vector 𝐗 ∈ Ω0. At a later time
∈ (0, 𝑇 ], in response to the boundary conditions and body forces described in Section 2.3 below, the position vector 𝐗 of a material
oint occupies a new position 𝐱 specified by an invertible mapping 𝐲 from Ω0 to the current configuration Ω(𝑡) ⊂ R3. We write

𝐱 = 𝐲(𝐗, 𝑡)

nd the associated deformation gradient and Lagrangian velocity fields at 𝐗 ∈ 𝛺0 and 𝑡 ∈ (0, 𝑇 ] as

𝐅(𝐗, 𝑡) = ∇𝐲(𝐗, 𝑡) = 𝜕𝐲
𝜕𝐗

(𝐗, 𝑡) and 𝐕(𝐗, 𝑡) = 𝐲̇(𝐗, 𝑡) = 𝜕𝐲
𝜕𝑡

(𝐗, 𝑡).

hroughout, we shall use the ‘‘dot’’ notation to denote the material time derivative (i.e., with 𝐗 held fixed) of field quantities.

2.2. Constitutive behavior

As anticipated in the Introduction, the focus of this work is on viscoelastic isotropic elastomers whose isothermal mechanical
behavior is described in terms of two thermodynamic potentials, a free energy function of the form [6]

𝜓(𝐅,𝐂𝑣) = 𝜓Eq(𝐅) + 𝜓NEq(𝐅,𝐂𝑣) (1)

that describes how the elastomer stores energy through elastic deformation and a dissipation potential of the form

𝜙(𝐅,𝐂𝑣, 𝐂̇𝑣) =
⎧

⎪

⎨

⎪

⎩

1
2
𝐂̇𝑣 ⋅(𝐅,𝐂𝑣)𝐂̇𝑣 if det 𝐂𝑣 = 1

+∞ otherwise

(2)

that describes how the elastomer dissipates energy through viscous deformation. In these expressions, the symmetric second-order
tensor 𝐂𝑣 is an internal variable of state that stands for a measure of the ‘‘viscous part’’ of the deformation gradient 𝐅, 𝜓Eq is a
non-negative function that characterizes the elastic energy storage in the elastomer at states of thermodynamic equilibrium, the
non-negative function 𝜓NEq characterizes the additional elastic energy storage at non-equilibrium states (i.e., the part of the energy
that gets dissipated eventually), and the fourth-order tensor  characterizes the (deviatoric) viscosity of the elastomer; see Fig. 1
for a rheological representation of 𝜓Eq, 𝜓NEq, and 𝜙.

For consistency with the type of constitutive relations that can be implemented as Abaqus UMAT subroutines, we consider
equilibrium and non-equilibrium stored-energy functions of the form

⎧

⎪

⎨

⎪

⎩

𝜓Eq(𝐅) = 𝛹Eq(𝐼1) +
𝜅
2
(𝐽 − 1)2

𝜓NEq(𝐅,𝐂𝑣) = 𝛹NEq(𝐼
𝑒
1)

(3)

1 Physically, the constraint det 𝐂𝑣 = 1 describes that viscous dissipation in elastomers is an isochoric process.
2
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Fig. 1. Rheological representation of the two-potential model (7)–(8).

and viscosity tensors of the form

𝑖𝑗𝑘𝑙(𝐅,𝐂𝑣) =
𝜂(𝐼

𝑒
1, 𝐼

𝑒
2, 𝐼

𝑣
1 )

2
𝐶𝑣−1𝑖𝑙 𝐶

𝑣−1
𝑗𝑘 . (4)

In these expressions,

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝐼1 = tr 𝐂, 𝐽 =
√

det 𝐂

𝐼1 = tr 𝐂 = 𝐽−2∕3𝐼1

𝐼𝑣1 = tr 𝐂𝑣

𝐼𝑒1 = tr
(

𝐂𝐂𝑣−1
)

, 𝐼𝑒2 = 1
2

[

(

𝐂 ⋅ 𝐂𝑣−1
)2 − 𝐂𝑣−1𝐂 ⋅ 𝐂𝐂𝑣−1

]

𝐼
𝑒
1 = 𝐽−2∕3𝐼𝑒1 , 𝐼

𝑒
2 = 𝐽−4∕3𝐼𝑒2

,

where 𝐂 = 𝐅𝑇𝐅, 𝐂 = 𝐽−2∕3𝐂, 𝐂𝑣 = 𝐅𝑣𝑇𝐅𝑣, and 𝛹Eq, 𝛹NEq, 𝜂 are non-negative material functions of their arguments, while 𝜅 is a
non-negative material constant. The latter describes the compressibility of the elastomer in a monotonically increasing fashion,
in particular, the larger the value of 𝜅 the more incompressible the elastomer is. The choice 𝜅 = +∞ corresponds to a fully
incompressible elastomer. In this formulation,2 the material constant 𝜅 is in fact the initial bulk modulus of the elastomer in the
limit of small deformations as 𝐅 → 𝐈.

Granted the two thermodynamic potentials (1) and (2), it follows that the first Piola–Kirchhoff stress tensor 𝐒 at any material
point 𝐗 ∈ 𝛺0 and time 𝑡 ∈ [0, 𝑇 ] is expediently given by the relation [6]

𝐒(𝐗, 𝑡) = 𝜕𝜓
𝜕𝐅

(𝐅,𝐂𝑣), (5)

where 𝐂𝑣 is implicitly defined by the evolution equation

⎧

⎪

⎨

⎪

⎩

𝜕𝜓
𝜕𝐂𝑣

(𝐅,𝐂𝑣) + 𝜕𝜙
𝜕𝐂̇𝑣

(𝐅,𝐂𝑣, 𝐂̇𝑣) = 𝟎

𝐂𝑣(𝐗, 0) = 𝐈

. (6)

Making explicit use of the representations (3)–(4), the constitutive relation (5)–(6) specializes to

𝐒(𝐗, 𝑡) = 2𝐽−2∕3𝛹Eq
𝐼1

𝐅 + 2𝐽−2∕3𝛹NEq
𝐼
𝑒
1

𝐅𝐂𝑣−1 − 2
3
𝐽−2∕3

(

𝐼1𝛹
Eq
𝐼1

+ 𝐼𝑒1𝛹
NEq
𝐼
𝑒
1

)

𝐅−𝑇 + 𝜅(𝐽 − 1)𝐽𝐅−𝑇 , (7)

where 𝐂𝑣 is defined implicitly as the solution of the evolution equation3

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐂̇𝑣(𝐗, 𝑡) = G(𝐂,𝐂𝑣)

≡
2𝐽−2∕3𝛹NEq

𝐼
𝑒
1

𝜂

[

𝐂 − 1
3
(

𝐂 ⋅ 𝐂𝑣−1
)

𝐂𝑣
]

𝐂𝑣(𝐗, 0) = 𝐈

. (8)

2 We emphasize that the compressibility contribution 𝜅∕2(𝐽 − 1)2 to the equilibrium stored-energy function (3) is just a constitutive choice, arguably, the
simplest among many others. Indeed, one can replace it with any other strictly convex function of 𝐽 of choice, provided that it linearizes properly. For instance, if
one wishes to enforce material impenetrability with the requirement that 𝜓Eq ↗ +∞ as 𝐽 ↘ 0, one can replace 𝜅∕2(𝐽 −1)2 with −𝛬 ln 𝐽 +𝛬(𝐽 −1)+(𝜅−𝛬)∕2(𝐽 −1)2,
where 𝛬 is a material constant such that 𝜅 > 𝛬 ≥ 0.

3 Here, it is worth remarking that the stress-deformation relation (7) depends on 𝐂𝑣 only through its inverse 𝐂𝑣−1 and that, in turn, the ODE (8)1 can be

rewritten solely in terms of 𝐂𝑣−1:
̇̄

𝐂𝑣−1 = −𝐆(𝐂𝑣−1𝐂𝐂𝑣−1 ,𝐂𝑣−1). When implementing (7)–(8) numerically, one can hence write the equations in terms of 𝐃𝑣 ≡ 𝐂𝑣−1

and thereby circumvent having to perform inversions of the internal variable. This is in fact how we have coded (7)–(8) in the proposed UMAT subroutine.
3
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In these last expressions and below, we make use of the notation 𝑓𝑥 = d𝑓 (𝑥)∕d𝑥 and 𝑓𝑥𝑥 = d2𝑓 (𝑥)∕d𝑥2.
The following remarks are in order:

emark 1. The Cauchy stress tensor 𝐓(𝐱, 𝑡) = 𝐽−1𝐒𝐅𝑇 at any spatial point 𝐱 ∈ 𝛺(𝑡) and time 𝑡 ∈ [0, 𝑇 ] is given by

𝐓(𝐱, 𝑡) = 2𝐽−5∕3𝛹Eq
𝐼1

𝐅𝐅𝑇 + 2𝐽−5∕3𝛹NEq
𝐼
𝑒
1

𝐅𝐂𝑣−1𝐅𝑇 −
(

2
3
𝐽−5∕3𝐼1𝛹

Eq
𝐼1

+ 2
3
𝐽−5∕3𝐼𝑒1𝛹

NEq
𝐼
𝑒
1

− 𝜅(𝐽 − 1)
)

𝐈.

hen decomposed into deviatoric and volumetric contributions, it reads

𝐓(𝐱, 𝑡) = dev𝐓 + 𝑝𝐈

ith

𝑝 = 1
3
tr 𝐓 = 𝜅(𝐽 − 1) (9)

and

dev𝐓 = 2𝐽−5∕3𝛹Eq
𝐼1

𝐅𝐅𝑇 − 2
3
𝐽−5∕3𝐼1𝛹

Eq
𝐼1

𝐈
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

dev𝐓Eq

+2𝐽−5∕3𝛹NEq
𝐼
𝑒
1

𝐅𝐂𝑣−1𝐅𝑇 − 2
3
𝐽−5∕3𝐼𝑒1𝛹

NEq
𝐼
𝑒
1

𝐈
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

dev𝐓NEq

.

Remark 2. The stored-energy functions 𝛹Eq and 𝛹NEq in the constitutive relation (7)–(8) are arbitrary functions of the invariants
𝐼1 and 𝐼

𝑒
1. They can thus be chosen as the basic Neo-Hookean or Gaussian stored-energy functions

𝛹Eq(𝐼1) =
𝜇Eq

2

[

𝐼1 − 3
]

and 𝛹NEq(𝐼
𝑒
1) =

𝜇NEq

2

[

𝐼
𝑒
1 − 3

]

,

here 𝜇Eq and 𝜇NEq are material constants, or, more generally, as any of the numerous non-Gaussian 𝐼1-based models available
n the literature [18–23]. In the representative results that we present in Sections 5 and 6 below, we make use of the two-term
opez-Pamies stored-energy functions [23]

𝛹Eq(𝐼1) =
2
∑

𝑟=1

31−𝛼𝑟
2𝛼𝑟

𝜇𝑟
[

𝐼
𝛼𝑟
1 − 3𝛼𝑟

]

(10)

and

𝛹NEq(𝐼
𝑒
1) =

2
∑

𝑟=1

31−𝑎𝑟
2𝑎𝑟

𝑚𝑟
[

𝐼
𝑒
1
𝑎𝑟 − 3𝑎𝑟

]

, (11)

where 𝜇𝑟, 𝛼𝑟, 𝑚𝑟, 𝑎𝑟 (𝑟 = 1, 2) are material constants.

Remark 3. The viscosity function 𝜂 in the evolution equation (8) is an arbitrary isotropic function of the invariants 𝐼
𝑒
1, 𝐼

𝑒
2, 𝐼

𝑣
1. It can

thus be chosen as a constant or, more generally, as needed to describe the viscosity of the elastomer at hand. Typically, elastomers
exhibit a strongly nonlinear viscosity of shear-thinning type; see, e.g., [6,24–28]. In the representative results that we present in
Sections 5 and 6 below, we make use of the shear-thinning viscosity function introduced by Kumar and Lopez-Pamies [6]:

𝜂(𝐼
𝑒
1, 𝐼

𝑒
2, 𝐼

𝑣
1 ) = 𝜂∞ +

𝜂0 − 𝜂∞ +𝐾1
[

𝐼𝑣1
𝛽1 − 3𝛽1

]

1 +
(

𝐾2𝐽
NEq
2

)𝛽2
(12)

with

𝐽NEq
2 = 1

2
dev𝐓NEq ⋅ dev𝐓NEq = 4𝐽−2

(

(𝐼
𝑒
1)

2

3
− 𝐼

𝑒
2

)

(

𝛹NEq
𝐼
𝑒
1

)2
,

here 𝜂0, 𝜂∞, 𝐾1, 𝐾2, 𝛽1, 𝛽2 are material constants.

emark 4. The ratio

𝜏 =
𝜂

2𝛹NEq
𝐼
𝑒
1

(13)

in the evolution equation (8) describes the spectrum of material time scales characteristic of the elastomer at hand.

Remark 5. The constitutive relation (7)–(8) is nothing more than a generalization of the classical Zener or standard solid model [29]
to the setting of finite deformations [6]. Fig. 1 illustrates its rheological representation.

Remark 6. The constitutive relation (7)–(8) includes two fundamental models as limiting cases. The first one, which corresponds
to setting the viscosity function either to 𝜂 = 0 or 𝜂 = +∞, is that of a non-Gaussian elastic solid, wherein a Gaussian elastic solid is
4
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included as a special case. The second one, which corresponds to setting the equilibrium and non-equilibrium energies to 𝜓Eq = 0
and 𝜓NEq = +∞, is that of an incompressible non-Newtonian fluid, wherein a Newtonian fluid is included as a special case.

To see the specialization to the non-Gaussian elastic solid, note that when 𝜂 = 0, the solution to the evolution equation (8) is
simply 𝐂𝑣 = 𝐂 and the first Piola–Kirchhoff stress tensor (7) reduces to the form 𝐒(𝐗, 𝑡) = 2𝐽−2∕3𝛹Eq

𝐼1
𝐅 − 𝑝1𝐽𝐅−𝑇 . Similarly, when

𝜂 → +∞, the solution to the evolution equation (8) is 𝐂𝑣 = 𝐈 + 𝑂(𝜂−1) and the first Piola–Kirchhoff stress tensor (7) reduces to
(𝐗, 𝑡) = 2𝐽−2∕3𝛹Eq

𝐼1
𝐅 + 2𝐽−2∕3𝛹NEq

𝐼
𝑒
1

𝐅 − 𝑝2𝐽𝐅−𝑇 . In the above expressions, the form of the scalar-valued functions 𝑝1 and 𝑝2 of 𝐅 are
not spelled out for simplicity.

On the other hand, to see the specialization to the incompressible non-Newtonian fluid, note that when 𝛹Eq = 0 and 𝛹NEq =
𝑚[𝐼

𝑒
1 − 3]∕2 with 𝑚 → +∞, the solution to the evolution equation (8) is given 𝐂𝑣 = 𝐂 + 𝑚−1(−𝜂𝐂̇ + 𝑞1𝐂) + 𝑂(𝑚−2) and the first

iola–Kirchhoff stress tensor (7) reduces to 𝐒(𝐗, 𝑡) = 𝜂(𝐅̇𝐅−1𝐅−𝑇 + 𝐅−𝑇 𝐅̇𝑇𝐅−𝑇 ) − 𝑞2𝐅−𝑇 ; in these last two expressions, 𝑞1 and 𝑞2 are
rbitrary hydrostatic pressures associated with the incompressibility constraint of the material. Accordingly, the Cauchy stress tensor
= 𝐒𝐅𝑇 specializes to 𝐓(𝐱, 𝑡) = 2𝜂𝐃− 𝑞2𝐈, where 𝐃 = 1∕2(𝐅̇𝐅−1 +𝐅−𝑇 𝐅̇𝑇 ) is the rate of deformation tensor. In the above expressions,

1 and 𝑞2 are arbitrary hydrostatic pressures associated with the incompressibility constraint of the material.

.3. Boundary conditions and body forces

The external stimuli applied to the body comprise both prescribed mechanical boundary data and body forces in the bulk.
pecifically, on a portion 𝜕𝛺

0 of the boundary 𝜕𝛺0 the deformation field 𝐲(𝐗, 𝑡) is taken to be given by a known function 𝐲(𝐗, 𝑡),
while the complementary part of the boundary 𝜕𝛺

0 = 𝜕𝛺0 ⧵ 𝜕𝛺
0 is subjected to a prescribed nominal traction 𝐬(𝐗, 𝑡). That is,

⎧

⎪

⎨

⎪

⎩

𝐲(𝐗, 𝑡) = 𝐲(𝐗, 𝑡), (𝐗, 𝑡) ∈ 𝜕𝛺
0 × [0, 𝑇 ]

𝐒(𝐗, 𝑡)𝐍 = 𝐬(𝐗, 𝑡), (𝐗, 𝑡) ∈ 𝜕𝛺
0 × [0, 𝑇 ]

.

hroughout 𝛺0, we also consider that the body is subjected to a mechanical body force with density

𝐛(𝐗, 𝑡), (𝐗, 𝑡) ∈ 𝛺0 × [0, 𝑇 ].

2.4. Governing equations: The deformation-based formulation

Absent inertia, the relevant equations of balance of linear and angular momenta read simply as Div𝐒 + 𝐛 = 𝟎 and 𝐒𝐅𝑇 = 𝐅𝐒𝑇
or (𝐗, 𝑡) ∈ 𝛺0 × [0, 𝑇 ]. The latter is automatically satisfied by virtue of the objectivity of the functions (3) and so the governing
quations for the response of the body reduce to the following initial–boundary-value problem:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Div
[

2𝐽−2∕3𝛹Eq
𝐼1

∇𝐲 + 2𝐽−2∕3𝛹NEq
𝐼
𝑒
1

∇𝐲𝐂𝑣−1 − 2
3
𝐽−2∕3

(

𝐼1𝛹
Eq
𝐼1

+ 𝐼𝑒1𝛹
NEq
𝐼
𝑒
1

)

∇𝐲−𝑇+

𝜅(𝐽 − 1)𝐽∇𝐲−𝑇
]

+ 𝐛 = 𝟎, (𝐗, 𝑡) ∈ 𝛺0 × [0, 𝑇 ]

𝐲(𝐗, 𝑡) = 𝐲(𝐗, 𝑡), (𝐗, 𝑡) ∈ 𝜕𝛺
0 × [0, 𝑇 ]

[

2𝐽−2∕3𝛹Eq
𝐼1

∇𝐲 + 2𝐽−2∕3𝛹NEq
𝐼
𝑒
1

∇𝐲𝐂𝑣−1 − 2
3
𝐽−2∕3

(

𝐼1𝛹
Eq
𝐼1

+ 𝐼𝑒1𝛹
NEq
𝐼
𝑒
1

)

∇𝐲−𝑇+

𝜅(𝐽 − 1)𝐽∇𝐲−𝑇
]

𝐍 = 𝐬(𝐗, 𝑡), (𝐗, 𝑡) ∈ 𝜕𝛺
0 × [0, 𝑇 ]

𝐲(𝐗, 0) = 𝐗, 𝐗 ∈ 𝛺0

(14)

coupled with the evolution equation

⎧

⎪

⎨

⎪

⎩

𝐂̇𝑣(𝐗, 𝑡) = G
(

∇𝐲𝑇∇𝐲,𝐂𝑣
)

, (𝐗, 𝑡) ∈ 𝛺0 × [0, 𝑇 ]

𝐂𝑣(𝐗, 0) = 𝐈, 𝐗 ∈ 𝛺0

(15)

for the deformation field 𝐲(𝐗, 𝑡) and the internal variable 𝐂𝑣(𝐗, 𝑡).

2.5. Governing equations: The hybrid formulation

In order to deal with nearly or fully incompressible elastomers, it is convenient to deal not with Eqs. (14)–(15) directly, but
ith an alternative set of governing equations wherein a pressure field (and not just the deformation field) is also an unknown.
uch like in the simpler setting of elasticity [30–32], as outlined next, the derivation of such a mixed set of equations hinges on

he introduction of an appropriate Legendre transform [27].
Consistent with the way in which Abaqus deals with nearly incompressible materials, consider the following function

𝑊 (𝐼 , 𝐼
𝑒
, 𝐽 ) = 𝛹Eq(𝐼 ) + 𝛹NEq(𝐼

𝑒
) + 𝜅 (𝐽 − 1)2 (16)
5

1 1 1 1 2
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alongside its partial Legendre transform

𝑊 ⋆(𝐼1, 𝐼
𝑒
1, 𝑞) = max

𝐽

{

𝑞(𝐽 − 1) −𝑊 (𝐼1, 𝐼
𝑒
1, 𝐽 )

}

. (17)

Since 𝑊 (𝐼1, 𝐼
𝑒
1, 𝐽 ) is convex in its third argument, it readily follows that

𝑊 (𝐼1, 𝐼
𝑒
1, 𝐽 ) =

(

𝑊 ⋆)⋆ (𝐼1, 𝐼
𝑒
1, 𝐽 )

= max
𝑞

{

𝑞(𝐽 − 1) −𝑊 ⋆(𝐼1, 𝐼
𝑒
1, 𝑞)

}

.

n turn, it follows that the first Piola–Kirchhoff stress tensor (5) can be rewritten in terms of the dual function (17) as
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐒(𝐗, 𝑡) = − 𝜕𝑊
⋆

𝜕𝐅
(𝐼1, 𝐼

𝑒
1, 𝑞) + 𝑞𝐽𝐅

−𝑇

with

𝐽 = 1 + 𝜕𝑊 ⋆

𝜕𝑞
(𝐼1, 𝐼

𝑒
1, 𝑞)

(18)

Making direct use of the specific form (16) of the function 𝑊 , a straightforward calculation shows that its partial Legendre
transform (17) is given by

𝑊 ⋆(𝐼1, 𝐼
𝑒
1, 𝑞) =

𝑞2

2𝜅
− 𝛹Eq(𝐼1) − 𝛹NEq(𝐼

𝑒
1).

and, hence, that the constitutive relation (18) can be written more explicitly as

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐒(𝐗, 𝑡) = 2𝐽−2∕3𝛹Eq
𝐼1

𝐅 + 2𝐽−2∕3𝛹NEq
𝐼
𝑒
1

𝐅𝐂𝑣−1 − 2
3
𝐽−2∕3

(

𝐼1𝛹
Eq
𝐼1

+ 𝐼𝑒1𝛹
NEq
𝐼
𝑒
1

)

𝐅−𝑇 + 𝑞𝐽𝐅−𝑇

with

𝐽 = 1 +
𝑞
𝜅

(19)

Granted the hybrid representation (19) for the stress-deformation relation of the material, the governing equations for the
esponse of the body can be recast as the following initial–boundary-value problem:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Div
[

2𝐽−2∕3𝛹Eq
𝐼1

∇𝐲 + 2𝐽−2∕3𝛹NEq
𝐼
𝑒
1

∇𝐲𝐂𝑣−1 − 2
3
𝐽−2∕3

(

𝐼1𝛹
Eq
𝐼1

+ 𝐼𝑒1𝛹
NEq
𝐼
𝑒
1

)

∇𝐲−𝑇+

𝑞𝐽∇𝐲−𝑇
]

+ 𝐛 = 𝟎, (𝐗, 𝑡) ∈ 𝛺0 × [0, 𝑇 ]

det ∇𝐲 − 1 −
𝑞
𝜅

= 0, (𝐗, 𝑡) ∈ 𝛺0 × [0, 𝑇 ]

𝐲(𝐗, 𝑡) = 𝐲(𝐗, 𝑡), (𝐗, 𝑡) ∈ 𝜕𝛺
0 × [0, 𝑇 ]

[

2𝐽−2∕3𝛹Eq
𝐼1

∇𝐲 + 2𝐽−2∕3𝛹NEq
𝐼
𝑒
1

∇𝐲𝐂𝑣−1 − 2
3
𝐽−2∕3

(

𝐼1𝛹
Eq
𝐼1

+ 𝐼𝑒1𝛹
NEq
𝐼
𝑒
1

)

∇𝐲−𝑇+

𝑞𝐽∇𝐲−𝑇
]

𝐍 = 𝐬(𝐗, 𝑡), (𝐗, 𝑡) ∈ 𝜕𝛺
0 × [0, 𝑇 ]

𝐲(𝐗, 0) = 𝐗, 𝐗 ∈ 𝛺0

(20)

coupled with the evolution equation (15), repeated here for convenience,
⎧

⎪

⎨

⎪

⎩

𝐂̇𝑣(𝐗, 𝑡) = G
(

∇𝐲𝑇∇𝐲,𝐂𝑣
)

, (𝐗, 𝑡) ∈ 𝛺0 × [0, 𝑇 ]

𝐂𝑣(𝐗, 0) = 𝐈, 𝐗 ∈ 𝛺0

(21)

for the deformation field 𝐲(𝐗, 𝑡), the Legendre dual field 𝑞(𝐗, 𝑡), and the internal variable 𝐂𝑣(𝐗, 𝑡).

emark 7. The Legendre dual field 𝑞 in (20) is nothing more that the volumetric part (9) of the Cauchy stress tensor. In other
ords, the Legendre variable 𝑞 is equal to the Cauchy hydrostatic pressure

𝑞 = 𝑝 = 1
3
tr 𝐓.

. The time and space discretizations

Next, consistent with the way in which Abaqus solves initial–boundary-value problems, we discretize the governing equa-
ions (20)–(21) in time with FD and in space with FE. We begin in Section 3.1 by rewriting (20) in weak form. In Sections 3.2 and
6
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3.3, we introduce the time and space discretizations one at a time. We conclude this section by outlining the method of solution for
the fully discretized governing equations.

3.1. Weak form of the governing equations

A standard calculation shows that the weak form of the initial–boundary-value problem (20)–(21) specializes to finding 𝐲(𝐗, 𝑡) ∈
and 𝑞(𝐗, 𝑡) ∈  such that

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

∫𝛺0

[

2𝐽−2∕3𝛹Eq
𝐼1

∇𝐲 + 2𝐽−2∕3𝛹NEq
𝐼
𝑒
1

∇𝐲𝐂𝑣−1 − 2
3
𝐽−2∕3

(

𝐼1𝛹
Eq
𝐼1

+ 𝐼𝑒1𝛹
NEq
𝐼
𝑒
1

)

∇𝐲−𝑇+

𝑞𝐽∇𝐲−𝑇
]

⋅ ∇𝐰 d𝐗 = ∫𝛺0

𝐛 ⋅ 𝐰 d𝐗 + ∫𝜕𝛺
0

𝐬 ⋅ 𝐰 d𝐗, ∀𝐰 ∈ 0, 𝑡 ∈ ×[0, 𝑇 ]

∫𝛺0

(

det ∇𝐲 − 1 −
𝑞
𝜅

)

𝑟 d𝐗, ∀𝑟 ∈  , 𝑡 ∈ ×[0, 𝑇 ]

(22)

ith 𝐂𝑣(𝐗, 𝑡) defined by (21), where  and  are sufficiently large sets of admissible deformation 𝐲 and pressure 𝑞 fields. Similarly,
0 stands for a sufficiently large set of test functions 𝐰. Formally,  = {𝐲 ∶ 𝐲(𝐗, 𝑡) = 𝐲(𝐗, 𝑡), 𝐗 ∈ 𝜕𝛺

0 } and 0 = {w ∶ w(𝐗, 𝑡) =
𝟎, 𝐗 ∈ 𝜕𝛺

0 }.

.2. Time discretization

Consider now a partition of the time interval [0, 𝑇 ] into discrete times {𝑡𝑘}𝑘=0,1,…,𝑀 , with 𝑡0 = 0 and 𝑡𝑀 = 𝑇 . Making use of
he notation 𝐲𝑘(𝐗) = 𝐲(𝐗, 𝑡𝑘), 𝑞𝑘(𝐗) = 𝑞(𝐗, 𝑡𝑘), 𝐂𝑣𝑘(𝐗) = 𝐂𝑣(𝐗, 𝑡𝑘), and similarly for any other time-dependent field, the governing

equations (22) with (21) at any given discrete time 𝑡𝑘 take then the form

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

∫𝛺0

[

2𝐽−2∕3
𝑘 𝛹Eq

𝐼1 𝑘
∇𝐲𝑘 + 2𝐽−2∕3

𝑘 𝛹NEq
𝐼
𝑒
1

𝑘∇𝐲𝑘𝐂𝑣𝑘
−1 − 2

3
𝐽−2∕3
𝑘

(

𝐼1𝑘𝛹
Eq
𝐼1 𝑘

+ 𝐼𝑒1𝑘𝛹
NEq
𝐼
𝑒
1 𝑘

)

∇𝐲−𝑇𝑘 +

𝑞𝑘𝐽𝑘∇𝐲−𝑇𝑘
]

⋅ ∇𝐰 d𝐗 = ∫𝛺0

𝐛𝑘 ⋅ 𝐰 d𝐗 + ∫𝜕𝛺
0

𝐬𝑘 ⋅ 𝐰 d𝐗, ∀𝐰 ∈ 0

∫𝛺0

(

det ∇𝐲𝑘 − 1 −
𝑞𝑘
𝜅

)

𝑟 d𝐗 = 0, ∀𝑟 ∈ 

(23)

and

𝐂̇𝑣𝑘(𝐗) = G(∇𝐲
𝑇
𝑘 (𝐗)∇𝐲𝑘(𝐗),𝐂

𝑣
𝑘(𝐗)), 𝐗 ∈ 𝛺0, (24)

where we emphasize that we are yet to spell out a specific time discretization for the time derivative 𝐂̇𝑣𝑘 in terms of 𝐂𝑣𝑘.

3.3. Space discretization

Consider next a partition ℎ𝛺0 =
⋃𝙽𝑒
𝑒=1 

(𝑒) of the initial configuration 𝛺0 that comprises 𝙽𝑒 non-overlapping finite elements  (𝑒).
Given this partition, we look for approximate solutions ℎ𝐲𝑘(𝐗) and ℎ𝑞𝑘(𝐗) for the deformation 𝐲𝑘(𝐗) and pressure 𝑞𝑘(𝐗) fields at
time 𝑡𝑘 in finite dimensional subspaces of conforming finite elements. It follows that ℎ𝐲𝑘(𝐗) and ℎ𝑞𝑘(𝐗) admit the representations

ℎ𝐲𝑘(𝐗) =
𝙽𝑛
∑

𝑛=1

ℎ𝑁 (𝑛)(𝐗) 𝐲(𝑛)𝑘 (25)

and

ℎ𝑞𝑘(𝐗) =
𝙽𝑞
∑

𝑙=1

ℎ𝑁 (𝑙)
𝑞 (𝐗) 𝑞(𝑙)𝑘 (26)

in terms of the global degrees of freedom 𝐲(𝑚)𝑘 and 𝑞(𝑙)𝑘 , at time 𝑡𝑘, and the associated shape functions ℎ𝑁 (𝑛)(𝐗) and ℎ𝑁 (𝑙)
𝑞 (𝐗) that

result from the assembly process. In these last expressions, 𝙽𝑛 and 𝙽𝑞 stand for the total number of nodes in the partition ℎ𝛺0 and
the total number of degrees of freedom for the approximation ℎ𝑞𝑘(𝐗) of the pressure field, respectively.

emark 8. The shape functions ℎ𝑁 (𝑛)(𝐗) and ℎ𝑁 (𝑙)
𝑞 (𝐗) in (25)–(26) must be appropriately selected so that they lead to a stable

ormulation and hence to a scheme that can generate converging solutions [33]. In two recent contributions, we have made use of a
lass of Crouzeix–Raviart conforming finite elements [27], as well as of a choice of elements with bubble functions [17] determined
rom the so-called variational multiscale method [34,35], that lead indeed to stable formulations. In this work, we make use of the
ybrid elements built in Abaqus.
7
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By making use of the representations (25)–(26), and analogous ones for the test functions w and 𝑟, Eqs. (23) reduce to a system
of nonlinear algebraic equations for the degrees of freedom 𝐲(𝑚)𝑘 and 𝑞(𝑙)𝑘 that depend on the values, say ℎ𝐂𝑣𝑘, of the internal variable
𝑣
𝑘 at the Gaussian quadrature points employed to carry out the integrals in (23). We write this system as

1
(ℎ𝐲𝑘, ℎ𝑞𝑘, ℎ𝐂𝑣𝑘

)

= 0. (27)

imilarly, we write the system of nonlinear algebraic equations that results from (24) for the internal variable ℎ𝐂𝑣𝑘 at the Gaussian
uadrature points as

2
(ℎ𝐲𝑘, ℎ𝐂𝑣𝑘,

ℎ𝐂̇𝑣𝑘
)

= 0. (28)

.4. The solver: an iterative scheme with a fifth-order explicit Runge–Kutta integrator

Having discretized the governing equations (20)–(21) into the system of coupled nonlinear algebraic equations (27)–(28) for the
lobal degrees of freedom 𝐲(𝑚)𝑘 , 𝑞(𝑛)𝑘 , and the internal variable ℎ𝐂𝑣𝑘 at the Gaussian quadrature points at time 𝑡𝑘, the final step is to
olve these for given stored-energy functions 𝛹Eq, 𝛹NEq, given initial bulk modulus 𝜅, given viscosity function 𝜂, given boundary
ata 𝐲 and 𝐬, and given body force 𝐛.

Consistent with the Newton–Raphson-type solvers employed by Abaqus, we consider an iterative scheme, one in which at every
ime step 𝑡𝑘 the discretized equations (27) and (28) are solved iteratively until convergence is reached. The algorithm goes as follows:

• Step 0. Set 𝑟 = 1 and define appropriate tolerances 𝑇𝑂𝐿1 and 𝑇𝑂𝐿2. For a given solution ℎ𝐲𝑘−1, ℎ𝑞𝑘−1, and ℎ𝐂𝑣𝑘−1 at time 𝑡𝑘−1,
define also ℎ𝐲𝑘,𝑟−1 = ℎ𝐲𝑘−1, ℎ𝑞𝑘,𝑟−1 = ℎ𝑞𝑘−1, and ℎ𝐂𝑣𝑘,𝑟−1 =

ℎ𝐂𝑣𝑘−1.
• Step 1. Given the boundary data 𝐲, 𝐬, and body force 𝐛 at 𝑡𝑘, make use of one iteration within a Newton–Raphson solver to

find ℎ𝐲𝑘,𝑟 and ℎ𝑞𝑘,𝑟 such that

1
(

ℎ𝐲𝑘,𝑟, ℎ𝑞𝑘,𝑟, ℎ𝐂𝑣𝑘,𝑟−1
)

= 0. (29)

• Step 2. Having determined ℎ𝐲𝑘,𝑟 and ℎ𝑞𝑘,𝑟 from the sub-problem (29), find ℎ𝐂𝑣𝑘,𝑟 such that

2
(

ℎ𝐲𝑘,𝑟, ℎ𝐂𝑣𝑘,𝑟,
ℎ𝐂̇𝑣𝑘,𝑟

)

= 0. (30)

• Step 3. If ∥ 1(ℎ𝐲𝑘,𝑟, ℎ𝑞𝑘,𝑟, ℎ𝐂𝑣𝑘,𝑟) ∥ ∕ ∥ 1(ℎ𝐲𝑘,0, ℎ𝑞𝑘,0, ℎ𝐂𝑣𝑘,0) ∥≤ 𝑇𝑂𝐿1 and ∥ 2(ℎ𝐲𝑘,𝑟, ℎ𝐂𝑣𝑘,𝑟,
ℎ𝐂̇𝑣𝑘,𝑟) ∥ ∕ ∥ 2(ℎ𝐲𝑘,0, ℎ𝐂𝑣𝑘,0,

ℎ𝐂̇𝑣𝑘,0) ∥≤
𝑇𝑂𝐿2, then set ℎ𝐲𝑘 = ℎ𝐲𝑘,𝑟, ℎ𝑞𝑘 = ℎ𝑞𝑘,𝑟, ℎ𝐂𝑣𝑘 = ℎ𝐂𝑣𝑘,𝑟, and move to the next time step 𝑡𝑘+1; otherwise set 𝑟 ← 𝑟 + 1 and go back
to Step 1.

he sub-problem (30). The sub-problem (30) corresponds to a nonlinear system of first-order ODEs wherein the incompressibility
onstraint det ℎ𝐂𝑣𝑘,𝑟 = 1 is built-in. Because of the requirement of satisfying this nonlinear constraint along the entire time domain,
s already remarked in the Introduction, extreme care must be exercised in the choice of the time-integration scheme. In this work,
ollowing in the footsteps of [6,17], we make use of the explicit fifth-order Runge–Kutta scheme

ℎ𝐂𝑣𝑘,𝑟 =
1

(

det 𝐀𝑘−1,𝑟
)1∕3

𝐀𝑘−1,𝑟 (31)

with

𝐀𝑘−1,𝑟 = ℎ𝐂𝑣𝑘−1 +
𝛥𝑡𝑘
90

(

7𝐆1 + 32𝐆3 + 12𝐆4 + 32𝐆5 + 7𝐆6
)

, (32)

here

𝐆1 =𝐆
(

∇ℎ𝐲𝑘−1, ℎ𝐂𝑣𝑘−1
)

,

𝐆2 =𝐆
(

1
2
∇ℎ𝐲𝑘−1 +

1
2
∇ℎ𝐲𝑘,𝑟, ℎ𝐂𝑣𝑘−1 +𝐆1

Δ𝑡𝑘
2

)

,

𝐆3 =𝐆
(

3
4
∇ℎ𝐲𝑘−1 +

1
4
∇ℎ𝐲𝑘,𝑟, ℎ𝐂𝑣𝑘−1 + (3𝐆1 +𝐆2)

Δ𝑡𝑘
16

)

,

𝐆4 =𝐆
(

1
2
∇ℎ𝐲𝑘−1 +

1
2
∇ℎ𝐲𝑘,𝑟, ℎ𝐂𝑣𝑘−1 +𝐆3

Δ𝑡𝑘
2

)

,

𝐆5 =𝐆
(

1
4
∇ℎ𝐲𝑘−1 +

3
4
∇ℎ𝐲𝑘,𝑟, ℎ𝐂𝑣𝑘−1 + 3(−𝐆2 + 2𝐆3 + 3𝐆4)

Δ𝑡𝑘
16

)

,

𝐆6 =𝐆
(

∇ℎ𝐲𝑘,𝑟, ℎ𝐂𝑣𝑘−1 + (𝐆1 + 4𝐆2 + 6𝐆3 − 12𝐆4 + 8𝐆5)
Δ𝑡𝑘
7

)

,

8

𝑡𝑘 = 𝑡𝑘 − 𝑡𝑘−1, and where we recall that the function 𝐆 is defined by (8).
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Remark 9. The scheme (31)–(32) is a modification of a scheme originally introduced by Lawson [16] that has the distinctive merit
of preserving the constraint det ℎ𝐂𝑣𝑘,𝑟 = 1 identically [17]. Recent numerical experiments [17,27,28] have shown that (31)–(32) is a
ighly performant scheme, thus its use here.

emark 10. The time increment Δ𝑡𝑘 = 𝑡𝑘 − 𝑡𝑘−1 in (31)–(32) must be chosen to be sufficiently small relative to the material time
cale (13) in the evolution equation (8). In practice, it suffices to set 𝛥𝑡𝑘 ≤ 10−2𝜏. Note that for the explicit scheme used here, the
hoice of 𝛥𝑡𝑘 indirectly sets the value of 𝑇𝑂𝐿2 in Step 3 above. For other schemes, such as implicit and/or adaptive schemes, the
alue of 𝛥𝑡𝑘 could be adjusted in terms of a desired 𝑇𝑂𝐿2.

. The UMAT implementation

The discretized governing equations (29) and (30) can be assembled and solved in Abaqus by making use of a UMAT subroutine
n conjunction with hybrid finite elements.

In particular, on one hand, the Runge–Kutta scheme (31)–(32) can be directly coded within the UMAT subroutine to solve
qs. (30) for the values ℎ𝐂𝑣𝑘,𝑟 of the internal variable 𝐂𝑣𝑘 at the Gaussian quadrature points at any time increment 𝑡𝑘 and
ewton–Raphson iteration 𝑟.

On the other hand, to solve Eqs. (29) for the degrees of freedom 𝐲(𝑛)𝑘 and 𝑞(𝑙)𝑘 describing the FE approximations ℎ𝐲𝑘(𝐗) and
𝑞𝑘(𝐗) for the deformation and pressure fields at the time increment 𝑡𝑘, Abaqus requires to code within the UMAT subroutine the
tress-deformation relation of the material and its derivatives with respect to the deformation in a certain format. Specifically, one
ust define the Cauchy stress

𝐓 = 2𝐽−5∕3𝛹Eq
𝐼1

𝐅𝐅𝑇 + 2𝐽−5∕3𝛹NEq
𝐼
𝑒
1

𝐅𝐂𝑣−1𝐅𝑇 −
(

2
3
𝐽−5∕3𝐼1𝛹

Eq
𝐼1

+ 2
3
𝐽−5∕3𝐼𝑒1𝛹

NEq
𝐼
𝑒
1

)

𝐈 + 𝜅(𝐽 − 1)𝐈

in terms of the deformation gradient tensor 𝐅, the variable

𝐽 = 1 +
𝑞
𝜅
,

and the internal variable 𝐂𝑣. For the derivatives of the stress-deformation relation, one must define the volumetric moduli

𝐾 = 𝐽 𝜕2

𝜕𝐽 2

[𝜅
2
(𝐽 − 1)2

]

= 𝜅𝐽 and 𝜕𝐾
𝜕𝐽

= 0,

as well as the tangent modulus

𝑖𝑗𝑘𝑙 =
1
2𝐽

( 𝜕(dev 𝜏𝑖𝑗 )
𝜕𝐹𝑘𝑟

𝐹𝑙𝑟 +
𝜕(dev 𝜏𝑖𝑗 )
𝜕𝐹𝑙𝑟

𝐹𝑘𝑟

)

+ 𝜅𝐽𝛿𝑖𝑗𝛿𝑘𝑙

=4𝐽−1𝛹Eq
𝐼1𝐼1

(

𝐵𝑖𝑗 −
𝐼1
3
𝛿𝑖𝑗

)(

𝐵𝑘𝑙 −
𝐼1
3
𝛿𝑘𝑙

)

+ 4𝐽−1𝛹NEq
𝐼
𝑒
1𝐼
𝑒
1

(

𝐵
𝑒
𝑖𝑗 −

𝐼
𝑒
1
3
𝛿𝑖𝑗

)(

𝐵
𝑒
𝑘𝑙 −

𝐼
𝑒
1
3
𝛿𝑘𝑙

)

+

2𝐽−1𝛹Eq
𝐼1

[ 1
2

(

𝛿𝑖𝑘𝐵𝑗𝑙 + 𝛿𝑗𝑘𝐵𝑖𝑙 + 𝛿𝑖𝑙𝐵𝑗𝑘 + 𝛿𝑗𝑙𝐵𝑖𝑘
)

− 2
3

(

𝐵𝑖𝑗𝛿𝑘𝑙 + 𝛿𝑖𝑗𝐵𝑘𝑙
)

+ 2
9
𝐼1𝛿𝑖𝑗𝛿𝑘𝑙

]

2𝐽−1𝛹NEq
𝐼
𝑒
1

[ 1
2

(

𝛿𝑖𝑘𝐵
𝑒
𝑗𝑙 + 𝛿𝑗𝑘𝐵

𝑒
𝑖𝑙 + 𝛿𝑖𝑙𝐵

𝑒
𝑗𝑘 + 𝛿𝑗𝑙𝐵

𝑒
𝑖𝑘

)

− 2
3

(

𝐵
𝑒
𝑖𝑗𝛿𝑘𝑙 + 𝛿𝑖𝑗𝐵

𝑒
𝑘𝑙

)

+ 2
9
𝐼
𝑒
1𝛿𝑖𝑗𝛿𝑘𝑙

]

+ 𝜅𝐽𝛿𝑖𝑗𝛿𝑘𝑙

n terms of the deviatoric part of the Kirchhoff stress tensor 𝝉 = 𝐽𝐓 and the alternate bulk modulus 𝐾 = 𝜅𝐽 , where, for simplicity,
e have made use of the notation 𝐁 = 𝐽−2∕3𝐅𝐅𝑇 and 𝐁

𝑒
= 𝐽−2∕3𝐅𝐂𝑣−1𝐅𝑇 .

As an example that contains all nonlinearities, we have implemented the UMAT subroutine for the case when the equilibrium 𝛹Eq

and non-equilibrium 𝛹NEq stored-energy functions are given by (10) and (11) and the viscosity 𝜂 is given by (12). The subroutine
is available in GitHub.4

5. Error analysis

In this section, we demonstrate the accuracy and convergence properties of the proposed UMAT subroutine by first performing a
patch test, where the fields are homogeneous, and then comparing with an exact solution wherein the fields are non-homogeneous.
Beyond demonstrating its accuracy and convergence, the results serve to illustrate that the subroutine can be used with any of the
hybrid simplicial and hexahedral elements built in Abaqus for 3D problems, as well as with its hybrid 2D quadrilateral axisymmetric
elements.

All the results that are presented in this section pertain to the case when the equilibrium 𝛹Eq and non-equilibrium 𝛹NEq stored-
energy functions are given by (10) and (11) and the viscosity 𝜂 is given by (12) with the material constants listed in Table 1. This
choice of constitutive model and materials constants is descriptive of the acrylic elastomer VHB 4910 from 3M [6,36], which is
strongly nonlinear in elasticity and viscosity and hence an ideal test case to probe the accuracy and convergence of the subroutine.

4 https://github.com/victorlefevre/UMAT_Lefevre_Sozio_Lopez-Pamies
9

https://github.com/victorlefevre/UMAT_Lefevre_Sozio_Lopez-Pamies
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Table 1
Values of the material constants in the stored-energy and viscosity functions
(10)–(12) for the acrylic elastomer VHB 4910.
𝜇1 = 13.54 kPa 𝑚1 = 5.42 kPa 𝜂0 = 7014 kPa s
𝛼1 = 1.00 𝑎1 = −10 𝜂∞ = 0.1 kPa s
𝜇2 = 1.08 kPa 𝑚2 = 20.78 kPa 𝐾1 = 3507 kPa s
𝛼2 = −2.474 𝑎2 = 1.948 𝐾2 = 1 kPa−2

𝛽1 = 1.852
𝛽2 = 0.26

5.1. Patch test

For the patch test, we consider a unit cube occupying the domain

𝛺0 = {𝐗 ∶ 0 < 𝑋1 < 1, 0 < 𝑋2 < 1, 0 < 𝑋3 < 1}

with respect to the Cartesian laboratory frame of reference {𝐞1, 𝐞2, 𝐞3} that is subjected to loading/unloading in uniaxial tension at
a constant stretch rate in the 𝐞3 direction. Precisely, we set the body force to 𝐛 = 𝟎 and consider that the cube is subjected to the
affine boundary conditions

⎧

⎪

⎨

⎪

⎩

𝑦3(𝐗, 𝑡) = 0, 𝐗 = 𝑋1𝐞1 +𝑋2𝐞2

𝑦3(𝐗, 𝑡) = 𝐹 33(𝑡), 𝐗 = 𝑋1𝐞1 +𝑋2𝐞2 + 𝐞3
,

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐞1 ⋅ 𝐒(𝐗, 𝑡)𝐞3 = 0, 𝐗 = 𝑋1𝐞1 +𝑋2𝐞2

𝐞2 ⋅ 𝐒(𝐗, 𝑡)𝐞3 = 0, 𝐗 = 𝑋1𝐞1 +𝑋2𝐞2

𝐞1 ⋅ 𝐒(𝐗, 𝑡)𝐞3 = 0, 𝐗 = 𝑋1𝐞1 +𝑋2𝐞2 + 𝐞3

𝐞2 ⋅ 𝐒(𝐗, 𝑡)𝐞3 = 0, 𝐗 = 𝑋1𝐞1 +𝑋2𝐞2 + 𝐞3

,

nd
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐒(𝐗, 𝑡)𝐞1 = 𝟎, 𝐗 = 𝑋2𝐞2 +𝑋3𝐞3

𝐒(𝐗, 𝑡)𝐞1 = 𝟎, 𝐗 = 𝐞1 +𝑋2𝐞2 +𝑋3𝐞3

𝐒(𝐗, 𝑡)𝐞2 = 𝟎, 𝐗 = 𝑋1𝐞1 +𝑋3𝐞3

𝐒(𝐗, 𝑡)𝐞2 = 𝟎, 𝐗 = 𝑋1𝐞1 + 𝐞2 +𝑋3𝐞3

,

here

𝐹 33(𝑡) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 + 𝜆̇0𝑡, 0 ≤ 𝑡 ≤ 2
𝜆̇0

5 − 𝜆̇0𝑡,
2
𝜆̇0

< 𝑡 ≤ 4
𝜆̇0

with 𝜆̇0 = 0.05 s−1.

Fig. 2 compares with the exact solution the results for the stress component 𝑆33 in the cube as computed with the Abaqus hybrid
simplicial elements C3D4H and C3D10H and the hexahedral elements C3D8H and C3D20H. The results in Fig. 2(a) correspond to
a highly compressible elastomer with initial bulk modulus 𝜅 = 𝜇1 + 𝜇2 = 14.62 kPa, while those in Fig. 2(b) correspond to a nearly
incompressible elastomer with initial bulk modulus 𝜅 = 104(𝜇1 + 𝜇2) = 146200 kPa.

It is plain from the comparisons that the code passes the patch test for all four types of elements and both compressibilities.
Many other different types of patch tests (not included here for conciseness of presentation) have corroborated the satisfaction of
this basic completeness requirement for the code.

5.2. The radially symmetric deformation of a spherical shell

In the sequel, we analyze the accuracy and convergence of the solutions generated by the subroutine as the size ℎ of the finite
elements decreases – that is, as the total number 𝙽𝑑𝑜𝑓 of degrees of freedom increases – by direct comparison with the exact solution
for one of the few initial–boundary-value problems in finite viscoelastostatics for which an exact solution can be determined in closed
form, that of the radially symmetric deformation of a spherical shell made of an incompressible material [37].

In particular, we consider a spherical shell of initial inner radius 𝐴 = 0.9 m and initial outer radius 𝐵 = 1 m. At time 𝑡 = 0, with
respect to the Cartesian laboratory frame of reference {𝐞1, 𝐞2, 𝐞3}, the shell occupies the domain

𝛺0 = {𝐗 ∶ 𝐴 < 𝑅 < 𝐵} with 𝑅 ≡ |𝐗| =
√

𝐗 ⋅ 𝐗.

Again, much like for the preceding patch test, we take the shell to be made of an elastomer with non-Gaussian stored-energy
unctions (10) and (11), and nonlinear viscosity (12), with the material constants listed in Table 1 for the acrylic elastomer VHB
10

910. We restrict attention to the limiting case when the elastomer is fully incompressible and hence set 𝜅 = +∞.
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Fig. 2. Comparison between the FE results obtained with the Abaqus hybrid elements C3D4H, C3D10H, C3D8H, C3D20H and the exact solution for the response
of (a) a highly compressible and (b) a nearly incompressible viscoelastic elastomer – with stored-energy functions (10), (11), viscosity (12), and the material
constants listed in Table 1 – under uniaxial tension loading/unloading at the constant stretch rate |𝜆̇0| = 0.05 s−1.

The inner boundary of the shell is traction free, while its outer boundary is subjected to a prescribed radial deformation. Precisely,
the boundary conditions are given by

⎧

⎪

⎨

⎪

⎩

𝐲(𝐗, 𝑡) = 𝑏(𝑡)
𝐵

𝐗, (𝐗, 𝑡) ∈ 𝜕𝛺
0 × [0, 𝑇 ]

−𝐒(𝐗, 𝑡)𝐗 = 0, (𝐗, 𝑡) ∈ 𝜕𝛺
0 × [0, 𝑇 ]

, (33)

where 𝑏(𝑡) is the prescribed value of the outer radius 𝑟 = |𝐱| of the shell at time 𝑡 and

𝜕𝛺
0 = {𝐗 ∶ 𝑅 = 𝐵} and 𝜕𝛺

0 = {𝐗 ∶ 𝑅 = 𝐴}.

5.2.1. The exact solution
Restricting attention to radially symmetric solutions, it follows from the incompressibility constraint det ∇𝐲 = 1 and the Dirichlet

boundary condition (33)1 that the deformation field is given by the fully explicit relation [37]

𝐲(𝐗, 𝑡) = 𝜆(𝑅, 𝑡)𝐗 with 𝜆(𝑅, 𝑡) =
(

1 +
𝑏(𝑡)3 − 𝐵3

𝑅3

)1∕3

.

In turn, absent body forces, it can be shown from the remaining governing equations that the first Piola–Kirchhoff stress is given
by [37]

𝐒(𝐗, 𝑡) = 𝑠1(𝑅, 𝑡)
1
𝑅2

𝐗⊗ 𝐗 + 𝑠2(𝑅, 𝑡)
(

𝐈 − 1
𝑅2

𝐗⊗ 𝐗
)

(34)

with

𝑠1(𝑅, 𝑡) = 𝜆2(𝑅, 𝑡)∫

𝑅

𝐴

1
𝑧𝜆2(𝑧, 𝑡)

dEq

d𝜆
(𝜆(𝑧, 𝑡)) d𝑧 + 𝜆2(𝑅, 𝑡)∫

𝑅

𝐴

1
𝑧𝜆2(𝑧, 𝑡)

𝜕NEq

𝜕𝜆
(𝜆(𝑧, 𝑡), 𝜆𝑣(𝑧, 𝑡)) d𝑧 (35)

and

𝑠2(𝑅, 𝑡) = 𝜆−3(𝑅, 𝑡)𝑠1(𝑅, 𝑡) + 2𝛹Eq
𝐼1

(𝐼1)
(

𝜆(𝑅, 𝑡) − 𝜆−5(𝑅, 𝑡)
)

+ 2𝛹NEq
𝐼
𝑒
1

(𝐼
𝑒
1)

(

𝜆(𝑅, 𝑡)
𝜆2𝑣(𝑅, 𝑡)

−
𝜆4𝑣(𝑅, 𝑡)
𝜆5(𝑅, 𝑡)

)

,

where

Eq(𝜆) ≡ 𝛹Eq(𝐼 ), NEq(𝜆, 𝜆 ) ≡ 𝛹NEq(𝐼
𝑒
),
11

1 𝑣 1
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Fig. 3. The error (38) at time 𝑡 = 10 s as a function of the average mesh size ℎ for 2D quadrilateral axisymmetric elements CAX4H and CAX8H.

𝐼1 = (1+ 2𝜆6)∕𝜆4, 𝐼
𝑒
1 = (2𝜆6 + 𝜆6𝑣)∕(𝜆

4𝜆2𝑣), 𝐼
𝑒
2 = (𝜆6 +2𝜆6𝑣)∕(𝜆

2𝜆4𝑣), and 𝐼
𝑣
1 = (1+ 2𝜆6𝑣)∕𝜆

4
𝑣, and where 𝜆𝑣(𝑅, 𝑡) is defined implicitly as the

solution of the evolution equation

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜆̇𝑣(𝑅, 𝑡) =

𝛹NEq
𝐼
𝑒
1

(𝐼
𝑒
1)𝜆𝑣(𝑅, 𝑡)

(

𝜆6(𝑅, 𝑡)
𝜆6𝑣(𝑅, 𝑡)

− 1

)

3𝜂(𝐼
𝑒
1, 𝐼

𝑒
2, 𝐼

𝑣
1 )
𝜆4(𝑅, 𝑡)
𝜆4𝑣(𝑅, 𝑡)

𝜆𝑣(𝑅, 0) = 1

. (36)

5.2.2. The FE results versus the exact solution
It follows immediately from the stress relations (34) and (35) that the nominal pressure at the outer boundary of the shell that

results from applying the radial deformation (33)1 is given by

𝑃 (𝑡) =𝑠1(𝐵, 𝑡)

=
𝑏2(𝑡)
𝐵2 ∫

𝐵

𝐴

1
𝑅𝜆2(𝑅, 𝑡)

dEq

d𝜆
(𝜆(𝑅, 𝑡)) d𝑅 +

𝑏2(𝑡)
𝐵2 ∫

𝐵

𝐴

1
𝑅𝜆2(𝑅, 𝑡)

𝜕NEq

𝜕𝜆
(𝜆(𝑅, 𝑡), 𝜆𝑣(𝑅, 𝑡)) d𝑅. (37)

In Figs. 3 and 4, we confront with the exact solution (37) the corresponding pressure 𝑃 ℎ(𝑡) generated by the proposed UMAT
subroutine for several of the Abaqus hybrid elements and a range of finite element sizes ℎ for the case when the shell is deformed
at the constant deformation rate

𝑏(𝑡) = 𝐵 + 𝐵𝜆̇0𝑡 with 𝜆̇0 = 0.05 s−1.

Remark 11. In order to evaluate the exact solution (37) for the pressure 𝑃 (𝑡) accurately, several approaches are possible. In this
work, we employ Gaussian quadrature for the second integral in (37), which requires solving the evolution equation (36) for 𝜆𝑣(𝑅𝑖, 𝑡)
at each of the Gauss points 𝑅𝑖. We do so by making use of the explicit fifth-order-accurate Runge–Kutta scheme of Lawson [16].
For the problem at hand here, 𝙽𝐺𝑎𝑢𝑠𝑠 = 100 Gauss points suffice to deliver accurate values (exact to 12 significant digits) for 𝑃 (𝑡).

Specifically, Fig. 3 presents results for the error

𝜖𝑃 ≡ |𝑃 (𝑡) − 𝑃 ℎ(𝑡)|
|𝑃 (𝑡)|

(38)

between the FE approximation 𝑃 ℎ(𝑡) and the exact solution (37) as a function of the average mesh size ℎ for the cases when the FE
result is computed with the Abaqus hybrid 2D quadrilateral axisymmetric elements CAX4H and CAX8H. The results pertain to the
fixed time 𝑡 = 10 s, which corresponds to the instance at which the deformed outer radius is 𝑏(10) = 1.5 m.

Figs. 4(a) and 4(b) present results entirely analogous to those presented in Fig. 3 for the cases when the FE result is computed
with the Abaqus hybrid simplicial elements C3D4H and C3D10H and the hexahedral elements C3D8H and C3D20H, respectively.
All the FE results in Figs. 3 and 4 correspond to structured meshes wherein the elements are approximately of the same uniform
size.
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Fig. 4. The error (38) at time 𝑡 = 10 s as a function of the average mesh size ℎ for 3D: (a) simplicial elements C3D4H and C3D10H and (b) hexahedral elements
C3D8H and C3D20H.

Fig. 5. Schematics (in the initial configuration) of a bicontinuous rubber blend and of the unit cell 0 that defines its periodic microstructure.

It is immediate from Figs. 3 and 4 that the proposed UMAT subroutine generates solutions that converge to the exact solution
at roughly the expected rates for all six types of elements. It is also clear from the figures that, with the exception of the low-order
simplicial element C3D4H, all other types of elements lead to accurate solutions even for meshes that are only moderately refined.

6. Application to bicontinuous rubber blends

Combined with the ample and well-established capabilities of Abaqus, the UMAT subroutine introduced in this work provides
a powerful tool to study a vast spectrum of problems, such as, for instance, the indentation [38–40], the homogenization [27,28],
and the fracture [41–43] of viscoelastic elastomers, for which one can leverage the capabilities built in Abaqus to deal with contact,
periodic boundary conditions, and cracks.

In this last section, by way of an example to showcase its capabilities, we present an application of the proposed UMAT subroutine
to solve a homogenization problem, that of a bicontinuous rubber blend.

Because of their unique mechanical and physical properties, rubber blends have long been a staple in countless technological
applications. A majority of the rubber blends that are utilized in applications exhibit bicontinuous microstructures, that is, they
are binary mixtures in which each constituent or phase is segregated into an interpenetrating network of two separate but fully
continuous domains that are perfectly bonded to one another [44,45]. The characteristic length scales of these microstructures is
typically in the order of at most a micron and hence they are small enough that the macroscopic behavior (at the length scale of
millimeters and larger) of such blends is expected to be accurately described by a homogenization limit.
13
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6.1. The homogenized viscoelastic response of a bicontinuous blend of Gaussian rubbers with constant viscosity

Following in the footsteps of [46], as illustrated schematically by Fig. 5, we consider the idealization of a bicontinuous rubber
lend as the periodic repetition of a unit cell 0 made of two rubber phases – labeled 𝑟 = 1 and 𝑟 = 2 – whose initial spatial
istributions at time 𝑡 = 0 are described by the characteristic or indicator functions

𝜃(𝑟)0 (𝐗) =
{

1 if 𝐗 is in phase 𝑟
0 else 𝑟 = 1, 2. (39)

For clarity of presentation, we take the two rubber phases in the blend to be isotropic and nearly incompressible viscoelastic
olids with Gaussian elasticity and constant viscosity. Accordingly, the first Piola–Kirchhoff stress tensor 𝐒 at any material point 𝐗
nd time 𝑡 is given by [6,27]

𝐒(𝐗, 𝑡) = 𝜕𝜓
𝜕𝐅

(𝐗,𝐅,𝐂𝑣)

=𝐽−2∕3𝜇(𝐗)𝐅 + 𝐽−2∕3𝑚(𝐗)𝐅𝐂𝑣−1 − 𝐽−2∕3

3
(

𝐼1𝜇(𝐗) + 𝐼𝑒1𝑚(𝐗)
)

+ 𝜅(𝐗)(𝐽 − 1)𝐽𝐅−𝑇 ,

where 𝐂𝑣 is implicitly defined by the evolution equation

⎧

⎪

⎨

⎪

⎩

𝐂̇𝑣(𝐗, 𝑡) = 𝐽−2∕3𝑚(𝐗)
𝜂(𝐗)

[

𝐂 − 1
3
(

𝐂 ⋅ 𝐂𝑣−1
)

𝐂𝑣
]

𝐂𝑣(𝐗, 0) = 𝐈

,

and where 𝜇(𝐗) = 𝜃(1)0 (𝐗)𝜇(1) + 𝜃(2)0 (𝐗)𝜇(2), 𝑚(𝐗) = 𝜃(1)0 (𝐗) 𝑚(1) + 𝜃(2)0 (𝐗)𝑚(2), 𝜅(𝐗) = 𝜃(1)0 (𝐗)𝜅(1) + 𝜃(2)0 (𝐗) 𝜅(2), and 𝜂(𝐗) = 𝜃(1)0 (𝐗)𝜂(1) +
(2)
0 (𝐗)𝜂(2) stand for the pointwise equilibrium and non-equilibrium initial shear moduli, the initial bulk modulus, and the viscosity
f the blend.

In this setting, as recently established in [27], the homogenized viscoelastic response of the blend is defined by the relation
etween the history of the macroscopic first Piola–Kirchhoff stress tensor

{𝗦(𝑡), 𝑡 ∈ [0, 𝑇 ]} , 𝗦(𝑡) ≡ 1
|0| ∫0

𝐒(𝐗, 𝑡) d𝐗, (40)

and the history of the macroscopic deformation gradient tensor

{𝗙(𝑡), 𝑡 ∈ [0, 𝑇 ]} , 𝗙(𝑡) ≡ 1
|0| ∫0

𝐅(𝐗, 𝑡) d𝐗, (41)

based on the solution for the unit-cell problem

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Div
[

𝐽−2∕3𝜇(𝐗)∇𝐲 + 𝐽−2∕3𝑚(𝐗)∇𝐲𝐂𝑣−1 − 1
3
𝐽−2∕3 (𝐼1𝜇(𝐗) + 𝐼𝑒1𝑚(𝐗)

)

∇𝐲−𝑇+

𝑞𝐽∇𝐲−𝑇
]

= 𝟎, (𝐗, 𝑡) ∈ 0 × [0, 𝑇 ]

det ∇𝐲 − 1 −
𝑞

𝜅(𝐗)
= 0, (𝐗, 𝑡) ∈ 0 × [0, 𝑇 ]

𝐲(𝐗, 0) = 𝐗, 𝐗 ∈ 0

(42)

coupled with the evolution equation

⎧

⎪

⎨

⎪

⎩

𝐂̇𝑣(𝐗, 𝑡) = 𝐽−2∕3𝑚(𝐗)
𝜂(𝐗)

[

∇𝐲𝑇∇𝐲 − 1
3
(

∇𝐲𝑇∇𝐲 ⋅ 𝐂𝑣−1
)

𝐂𝑣
]

𝐂𝑣(𝐗, 0) = 𝐈

(43)

for the deformation field

𝐲(𝐗, 𝑡) = 𝗙(𝑡)𝐗 + 𝐲̃(𝐗, 𝑡),

where 𝗙(𝑡) is prescribed and 𝐲̃(𝐗, 𝑡) is 0-periodic, the 0-periodic pressure field 𝑞(𝐗, 𝑡), and the internal variable 𝐂𝑣(𝐗, 𝑡).

Remark 12. The unit-cell problem (42)–(43) differs from the initial–boundary-value problem (20)–(21) on two counts: (𝑖) the
material constants are 𝐗-dependent and (𝑖𝑖) the fields 𝐲(𝐗, 𝑡) and 𝑞(𝐗, 𝑡) are subject to a periodicity constraint. In order to handle
the first of these two differences when using Abaqus, it suffices to make use of a conforming FE mesh, that is, a mesh wherein every
element is fully comprised of either the rubber phase 𝑟 = 1 or the rubber phase 𝑟 = 2 as dictated by the characteristic functions (39).
To handle the second difference, the FE mesh has to be not only conforming but also periodic so that the degrees of freedom in (25)
and (26) on the boundary of the unit cell can be constrained appropriately in a manner consistent with the way Abaqus enforces
linear multipoint constraints.
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Fig. 6. Unit cell 0 of a bicontinuous rubber blend with equal (50/50) volume fraction of each rubber phase and its FE discretization ℎ0 with about 75,000
simplicial elements. The mesh is clipped in order to better illustrate the bicontinuous character of the microstructure.

Fig. 7. Macroscopic response of the bicontinuous rubber blend with the microstructure shown in Fig. 6 – made of two Gaussian rubber phases with constant
viscosity and the material constants listed in Table 2 – under the uniaxial tension loading/relaxation/loading/unloading (44)–(45). The results show the
macroscopic stress 𝖲33: (a) as a function of the prescribed macroscopic deformation 𝖥33 and (b) as a function of time 𝑡. For direct comparison, the corresponding
responses of the underlying rubber phases are also plotted.

Table 2
Values of the material constants for the two rubber
phases 𝑟 = 1 and 𝑟 = 2 in the blend.
𝜇(1) = 0.1 MPa 𝜅(1) = 104𝜇(1) = 103 MPa
𝑚(1) = 1 MPa 𝜂(1) = 10 MPa s

𝜇(2) = 1 MPa 𝜅(2) = 104𝜇(2) = 104 MPa
𝑚(2) = 10 MPa 𝜂(2) = 1 MPa s

6.2. Sample results

In a recent contribution [46], we have developed a novel meshing scheme that is capable of generating the type of conforming
and periodic meshes – starting from a voxelized representation of the microstructures of blends – required to solve (42)–(43) in
Abaqus. Fig. 6 shows a mesh generated by that scheme for a representative unit cell describing the rubber blend that we shall study
here.

At this stage, we are in a position to deploy the proposed UMAT subroutine to solve the unit-cell problem (42)–(43) in Abaqus
and, in turn, compute the resulting history of the macroscopic stress (40) in terms of the history of the macroscopic deformation
gradient tensor (41).
15
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Fig. 7 presents results for the macroscopic response of the blend with the microstructure characterized by the unit cell presented
n Fig. 6, made of Gaussian rubbers with constant viscosity and the material constants listed in Table 2, that is subjected to uniaxial
ension loading/relaxation/loading/unloading

𝗦(𝑡) = 𝖲33(𝑡)𝐞3 ⊗ 𝐞3 (44)

with

𝖥33(𝑡) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 + 𝜆̇0𝑡, 0 ≤ 𝑡 ≤ 5 s
1.5, 5 s < 𝑡 ≤ 25 s
𝜆̇0𝑡 − 1, 25 s < 𝑡 ≤ 27.5 s
4.5 − 𝜆̇0𝑡, 27.5 s < 𝑡 ≤ 35 s

, 𝜆̇0 = 10−1 s−1, (45)

where, again, {𝐞1, 𝐞2, 𝐞3} stands for the Cartesian laboratory frame of reference. Specifically, Fig. 7(a) shows the macroscopic stress
𝖲33 as a function of the prescribed macroscopic deformation 𝖥33, while Fig. 7(b) shows 𝖲33 as a function of time 𝑡. For clarity, the
results are shown only for non-negative values of the macroscopic stress. For direct comparison, the figures include the corresponding
responses of the two rubber phases 𝑟 = 1 and 𝑟 = 2 that make up the blend.

The type of results presented in Fig. 7 clearly demonstrate the capabilities of the proposed UMAT subroutine to solve complex
mechanics problems in finite viscoelastostatics.

The results per se also suggest that the effective viscosity of a rubber blend is functionally much richer than the viscosities of the
underlying rubber phases, a behavior that is consistent with recent results for suspensions of rigid inclusions and vacuous bubbles
in viscoelastic rubber [27,28]. The study of this phenomena will be the subject of future work.
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