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Abstract

Surface tension at cavity walls can play havoc with the mechanical properties of
perforated soft solids when the cavities are filled with a fluid. This study is an inves-
tigation of the macroscopic elastic properties of elastomers embedding spherical
cavities filled with a pressurized liquid in the presence of surface tension, starting
with the linearization of the fully nonlinear model and ending with the enhance-
ment properties of the linearized model when many such liquid filled cavities are
present.

1. Introduction

The study of the mechanics of interfaces in the continuum has a long and
rich history, with origins dating back to the classical works of YOUNG [28] and
LapPLACE [20] oninterfaces between fluids in the early 1800s, and these of GiBBS [15]
on the more general case of interfaces between solids and fluids in the 1870s. How-
ever it was only in 1975 that complete descriptions of the kinematics, the concept
of interfacial stress, and the balance of linear and angular momenta of bodies con-
taining interfaces were properly formulated, even when specialized to the basic
case of elastic interfaces [17,18]. The results remained abstract at the time, most
certainly because of the technical difficulties in measuring and tailoring mechanical
and physical properties of interfaces. In the early 2000s, the onset of new synthesis
and characterization tools reinvigorated the study of interfaces in soft matter. As
stated in [27]: “Soft solids, with their high compliance and ability to sustain large-
strain elastic deformation, provide unique experimental model systems that make
accessible direct measurements of this fundamental material property.! Moving
forward, we anticipate a rich interplay between experiments and theory for a broad

1 By which the authors mean: strain dependent surface stress.
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range of solid materials. For example, experimental studies probing elastocapillary
mechanics in micro-structured polymer gels and elastomers ...could inform our
understanding and design of nanostructured metals and semiconductors”.

In this context, elastomers filled with liquid—as opposed to solid—inclusions
are a recent trend in the soft matter community because they exhibit remarkable
mechanical and physical properties; see for example, [3,5,21,25-27,29]. In par-
ticular, the interfacial physics in these soft material systems can be actively tai-
lored to enhance or impede deformability. While the addition of liquid inclusions
should increase the macroscopic deformability of the material, the behavior of the
solid/liquid interfaces, if negligible when the inclusions are “large”, may counteract
this increase and lead to stiffening when the inclusions become sufficiently “small”.

As a first step in our understanding of this paradigm, a recent contribution
by one of us [13] derives the governing equations that describe the mechanical
response of a hyperelastic solid filled with initially spherical inclusions made of
a pressurized hyperelastic fluid when the solid/fluid interface is hyperelastic and
possesses an initial surface tension. Arguably, this corresponds to the most basic
type of elastomer filled with liquid inclusions.

From a mechanics standpoint, the main objectives of this work are twofold.

First, we derive the linearization of the governing equations put forth in [13] in
the limit of small deformations. Second, within that linearized setting, we derive the
homogenization limit of a periodic distribution of liquid inclusions as the period
gets smaller. Formal derivations of both results were proposed in [13,14]. Our
analysis corroborates those, although even an attentive reader may be at pains to
check that the results are identical because of differential geometric intricacies.

Of course, the notion of linearization in the context of elastomers may be open
to criticism because those do undergo large rotations and potentially very large
stretches during deformation. However, the derivation of the homogenized effect
of surface tension starting from the fully non-linear model seems at present a task
beyond reach, as will become clear when contemplating the energies that are in-
volved in the formulation of the problem (see (2.8), (2.9)). Note in this respect
that no homogenization results are available as of yet for true hyperelasticity. Fur-
thermore, the quirks of the homogenized behavior that we derive would persist,
provided that homogenization and linearization do commute, a result which has
not been established even in the standard setting of heterogeneous hyperelasticity;
see [16] for an attempt at such a result.

From a mathematical standpoint, given an elastic energy density W and an
interaction surface term _# on the boundary of a ball B, C 2 that will be detailed
below, we propose to linearize the energy

@i(y):/ B W(Vy)dx+/(y)—s/  feoydx
Q\B, Q\Bq

when the external load (here ¢f) is indeed of order ¢, ¢ being a small parameter.
This is by now a classical problem that was first handled in [9] for finite elasticity
by computing the I'(L?)-limit of

Fe(u) = SLZ/QW(I +&Vu) dx
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for a standard elastic energy density W and showing the L2-compactness of almost
minimizers of v —~ Z(v) — fQ f - v dx. The celebrated rigidity result of [12]
plays a pivotal role in the analysis.

Since [9], a similar linearization process has been implemented in a variety of
settings generally assuming that the relevant forces were of order ¢ and rescaling the
energy accordingly as above. In that spirit, the work which is closest to the current
investigation is [22] where live pressure loads are applied to an elastic body.

The current setting introduces a new feature in the analysis, namely a pre-
stress due to the liquid inclusions. This in turn changes the order of the various
contributions and results in a breakdown of the I"-convergence process. We were
unfortunately unable to complete that process without the addition of a vanishing
higher order contribution to the energy. This is because, barring the presence of
such an additional term, we cannot hope to get a bound on the L2-norm of the tan-
gential gradient of the (rescaled) field along the boundary—that is, the solid/liquid
interface—of the liquid cavity (a sphere). Consequently, we are adding an appro-
priately vanishing second order term to our energy (see (3.1), (3.2)). A similar
technique was recently used in [1] to handle the linearization of a multi-well elastic
energy.

Our first result is the linearization Theorem 3.1 which gives rise from a P.D.E.
standpoint to a highly non trivial set of equations both on the solid part of the domain
and on the boundary of the liquid inclusions, that is, along the solid/liquid interface
(see Remark 3.4). To our knowledge, this linearization process is original on two
fronts. First the order of the linearization (52 if ¢ is the linearization parameter; see
(3.1)) is different from that of previous linearizarion processes (¢). Then, we do
not know of any other linearization process that results in a surface P.D.E. in the
linearized limit. This is so precisely because the linearization order is 2 and not 1.

Our second result, Theorem 4.1, is a periodic homogenization statement on the
linearized system with an appropriate rescaling of the surface tension on each inclu-
sion. The resulting homogenized behavior ends up being purely elastic. However,
the expression for the homogenized Hooke’s law incorporates a memory of the
presence of surface tension on the solid/liquid interfaces. This is achieved through
a somewhat intricate unfolding of the oscillating fields which heavily draws on the
specific spectral properties of spherical harmonics and, to our knowledge is the
first time a homogenization process is performed on a system that couples bulk and
surface PD.E.’s.

The homogenization result promotes elastic enhancement as detailed in Sect. 4.2.
Technical hurdles prevent the derivation of a general enhancement result so we have
to illustrate its occurrence on a uniaxial strain and for an isotropic base material;
see Proposition 4.4. We are confident that enhancement can always be achieved for
large enough surface tensions, although currently defeated in our attempts to prove
such a general statement.

Now for a few mathematical prerequisites. We recall that, for any C'-manifold
M embedded in an open set  C R3 and any smooth field u : Q@ — R3, the
tangential gradient V,u of u at x € M is defined as

Viu(x) = Vu(x) — Vu(x)v(x) @ v(x),
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where v(x) is the unit normal to M at x. Similarly, the tangential divergence of u
at x € M is defined as

dive u(x) = divu(x) — (Vi) (x)v(x) - v(x).

Note that, for any smooth vector field v on a smooth oriented manifold M with
normal unit vector v,

Vo (divy v) = (I — v ® v) dive (Vev)T = Voo (Vou) T, (1.1)

where the tangential divergence of a tensor-valued function S is defined as div; S -
e = div, (ST e) for any vector e (see [8, Lemma 2.6]).

We also recall a few useful algebraic identities. In the following M?3*3 stands
for the space of (3 x 3)-matrices with / as the identity matrix and M3 for the
subspace of symmetric (3 x 3)-matrices.

For any A, B € M**3 with det A # 0 one has

cof (A + B) = cof A+ cof B

+ ((cofA - B) cof A — (cof A)BT (cof A)) (1.2)

det A

(see, for example, [24, Proposition 1.6]).
Also, the Cayley—Hamilton Theorem implies that, for any A € M>*3,

1
E((tr A)? —tr A%)A — (tr A)A% + A3 = (det A)1,

so that
cof A = %((tr A)? —tr AN — (tr H)AT + (AT, (1.3)
from which we also obtain that
tr(cof A) = %((tr A)? —tr A?). (1.4)

Finally, if {1, 12, v} form an orthonormal basis of vectors with 71 X 75 = v,
(cof A)v = Aty X Aty forevery A € M3, (1.5)

Notationwise, we denote by B, the open ball of center 0 and radius r > 0
and by id the identity mapping (id(x) = x). Also, throughout {¢;,i = 1,2, 3} is
the canonical orthonormal basis of R? and é, is the unit normal at the point under
consideration on any sphere.

We always omit the target space when writing a norm, so, for example, if
w:Q— R, full 2 is the L2(Q; RY)-norm of u.

We say that a sequence (a.) C R indexed by ¢ N\ 0 is of the order of ¢* (and
write a, >~ &%) if there exist two positive constants c, ¢’ such that ce® < a, < ¢’e¥
for all e. The symbol CC means “compactly contained in”” and the symbol # stands
for “periodic”. The characteristic function of a set A is denoted by x4.

Finally, “” stands for the Euclidean inner product on R> as well as for the
Frobenius inner product on matrices, that is A - B := tr(BT A) for A, B € M>*3.
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2. The Nonlinear Formulation

2.1. Setting

Let Q C R? be a Lipschitz bounded domain containing a closed ball B, with
a>0. .
The elastomer occupying 2\ B, is assumed to possess an elastic energy density
W : M3*3 — [0, +00] that satisfies what are by now the usual assumptions of
geometrically non-linear elasticity theory, namely,
(i) W(F) = W(RF) forevery F € M>*3 and R € SO(3),
(i) W) =0, W(F) = +ooifdet F <0,
(iii) W(F) = cdist>(F, SO(3)) for every F € M3*3, for some ¢ > 0,
(iv) W is C2 in a neighborhood of SO (3) and A := 3*W /dF>(I),
(v) W(F) - 400 asdet F — 0t.

Remark 2.1. The assumptions on W imply that the quadratic form F' +— Q(F) :=
AF - F is positive definite on symmetric matrices. q

The ball B, is filled with a compressible pressurized liquid. The initial Cauchy
pressure is p. We take the internal energy density of the liquid to be

A
W (F) = %(detF —1)2 = pdetF, ip>0. @2.1)
In other words, the liquid is assumed to be an elastic fluid with bulk modulus A 7.

This corresponds to a first Piola—Kirchhoff stress of the form

. Wy
T 9F

and hence, to a Cauchy stress of the form

P (F) = (=p+ Ap(det FF — 1)) cof F, (2.2)

Y =(—p+Aip(detF —1)I.

Denote by y : @ — R? the deformation and by Vy(x) the exterior normal to
v(B,) at y(x). Because of the presence of interfacial forces at the solid/liquid inter-
face d B,, the interface d B, exerts anormal force per unit surface area —y « (¥ (X)) vy (x)
on the liquid. In this last expression, y = 0 stands for the surface tension of
the solid/liquid interface, an intrinsic property of the interface at hand, while
k(y(x)),x € 0B, is the mean curvature at the image of x under the deforma-
tion y.

We assume that, in the absence of any external loading process, the initial liquid
pressure p is so that the hydrostatic pressure — pe, equilibrates the surface tension
without deformation of the ball so that, y = id, k = —2/a and

p=2y/a. (2.3)

The relation (2.3) between the pressure p and the surface tension y will be
assumed throughout the rest of the paper.
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The contribution to the energy of the surface tension is yH2(8y(Ba)). Indeed,
assuming that y is a C2-diffeomorphism on Q so that, in particular, y(£2) is open,
and 0y(B,)isa C 2_manifold, and considering a deformation of the form ®¢(y) =
y—+ez(y) with z smooth and compactly supported in y(£2), we get (see [2, Theorems
7.31,7.34])

0
O 200 (y(Ba)loeo = / divs 2 dH?
de 3y(Ba)

= —/ K(y)vy - zdH?. (2.4)
9y(Ba)
Now, since y is one to one and dy(B,) = y(dB,), the area formula yields
H2(0y(By)) = / | cof Vyé,| dH> 2.5
9B,

and that contribution becomes
% / | cof Vyé,| dH>. (2.6)
9B,

Further, the fluid must be in equilibrium; thus div P = 0 in B, with P defined
by (2.2). Explicit computations yield

0 = div P = A p(cof Vy) V(det Vy).

Since det Vy > 0, the matrix (cof Vy)7 is invertible, hence det Vy = cst in B,
and the constant must be |y(B,)|/|Bg|. So, recalling (2.1), the contribution of the
fluid to the energy is

2
Y(Ba)l 1) . o

— ply(B)l + 22 B,
P1Y(Dg > a B, |

In view of (2.6), (2.7), we conclude that, for y a C?-diffeomorphism on €2 and
in the presence of a body load applied to the solid part of €2 and of density ¢ with
e>0and f: Q\B, — R, the total energy is given by

s = [ W<Vy)dx+/(y>—e/ fe-xde 28

Q\B, Q\Bg

where

2
S () = y/ |(cof Vy)é,| dH? + M|Ba| <|y(Ba)| _ 1)
9Ba 2 |Bal
—ply(Ba)l. 2.9)

Note that we can always write

/ cof Vyé, - ydH>.
dB,

W | =

|y(Ba)|:/ det Vy(x)dx =
B,
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Remark 2.2. From a mechanical standpoint the imposition of a (dead) body load
acting only on the solid part of the domain 2\ B, might seem unrealistic. It would
certainly be more appropriate to impose surface loads on dQ2\I", where T is the
Dirichlet part of the boundary. Of course surface loads are generally live loads and
this would add an additional level of complexity which we do not want to address
here. The interested reader is directed to [22] where a study of linearization in the
presence of pressure loads is undertaken.

The undeformed geometry of the inclusions (spheres) might seem very re-
strictive. But, from a mathematical standpoint, it is the only geometry which is
compatible with the premise of this study, that is that, in the absence of any kind
of loading, the solid part of the body does not feel the presence of liquid inclusion,
thereby giving the identity a chance to be an energetic minimizer. This is so because
the pressure in those inclusions is a constant. Consequently, only spherical cavities
will induce a surface tension which can match the hydrostatic pressure.

Besides, from a more physical standpoint, the actual fabrication process of
soft solids with liquid inclusions consists, as a first step, in mixing the liquid (for
example, glycerol, ionic liquid, ferrofluid, or liquid metal) that will make up the
inclusions with the elastomer in a liquid state. Then, solidification through cross-
linking results in the remaining liquid self-arranging into spherical inclusions; see
for example Sect.2 in the Supplementary Material in [26]. The literature on elas-
tomers filled with liquid inclusions only deals with spherical liquid bubbles, this
precisely because of that process. q

2.2. Existence of a Minimizer in the Absence of External Loads

As seen in the previous Subsection, relation (2.3) ensures that the pressure in
the fluid B, is balanced by the surface tension on d B, in the initial configuration.
Consequently, in the absence of external loadings, no loads are applied to the solid
part of €, that is to €\ B,. Thus the identity mapping id should in essence be a
“stationary point" for ¢, this independently of the values of y or A z,. Of course,
such will only be true for smooth variations because of the determinant constraint.

In the context of (2.8), we investigate if and when the identity mapping id is an
energetic minimizer when f = 0.

Formally, the isoperimetric inequality implies that

H2(3y(B,)) = (36m)'P1y(B)*? =: Cly(B)I*?,
so that, in view of (2.5),

|y(Ba)l
| Bal

2 2
BAC = yC|y(Ba)|2/3+%|Ba|( —1) — ply(By)I.

Set

t
|Ba|

A 2
(1) :=th2/3+%|Ba|< —1) —pt fort >0,
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and note that
2
®(0) = —nkﬂa3 >0, ®'(0)=+0c0, lim &)= lim P'(t) = 400,
3 t—>+00 t—+00

and ®”(¢) < 0fort < t*, ®"(t) > 0 fort > t* with

t*_< 9% e )‘3/4
2y C|B,| )

Now, recalling (2.3), ®'(t*) = (2"/3x )4 (y/a)¥/* — (A ge + 2y/a). The
maximum in y /a of the previous expression is attained at y /a = (3/2)A s¢ and it
is 0, so that ®'(r*) < 0 except when y = (3/2)4 sea in which case ®'(*) = 0.

In view of the already established properties of ®, this means that, for y #*
(3/2)X ea, @ has a unique maximizer at some point#’ < ¢* and a unique minimizer
at some point ” > t*. Now, ®'(|B,;|) = 0 and ®"(|B,|) = a’3/n(3kfg/4 —
ya~'/2), which is positive if and only if y < (3/2)A fea. In that case, | B, | must
be a minimizer and it is unique.

For y = (3/2)A sea we have ®'(t) = 0 for t > 0 and thus @ is increasing.
Further ®(|B,|) > ®(0), so |B,| is not a minimizer of ®.

Since the elastic energy fQ\E W (Vy)dx is strictly positive for y # Rx + ¢
we conclude that, provided that y < (3/2)A sea, &; is only minimized at y = id,
and also possibly at y = Rx + ¢ for R € SO(3) and ¢ € R?, if we have imposed
no boundary conditions on y.

In conclusion, we have obtained the following:

Lemma 2.3. In the absence of external loadings and under assumption (2.3), id
is the unique minimizer of &, (possibly up to rotations and translations) provided
that

3
y < E)Lfga (or equivalently p < 3\ g). (2.10)
Furthermore,
. 4 5
&e(id) = gnya . (2.11)

Remark 2.4. Condition (2.10) is always satisfied by incompressible liquids, that
is when A ;p = +o0. q

From now onward, we restrict the setting to that for which both (2.3) and (2.10)
hold true.

3. Linearization in the Presence of a Higher Order Regularization

As mentioned in the introduction, the linearization process cannot succeed
without the addition of a regularizing term.

For simplicity we will assume henceforth that the domain €2 is clamped on a
part T" of its boundary, so that we can apply Poincaré’s inequality. We assume I’
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to be a non-empty subset of d<2, open in the relative topology of 92 and such that
cap, (F\F) = 0 (wereferto [11, Section 4.7] for the notion of 2-capacity). This last
condition is needed to ensure a suitable density result in the proof of the I"-limsup
inequality.

Letg > 3 and

W2 RY) = fu e W R : u=0o0nT}.

Recalling (2.11), we consider for a given load f € L%(Q\B,; R3) the regularized
functional 7, defined on LZ(Q\Bu; R3) as

1
—~ (g;(id n eu)—Es(id)) T, / 1V2ul dx,
e? Q\B,

FeW) =1y e (2, n W)@ B3 ' 3.1)
00, else
where
13 /p, 5 0. (32)
We define

A:={ueH Q\Bs;RY): u-é € H(3B,)andu =0onT}  (3.3)

and the functional

] > —_
*/ Q(Eu) dx+ Z/ |vf(u-er>|2cm2—12/ lu - &% dH?
2 Ja\B. 2 Jos, a 5,
F(u) =
0

A se ' A
+ u-e dH — frudx, ue A
2|Bal \ /38, Q\B,

, else

with Eu := 1/2(Vu + VuT) and Q defined as in Remark 2.1.
Our first main result is the following compactness and convergence theorem:

Theorem 3.1. Assume that (2.3) and (2.10) hold true. Let (u®) be a sequence in
Clzoc(Q; RN ng’q(Q; R3) such that

Fe(u®) < C. (3.4)

Then there exists u € A such that, up to subsequences, u® converge to u weakly in
H'"(Q\By; R3) and u® - é, — u - é, weakly in H' (3 B,).

Furthermore, the U -limit of Fy in the strong L*(S2\ By; R?) topology is precisely
F.

Remark 3.2. Condition (3.4) is clearly satisfied by any minimizing sequence (u°)
of F, since F.(0) = 0. q
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Remark 3.3. By (A.4) and (2.10) we have

A 2
Z/ |v,(u-z,)|2dH2—l2/ |u.2,|2dH2+i</ u.érdﬁ2) >0
2 JaB, a* JaB, 2|Bal \JaB,

for any u € A. Furthermore, again by (A.4) and (2.10), for every § > 0 small
enough the following coercivity property holds:

. . A . 2
Z/ |V,(u.e,)|2dH2—12/ |u.e,|2dH2+i(/ u-e,dH2)
2 Jam, a= JyB, 2|B4| \Jag,
. 8 .
23/ |v,(u-er)|2dH2—2—2/ |u - &> dH?
9B, as JoB,

forany u € A. 1

Proof of Theorem 3.1. We split the proof into three steps.
Step 1: Compactness. By (3.4) we deduce that

1 4
= < W(I +eVu®) dx + 7 (id + eu®) — —nya2>
& Q\Ea 3

—I—ns/ B |V2u8|q dx
Q\B,

Q\B,

Since 7 (id + eu®) = %n ya® by Lemma 2.3, for some possibly larger C > 0 we
have

_ W +eVu)dx £ C(lu’ll 2z, + D-
Q\B,

‘We now apply the rigidity estimate [12, Theorem 3.1] and conclude that there exists
a constant R® € SO (3) such that

I+ eVu® — R8||iz(9\§a) < e (lufll o,y + - (3.6)

Let £° be the mean of the function id+su® — R® x on 2\ B,,. By Poincaré—Wirtinger’s
inequality we obtain

lid + eu® — R°x — é*’"lli,l(g\ga) < Ce(lull 2o g,) + -

Since u® = 0 on I, the continuity of the trace operator yields

lid = R°x — %172y < Cllid + eu® — R°x = £°11%, 6.5,
2
g Ce (”u€||L2(§Z\§a) + 1)
By [9, Lemma 3.3] (see also the proof of [9, Proposition 3.4]) this implies that

I - R°| < C&* (U’ 205, + D-
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Consequently, by (3.6) and the boundary condition on I', we conclude that
(u®) is bounded in HI(SZ\E,I; ]R3). 3.7

Therefore, by (3.5) we obtain
4
J(d + eu) — §nyaz < ce? (3.8)
and

n8/ IV2uf|9dx < C.
Q\B,

By Sobolev embedding we deduce that

1\4
IV o,y S CUIVH N2 + 1V 1e) £ € +C (n—> :
&

Thus, by (3.2),

1
g1\ 4
8”V”€”C0(§\Ba) <cC (7]_> =: Co, — 0. (3.9)
&€

In all that follows the O (o) terms should be understood as quantities whose
norm in C° (5\ B,) is of order ask with k 2 3. In other words, because of estimate
(3.9), we can neglect in the I"-convergence process all terms that are more than
quadratic in eVu®.

Using (1.2) we have that

det(I +eVu®) = 1 + edivu® + &2 tr(cof Vu®) + &3 det Vu?,  (3.10)
while

cof (I +eVu®) = I +¢e((divu®)l — (Vu*)T) + e?cof Vu.  (3.11)
From (1.3) and (1.4) we can further write that

cof (I +eVu®) = I +&((divu®)I — (Vu®)T)
+e? (tr(cof Vuf)I — divu® (Vu®)" + (Vut)T (Vu®)T). (3.12)

By (3.11) we obtain
|cof (I +eVu)e,|* = 1+ 2¢e(divu® — (Vu®)'e, - &)

+&2(I(divu®)é, — (Vu®) &> + 2 cof Vu,é, - &)

+ 0(a)). (3.13)
The e-term in (3.13) reads as 2¢ div, u¢, while for the £2-term we use that

(divu®)é, — (Vu)Te, = (divy u®)é, — (Vou®)'e, (3.14)
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so that
(divu®)e, — (Vu) &[> = |(dive u)e, — (Vou)' e,
= (dive u®)? + |(Vou®) &, 2.
Finally, from (1.5), we deduce that cof Vu.é, = cof V;u.é,. Thus,
lcof (I + Vu®)e,|* = 1+ 2edive u® + &2 (|(Veu) &, > + (dive u®)?
+2cof Viuge, - é) + 0(a)).

Using the expansion /1 +x =1+ %x — %xz + O(x?), we conclude that

2
|cof Vy®e,| = 1 + edivy u® + — (|(v u)Te, 1> + 2 cof Veueé, - &)

+0(0?). (3.15)
From (1.3) and (1.4) we have that
2cof Vouger - 6, = 2tr(cof Vou®) — (divy u®)(Voub)Te, - &,
+(Veu') (Veut) e, -6,
but, since V,ufe, =0,
—(div, u®)(Veut)Te, - &, + (Voud) (Voud)Te, -, =0,
so that, using (1.4) once again,
2cof Viugér - &, = 2tr(cof Vou®) = (dive u®)*> — (Veu®)l - Voul.

Hence (3.15) finally reads as

2
|cof Vy*e,| = 1 + edivy u® + — (|(Vru€)T 2+ (dive u®)? — (Veut)T - Veuf)

+0(0)). (3.16)
With the help of (3.10) and (3.16) we get, from (2.9), that

J(d + eu®) = yH2(3B,) — p|Ba| + 8/ (v dive u® — pu® - &) dH?
JB,

+¢? </ (|(v u®TE, 1% + (dive u®)? — (Vou®)T - v,uS) dH?
BBa

A 2
" </ w8, dH2> —p/ tr(cofVug)dx) +06d. (317
2|Ba|l \JaB, B

In view of (2.3), the constant term in (3.17) is 4/37wya? while the linear term
disappears upon invoking the second equality in (2.4) for the sphere 9 B,,.
Note also that, with the help of (1.4) once again,

tr(cof Vu®) = %((div uf)? — w[(Vu)?]) = %(div(div ufu®) — div(Vuu®)),
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so the last term in (3.17) can be written as the boundary term

—3/ W - (divute, — (Vu)Te,) dH?
2 Jas,

or still, in view of (3.14), as

—3/ (dive ufu® - & —u® - (Veu®)'e,) dH>.
2 Jam,

Summing up, (3.17) also reads as

(i +eu®) — 7 (id)

=g’ </ 4 (|(v,u£)Ta|2 + (divy u®)? — (Veu®)T - V,ug) dH?
0

B, 2

L </ i dH2>2
u -e
2|1Ba| \Jss, '

—3/ (dive ufu® - & —u’ - (v,us)TE,)dW) + 0(a)).
9By

2
Appealing to (1.1), we obtain, after some algebraic manipulations,
(dive u®)? — (Voud)T 2 Voul = dive (dive ufu® — Vouu®)
+ (dive (Veu)" €)W’ - ) + (Veu)' & - (Veer) ul
Therefore, using the second equality in (2.4) and (2.3), (3.18) reduces to
F(id + eu) — 7 (id)

(3.18)

=2 (/ L (1072 & P+ [ive (Veu')T e &) + (Veu) &, - (Ve u® ) di?
0Bg

B, 2

A pe ( / e - 2)2> 3
+ u® -erdH + O(oy).
2|Bal \Jog, ¢

(3.19)

We now write u® = v® +¢°e,, where v°-¢, = 0 and ¢° = u®-¢,. By differentiating

we have
(Vo) Te, = —(Vee) v = —évs
since Vié, = 1/a(I — é, ® €,). Thus
(Veud) e, = Vog® — (Vie) 0f = V,pf — éuf.
Therefore,

(Veud)Te, - (Vie) ut = (Voud)Te, - (Ve of

1
= (V;ud)Te, - (—v5>
a
1 1

(3.20)

(3.21)
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while, using that V;u®é, = 0 and that V;¢° - ¢, = 0,
divy (Veu®)T - &, = dive (Voue,) — (Vou®)T 1 Ve,
= _(VrMS)T . Vrgr
| I P2,
= ——div;u® = ——div; v° — ¢ (3.22)
a a a

Combining (3.20)—(3.22) together, expression (3.19) can again be rewritten as
J(d + eu®) — J (id)

1 1 2 1 1
=2 (/ 4 (!Vzgog - 7v€|2 — —¢fdivv® — 7|¢£|2 + —Vif - vf — —2|v8|2> dH?
: a a a a a

A fe e 2)2 3
d 0 . 3.23
+2|Ba‘</m<p 1) )+ 06d) (3.23)

Integrating by parts the second term in the first integral above yields, in view of the
second equality in (2.4),

/ ¢° dive v¥ dH? = —/ Ve - deHz—i—%/ v -8, dH?
9B, 3B, a JaB,
= —/ Vo - vf dH.
3B,
We finally conclude that expression (3.23) is given by
F({d + eu®) — _7(d) = 7 (id + eu) — gnyaz
— &2 (Z/ |V 0? |2 dH> — 1/ 12 dH? + e </ gpdeZ)z)
2 Jos, " a? Ja, 2[B4| \Jas,
+0(0?), (3.24)

where we recall that ¢® = u® - ¢,.
By (3.8), (3.2) and the definition (3.9) of o,, we deduce that

1/ Ve - 3P dH

2 JaB,

<V [ e pant - 2L (/ i dH2>2
< uc -e — u -e

= a? /s, ' 2|B4] \Jas, '

1
C+ —0(
+ +82 (o7)

< |w

< &2 8q/3 < &2
:C+C”M ||L2(BBu)+C :C”u ||L2(33a)+c'

Ne

Since () isboundedin H'(Q\ B, ; R?), itstrace on d B, isboundedin L>(3 B,; R?).
Therefore, the inequality above implies that

(V;(u® - &) is bounded in L?(3 B,; R?). (3.25)
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At the expense of extracting a subsequence, u, — u weakly in H! (Q\B,; R3),
ugs — u strongly in L2(0B,; R3), and V,;(uf - &,) — V (u - &) weakly in
L%(dB,; R?), for some u € A, which completes the first part of the proof of
Theorem 3.1.

Step 2: I'-liminf. Assume that u® — u strongly in L>(2; R3) and, also, without
loss of generality that F (u®) < C and lim inf F, (u®) = lim F¢ (u®). The first step
of this proof guarantees that (3.7), (3.9), (3.24), and (3.25) hold. Therefore, by (3.9)
and lower semicontinuity, we have that, up to a subsequence,

.. 1 . & 4 2
llggf 8—2(/(1d+ eu’) — 3Tva )

> Z/ |Vr(u~ér)|2d7-[2—12/ (-2, dH?
9B, as Jos,

-2
b </ - dH2>2. (3.26)
2|B4| \JaB,
Moreover,
lim inf <n€/ |V2u5|qu—/ f-ugdx> g—/ f-udx.
e—0 Q\B, Q\B. Q\B,
(3.27)
Finally, as in [9],
o1 R 1
liminf — W +eVu®)dx =2 - OEu)dx.
e=0 €2 Jo\B, 2 Ja\B,

Note however that, in view of (3.9) and since the quadratic form Q is positive
definite (see Remark 2.1), the above liminf is trivial in our setting. Together with
(3.26) and (3.27), this proves that

lin}) Fe(u®) = F(u).
E—>

Step 3: I'-limsup. We have to show that for every u € A (see (3.3) for the definition
of A) there exists a sequence (u°) C CIZUC(Q; RH N le’q(Q; R3) such that u®
converge to u strongly in H'(Q\By; RY), u® - é, — u - ¢, strongly in H'(3B,),
and

lim Fe(u") = Fu). (3.28)

ioc(2\Ba; R3) N Wl%’q(Q; R3), the constant sequence u® := i, where
u is any C120 . extension of u to €2, has all the desired properties. Indeed, since
g > 3, by Sobolev embedding Vu is uniformly bounded in ©\B,, so that by
Taylor expansion

Ifu € C?

1 1
lim = WU +eVu)dx = —/ OMVu)dx
e—0¢& Q\Bg 2 Q\B,
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and moreover (3.24) holds with O (&%) in place of 0(0,33 ). Therefore,

.1 . 4
lim 7(/(1d +eu®) — gn)/gZ)

e—>0¢

A 2
2 [ wwapae-2 | |u~ér|2dH2+i</ u-ErdH2> .
2 JoB, a= JaB, 2|Bal \JaB,

Finally, since n, — 0 by (3.2),

ng/ |V2u|‘1dx—/ fudx - — fudx.
Q\B, Q\B, Q\B,

Let now u € A. By [1, Lemmas A.1 and A.2] and the assumptions on I" there
exists a sequence (v,) C C®(Q\Bq; R3) such that v, = 0 on I" and v, converge
to u strongly in H'(Q\B,; R?). Let n > 0 be such that B,4, C Q. Consider a
sequence (V) C C*°(dB,) that approximates u - ¢, strongly in H 1 (0By) (see for
example [19]).

LetU := B,y \B,,. Consider the solution w,, of the following system:

—Aw, = —A(vy, - gr) in U,
Wp = '(pn onodB,, w,=v,- Er on 8Ba+,,.

By elliptic regularity we have that w,, € C°°(U). Moreover,
w, — w strongly in H\(U),

where w is the solution to

—Aw=—-Au-¢é) in U,
w=u-¢é on U,

so that w = u - é,. Further, by construction w, converges strongly to u - &, in
H'(3B,).
Let ¢ € C2°(B,4y) be a cut-off function such that ¢ = 1 on By4/2. Define

Up = @(Wy — vy - gr)gr ~+ Up.
Then u,, € C°°(§\Ba; R3) for every n, u, — u strongly in H! (Q\Ea; R?), and

Uy - & — u - e, strongly in H'(dB,). Since we clearly have that F(u,) — F(u),
the result is achieved through a diagonalization process. O

Remark 3.4. (The linearized system) The I'-convergence and compactness result
of Theorem 3.1 immediately implies the existence of a minimizer u for F on A.
Simple variations and use of the second equality in (2.4) then demonstrate that u
satisfies the following set of equations:

—div(AEu) = f in Q\Bq,

- - - 3\
YA (u-er)+ Za%u cep + ((AEu)e,)r — S

4ald

/ u-é-dH*=0 on 3B,
JB,

(AEw)é, | & on 9Bg,
u=0 on I, (AEu)vyg =0 on 9Q\T,
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(3.29)

where, again, Eu = 1/2(Vu + Vu') and A, is the Laplace-Beltrami opera-
tor, defined by A;¢ = div;(V;¢), on dB,. Note that (AEu)é, is an element of
H_1/2(8 Bg; R3), so the notation (AEu)é, || €, means that it only acts on the radial
component of elements of H 1723 B,; R?), while ((AEu)é'r)r is defined through
the following equality:

(((AEU)Er)r, v - E}’) = <(AEM)E,-, U)H—1/2(aBa)XHl/2(aBa) (330)

for every v € H'Y2(3B,: RY).
Note that (3.29) has a unique solution since the associated quadratic form,
that is,

1 . )
—/ B Q(Eu)dx+z/ |v,(u-e,)|2dH2—12/ - &2 dH?
Q\B, 2 Jam, as JaB,

2
IS
+ u-e-dH
21Bal \Jap,

is coercive on A in view of the positive definiteness of Q (see Remark 2.1) and
of Remark 3.3. So, uniqueness and existence in .4—which we have already se-
cured, thanks to the I'-convergence process—can be obtained directly through
Lax—Milgram lemma.

This is, to our knowledge, the first time that a linearization process produces an
interfacial PDE, this at the expense of introducing a vanishing regularization. The
set of PDE’s (3.29) is precisely that derived formally in [13] when specialized to
solid/liquid interfaces with constant surface tension y. q

Remark 3.5. Testing (3.29) by ¢,, we obtain with the help of (2.4) that

((AEwE,) , 1) =( Ar_ %)/ u- & dH>. q
0B,

a a

Remark 3.6. The above result equally applies to domains containing any finite
number of liquid inclusions. q

4. The Linearized Problem in the Presence of Many Inclusions

4.1. Homogenization

In this subsection, we propose to investigate the limit (macroscopic) behavior
of alinearized solid filled with many periodically distributed liquid inclusions pres-
surized at the same pressure. Note that the periodicity assumption is not essential;
we adopt it below for brevity sake.

The setting is as follows. The domain €2 of the previous sections is under the
same loading f (defined as an element of L?(€2; R?) this time) and boundary
conditions as before (see the beginning of Sect. 3).
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We cover © with identical disjoint cubes Y/ := ei + ¢V fori € Z3, Y :=
[—1/2,1/2)3, each containing an identical centered spherical inclusion Béa =
el + eB, with a < 1/2, filled with a liquid pressurized at the pressure ep. Let I
denote the set of centers i € Z> such that Y, 5’ C Q and dist(Y, E’ ,0Q) 2 &. Note that
#(1,) ~ 1/&3. We define the following domains:

1

QF 1= Q\ (Uielgﬁzm), o 1= Uier, Y\B,,), €F :=Ue.?,

i
.
Define « : R3 — 73 so that

X € Yf(x),

that is, x (x) provides the center i € Z3 of the cube Yf := i + Y containing x. In
particular,

xev ifandonly if i=/<<f)
&

for every x € R3.
As an immediate corollary of the results in Remark 3.4, the solution u® to the
system

—div(AEu®) = f in QF,
ey Al &) +21xu" & + (AEu)E,),
3A e
4medad
(AEu)é, || é, on 93B!, i€,
u=0 on I, (AEu®)vyo =0 on 9Q\T

ear

/ u-é.dH*=0 ondB.  iel, (4.1)
dBi,

exists and is unique in the class
A= ue HUQSRY) & € Uiy H' @Bl andu=0onT}. (4.2)

Note that the various powers of ¢ in (4.1) correspond to the rescaling of both p
and y by ¢, the natural scaling if one wishes to conserve both (2.3) and (2.10).
The solution #° is then the (unique) minimizer in A° of the functional

FE(v) = %/Q Q(Ev)dx + Y VE(v) —/Qs f-vdx, (4.3)

ielg

where

ye > Y =
Vi @) :=7/ | |vf(v-er)|2dH2——2/ (e die
9Bi, ea~ Jagi,

2
Ase > 2
cerdH 4.4
26318, (/33 v ) @4
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for i € I,. Note that by (A.9) with K = Afgaz/(2y|Ba |) we can rewrite

2 i,ea i,ea
ea ea

2
N Y
+4ﬂ€3a3 ( D) - E) (/BB£a V- ey dH s (45)

where Pizs . 18 the orthogonal projection in L% Béa) onto the orthogonal space to
affine functions, see Appendix A.
From the minimality of u® we have

VEw) = L2 [ v P e Part— L[ P 62 dH?
! 9Bi ea® Japi

0=7%0) = F*(u)

1 ye ) - 5
— QEu®)dx + — V. (P: €2, d
2 /Qs (Eu”) dx Z{ 3 /aBg'a Ve (P u” - e))|” dH

ielg

1 3hpe ¥
b )
47T83a3 2 a B!

ea

1\

2
ut - e, dH2>

— | f-ufax, (4.6)
QS

where we used (4.5) and the coercivity estimate (A.10) in Appendix A. By (2.10)
and because of the positive definite character of Q we deduce that

IEu®1172 ey < Cllutllz2(ge)- (4.7)

Appealing to [23, Theorem 4.2], there exists a linear extension operator
R*: H' Q5 RY) — H' (4 RY)
such that, for some constant C independent of ¢,

||R8M||1-11(Q) = C”””HI(QE)»
||ER€M||L2(Q) = C”E””LZ(QS)

for every u € H'(Q°;R?). Because of this result we actually obtain, in lieu of
(4.7), that

|ER®u ||i2(s2) < CIR U’ |l 12(q)»

so that, using Korn and Poincaré-Korn inequalities on €2, we conclude that
IR u® || g1y = C. (4.8)
Furthermore, by (4.6) and (4.8), we deduce that

>(/,

1
iels ea

2
ut - &, dH2> <ce’ (4.9)
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and

gZ |v (P2, (uf - e.)>dH> < C. (4.10)

i,ea
ielg

Let
HAN (R :={ue H' (R : u=0o0onT}.
We propose to establish the following homogenization result:

Theorem 4.1. The unique solution u® to (4.1) can be extended to a function R®u®
HY(Q; R3) such that

R°u® — u  weakly in H' (S R?),
where u is the unique solution in Hll (Q; R?) of

—div(AhomEu) = (1 — |Bs)) f in <, @10
u=0 on T, (ApomEu)vyo =0 on IQ\T, '
with

AnomF + F 1= 2F pey (F, AF) (4.12)

forevery F € Mfyxn? and A denotes the unique minimizer of Fper (F, -) defined in
(4.17) below.
Furthermore, we have the corrector results

2
. . R
lim Ecu —Equ — — Z (Exu)ij(z)dz | Eydij(x/e)| dx
¢ Jonw & Pt ygk(x/s)
-0 (4.13)
forany o CC Q, and
llms Z/ V. (P £.¢))
iel;
3 2
1 -
-=V: <Pa2</ (qu(z)y + Z (Exu)jk(z))\jk(y)>dz : e,))‘ dH?
& Y s y=x/e
=0, (4.14)

where Pa2 is the orthogonal projection in L*(dB,) onto the orthogonal space to
affine functions on 0 B, while Pl.ze o 18 the orthogonal projection in L2(8B§a) onto

the orthogonal space to affine functions on BBéa (see (A.5) in Appendix A) and
)‘-ij = A.F'l-j (415)

with (Fij)n = 1/2(8ik8jn + 8indjk)-
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In Theorem 4.1 above, the cell problem is given by
min {Fpe, (F,¥) : ¥ € 27},
where
2 ={y € H/(Y\B;;R®) : ¢ - é, € H'(9B,)} (4.16)

and

1 R
Fper(F, ) := E/Y\* Q(E¢+F>dy+§/83 Ve P2((Y + Fy) - &) > dH?

a

- / P2 + Fy) - )2 ar?
a* JaB,

vani (-2 ([ wermaae)
2|Bal S 3a 28, 14 y)-er .

and Pa2 is the orthogonal projection in L?(9B,) onto the orthogonal space to affine
functions on d B, (see (A.1) in Appendix A).

Remark 4.2. As could be easily seen from reproducing the computations leading
to (A.9) in Appendix A, an equivalent expression for F ., defined in (4.17) above
is

1 o
Fper(F, ) = 7/ _ Q(E¢+F)dy+1/ Ve (¥ + Fy) - &> dH?
2 Jy\B, 2 JyB,

—12/ (Y + Fy) - &) dH>
a dB,

)»ﬂ
2|By|

2
+ ( (¢+Fy)~2rdH2> :
9B,

In that form it is clear that an argument analogous to that used in Remark 3.3 would
demonstrate the existence and uniqueness of Ar. We also note that, because of
Remark 3.3 and of (2.10),

Apom defined in (4.12) is definite positive. q
Remark 4.3. Since

_ 1 € : 2:0. \M3%X3
Vu = Vu(z)dz —> 0 strongly in L=(2; M”*°),
&3 Jyrwre

a simpler expression for the corrector results (4.13)—(4.14) can be obtained, namely

2

3
lim { / E.u® —E,u— Z (Exu)ijEy)ij(x/e)| dx

i,j=1

Ve(PL, - e,))
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2

—vf(Pj (Vauy + i(Exu),-kx,-k@))-a )\

jok=1

dH2} =0,
y=x/e

provided that, either EyA;; € L*(Y; ngxn?) and V1;; € L°°(0By; R3) for all
i, j € {1, 2,3}, or that u turns out to be sufficiently smooth.

While the regularity of u will hinge, in particular, on the regularity of f, the
L* regularity of EyA;; and of V;1;; might be true, but we confess a lack of

determination in the matter. q
We now proceed with the proof of Theorem 4.1.
Proof of Theorem 4.1. We define the unfolding of #® adapting the ideas in [4,7]

(see also [6]). }
The unfolding ¢ : Q° x (Y\B,) — R’ is

uf(x,y) =u’ (8/( (£> + 8y>.
e
Observe that, for x € YE", ¢ does not depend on x, while as a function of y, it
just comes from u® by the change of variables y = (x — ¢i)/e, which transforms
YI\B,, into Y\B,. ‘
Using the definition of #° and recalling that »° = U; <y, (Y/\B.,,), we have

IVl (x)|2 dx = / V) Pdx =& /7 Vil (si + ey)|* dy
/af ,;,e YI\B,, 2 Y\B,

iel,
1 1
= Vi (x, 2ddx=—// Vyif (x, y)|* dy dx.
8zl§/g/ma' it Pdyds = 5 [ iy
(4.18)
Analogously, we obtain that
1
QEu")dx = —2/ Q(Eyit* (x, y)) dydx (4.19)
& & O B °
w' Y\Ba
Z/ PPt - &) PdH?
el 9B
1 2 e = 2 19,2
=—/ | Py (x, y) - er (¥ dH(y)dx (4.20)
& JGQe JoB,

2
ut - e, dH2>

2
=8/ (/ a(x,y) -Er(y)de(y)> dx, 4.21)
Qe\JaB,
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where ¢,(y) := y/|y| and Paz(ﬁe (x,-) - &) denotes the orthogonal projection in
L%(3B,) of the function y — it°(x, y) - &, (y) onto the orthogonal space to affine
functions on d B,. Moreover,

> /3 . Ve (PP (uf - &:)))* dH?
i€l ea

1 2.1 > 2 2
- L / / Ve (P2GEGx, ) - e RdHE () dx.  (4.22)
€ ¢ J OB,

In view of (4.8)—(4.10), we conclude, in particular, that

1 .
S_Z/E/I’\B |Vyit® (x, y)I* dy dx
l A -
+3 /Q /aB Ve, (P2(@° (x, ) - €))[* dH?(y) dx

2
+i2 ) (/ ﬁs(xvy)-ér(y)de(y)> dx < C.
€ 3B,

QS

Let now

ws(x . lAs _l ~E d
2 Y) = —u (X, y) _u(x,2)dz
& & Y\B,

1, I .
= -u(x,y)—— ) ey U (z) dz. (4.23)
& £ Y. 3 \Bsas

By the previous bounds and Poincaré-Wirtinger’s inequality applied to Y\ By, a
(not relabeled) subsequence of w? satisfies

w® — %  weakly in L?(w; H' (Y\By; R®)) (4.24)
and
P2(0f -&,) = P2(-é,) weakly in L*(w; H'(9By)) (4.25)

for any open set @ CC €2 and for some w € LIZOC(Q; H'(Y\B,; R?)) such that
W-é € L} (2 H'(9B,)).
Further, in view of (4.8), we can assume that

R°u® — u weakly in H'(Q; R?). (4.26)
Take e as the first vector of the canonical basis in R3 and note that the definition

of it implies that

R - 1 N 1
ug(x + geq, _5’ y2, ya) = Ma(X, 5 Y2, )’3>

for almost every x € ¢ and almost every (y2, y3) € (—1/2,1/2)2. Thus the
definition (4.23) of w® implies in turn that

A - 1 . 1
w&‘(-x + gep, _Es Y2, y3) - ws(-xa 57 Y2, y3>
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R8 & > _R8 &
2_][ " K( ) u®(z + cey) u (z)d @.27)
B.,

&

for almost every x € ¢ and almost every (y2, y3) € (—1/2, 1/2)%. Thus, passing
to the limit, we get

T T A . TR
w -x7 27)721)73 w x725y27y3 - ax1 X). .

Indeed, taking ¢ € C2°(2; R3) and integrating (4.27) over the support K of ¢ we
get, for ¢ small enough,

. - 1 . 1
/ (ws(x +eer, —=, », y3> - wg(x, =, 2, y3)><p(X)dx
% 2 2
N | . 1
= / (wg(x +eer =5y, )’3> — ws(x, 502 y3)><ﬂ(x)dx

R8 3 >\ R8 &
_Z/ ][ | u®(z + ¢cey) u (Z)rp(x)a’zdx
Yi i\E’ £

‘Z/ ][ R tee) —RuwQ@ gt 06

&
ielg

Réuf(z +¢e;) — Réu(z
= ( 1) © 2y dz + 0(e)
1— |Ba| W &

1 —geq) —
- PE=2e) = 9@ peye iy dz + 0).
I —1Bal Jor &

Since by periodicity x,c — 1 — |B,| weakly™ in L*°(w) for every @ CC € and
Rfu® — u strongly in L2(Q; RY) by (4.26) and Rellich Theorem, this yields (4.28).
Reasoning analogously with respect to the other vectors of the canonical basis,

we conclude that
up(x,y) :=w(x,y) — Vu(x)y € Lloc(Q§ Hﬁl(Y\Ea; R3)). (4.29)

We now consider v € C®(Q2;R?) withv = O on I' and v; € CS(Q; Cﬁ1
(Y\Bg: R%)). Define v* by

Ve (x) = v(x) + £ (x, f). (4.30)
£
By minimality we have
Fewb) < Fo ). “31)

By definition of F*¢ and (4.5), we have

FE@) = = /Q(Evg)dx—i-z / Ve (PR, (v - &))1* dH?

ielg
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_2802/ P2, (0" - &) dH?
2
+Z;(w_1) / o E dH
= Arg3ad\ 2 a 2Bi, r

— / f v dx. (4.32)
SZE
Let us pass to the limit in the different terms of the right-hand side of (4.32). The
first term yields with obvious notation

l OEV®)dx
QS

1
—/ QE v(x) + Eyvi(x, x/e))dx + O(e)

2
) Z/ . OQ(Exv(ei) + Eyvi(ei, x/e)) dx + O(e)
iely Y\ ca
= 2 %;83 Y\, OExv(ei) +Eyvi(ei, y))dy + O(e)

1
= —/ OE v(x) +Eyvi(x, y)dydx + O(e).
2 J&e Jy\B.
4.33)

For the terms in (4.32) on the boundary of the balls B!, we write
Ve (x) = v(ei) + Vyv(ei)(x — &i) + evy (ei, x/8) + o' (x)

for x € dB! , where ||w! leo@si,) = = 0(¢?) and |0l lctsi,) = O(e). Using that
P? (v(ei) - ¢,) = 0, we obtain for the second term in (4.32)

Lea

rad Z/ Ve (PP, 0° - &P dH?

ielg

ys Z/ !er( lw(anv(si)Er-Er+v1(si,x/€)-Er))|2d7‘12+0(8)

iely

%/%/33 \v,,y(Pj(vxuy-errvl ~Zr))|2dH2(y)dx+0(s). (4.34)

Arguing in a similar way, the third term can be written as

a2 Z/ |P lSa 'gr)|2dH2

i€l

ZZ/ ) i (avxv(gi)gr‘Er‘i‘vl(gi’x/g)'gr) Zde"l‘O(e)

ielg

—2/ / }P,f(vxvy~é’,+v1~é’,)|2dH2(y)dx+0(e). (4.35)
as JGe JoB,
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For the fourth term we get

2
1 g = 2
. & dH

&

2
1
" 4nedd Z (/ (@Vxv(eDe, - & +viei, x/e) 'gr)de) + O(¢)
3B

i€l ea

1 . ~ 2
= 4 a3 /{28 (/33 (va(x)y cer +ui(x,y) - e,) dH2(y)> dx
+0(). (4.36)

Finally, since by periodicity xoen, — (1 — |Bgs|) x» weakly in LZ(Q) for every
w CC L, it is easily concluded, upon letting @ 7 €2, that

f~v8dx=/ f-vdx+0(£)—>(1—|Ba|)/f-vdx. 4.37)
Qe Qf Q

Collecting (4.33)—(4.37) and letting ¢ tend to 0, we finally obtain that, for v* as
in (4.30),

1
li;nj—'S(ve) = 5/Q - OE v(x) +Eyvi(x,y)) dydx
14 2 - - 2 2
L[] 19 By & ) e ar) ds
—;7/9/8 |P2(Viv(@) y - & +vi(x, y) - )| dH(y) dx
B,

1 /Brg vy . . 2
+ (Tﬂ] - g> /Q (/33 (Vev)y - & +vi(x, y) - er)de(y)) dx

-(- IBa\)/Qf(X)~v(x)dx. (4.38)

On the other hand, recalling (4.5) and making use of (4.19)—(4.22) and of the
definition (4.23) of w®, we have that for @ CC €2 and ¢ small enough,

1
Feu®) = 5/ _ QE,0°(x,y)) dydx
 JY\B,

+%/ /aB Ve (PG (x, y) - & ()P dHE (y) dx
_%// PG (. y) - & ()P dHE(y) dx
as Jo JoB,

1 3hpe ¥ e . ) 2
tiwa <T - ;) /w (/aBa W (x, y) - er(y)dH (y)) dx

— fu®dx
QS

=: GWw°) — / f-ufdx, (4.39)
QS
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where we also used that for almost every x

z / IVey (P2 (x, ) - e))2 dH2 — 2 / |P2GE (x, ) - &) > dH>
9B, a= JyB,
—S(-D) ([ @ -amario 20w
47'[(13 2 a 9B, -

by (A.7) with ¢ = 1, and (2.10).

Now, the inequality above and the positive definite character of Q imply that
the quadratic functional G defined in (4.39) is non-negative, hence convex on the
space of functions 2, with

Z = {w e L*(w; H'(Y\B;; R¥)) : PX(w-¢,) € L?(w; H'(3B,))})
= {w e L*(w; H'(Y\By; R?) : w- &, € L*(w; H'(0B,))}.

Thus, in view of convergences (4.24)—(4.25) and of (4.29), weak lower semiconti-
nuity yields

lim inf 7° (u®)
&
1 ~
> —/ Q(Exu(x) + Eyily (x. ) dy dx
2 Jw Jy\B,
Y o ~ R
+5// Ve P2V () y - () + i (r. ) - 8 )P dH2(y) dx
w JIB,

—a%/ /88 |P2(Veu(x) y - & (y) + i1 (x, ) - & (y)|> dH>(y) dx

2

1 31 R N N
-0 [( , (T &)+ (x, ). D) ) dx
—limsup [ f-u®dx. (4.41)
& Qf

Now, for any w, CC Q with |Q\w,| < 1, we may write

/ f-u®dx =/ f - R°u®dx =/ Xy\B, (X/8) f - Reu® dx.
QENwy QENwy ,

n

Therefore, in view of (4.26) and Rellich’s Theorem we have

/ f-utdx — (1 —|By)) fudx.
QENawy,

@y

Since
/ frutdx| £ ClflLy@wy — O
Q\wy

as n — 0, we deduce that

lim fufdx=(1-— |Ba|)/ fudx. (4.42)
& Jae Q
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By (4.42) and by letting @ 7 Q in (4.41), we conclude that i, € L*(Q; H,

(Y\B,; R%) and P2(i; - ¢,) € L*(2; H'(3B,; R?)) (and not only locally as in
(4.29) and as implied by (4.24)) and that

lim inf 7°* ()
1 A
25// O(Exu(x) + Eyity (x, y)) dy dx
Q JY\B,
v [ 2 > ~ - 2 2
3, Ve PE (Va0 y & i 3) - & )P M2 () dx

_lz// |P2(Veu(x)y - &, 4 i1 (x, y) - & (0))[> dH>(y) dx
a Q JoB,

1 /3% R . . 2
-0 (/ (Vxtt()y - & (1) + it (v, ) ~er<y>)dH2<y>> dx
o \JaB,

dzad\ 2 a

. |Ba|>/Q £ - ulx) dx. 4.43)

By [1,Lemmas A.1 and A.2] and the assumptionson I" the set {v € C®(Q;R3) :
v = 0on I} is dense in Hll (2; R3). Further, CC1 (2; Cé (Y\Bg: R%)) is, of course,
dense in L%(Q; Htil (Y\Bs;R¥) but also in L*(Q,2) because
Cﬁl(Y \B,; R3) is dense in 2" defined in (4.16). Indeed, take ¥ € 2 and v, €
Cé’O(Y\EG; R3), g» € C>(dB,) converging strongly to ¥ and v - ¢, in
Htil (Y\B,:; R3) and H'(dB,), respectively. Solve, with periodic boundary con-
ditions on 9Y,

Av, = A(Y, - €,) in Y\By,
Uy = gn On 3By,

so that v, € Cf° (Y\B,) converges to V - & strongly in H'(Y\B,) and v,|ss,
converges to ¥ - &, strongly in H'(dB,). Letn > 0 be such thata +n < 1/2 and
let ¢ € C2°(B,+y) be a cut-off function such that ¢ = 1 on B,,/>. Define

Cn =@ (n — Yy - Er)zr + Y.

Clearly, ¢, € C*(Y \B,; R3) for every n, ¢, — V¥ strongly in Hﬁl(Y\Ea; R3),
and ¢, - ¢, — V¥ - ¢, strongly in H'(3B,).

In view of (4.31), (4.38), and (4.43), these density results establish that (u, i)
is a solution of the problem

min {/ fpe,(Exv(x), v))dx — (1 — |Ba|)/ f-vdx:
Q Q
(v, v1) € HE(Q: R?) x L3(, 3&”)}(4.44)

with F . defined in (4.17) and 2" in (4.16).
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Further the minimizing pair (u, 1) is unique by Remark 4.2. In particular,
convergence of (w?) holds along the whole sequence and not only along a suitable
subsequence.

Moreover, by taking the lim sup instead of the lim inf in (4.41), we actually get
from (4.38), (4.39), together with the already mentioned density argument that, for
any w CC Q,ase — 0,

E, i — E.u + Eyi; strongly in L?(w; L*(Y\Bg; R?)) (4.45)
and
Ve (P (x, ) - &)
— Ve (P2(Vauy - &, + iy - &) strongly in L*(w; L*(3Ba; RY)).
(4.46)

Note that, in view of (4.44) and of the definition of Ay as the minimizer of
(4.17) for any F e M3x3

sym»

3
(. ) =Y (Exut(x))ijhij, (4.47)

i,j=1

where ;; is defined in (4.15).
Then remark that (4.44) also reads as

min {%/ ApomEv(x) - Ev(x)dx — (1 — |Ba|)/ f-vdx:ve Hll(Q; R3)}
Q Q

with Apom defined in (4.12), which, together with (4.47), delivers (4.11).
Finally, convergences (4.45) and (4.46) above can in turn be rewritten in terms
of u® as follows. First, for @ CC 2, consider I’ C I, the set of indices i such that

Y! C wand set & = Uielgw(Y;\Ega). Then,

J.

-2 /Y \B.,

iel®

2
dx

1 A
E, uf(x) — 3 /Ym/s) (Exu(z) —{—Eyul(z,x/s)) dz

2
dx

1
= /YI_ (Exu®(x) — Exu(z) — Eyil1(z, x/¢)) dz

A

1 A
3 Z / | |E u’ (x) — Exu(z) — Eyul(z,x/8)|2dzdx
B, Jvi

iel®

A

/ / |1/8Eyﬁ€(x, y) —Exu(x) — Eyi(x, y)‘zdydx

o JY\B,

= / / - ‘Eylbs(x, y) — Eyu(x) — E i (x, y)’zdydx 50 (448
w JY\B,

where we have used (4.23) and (4.45).
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Since
1
E,u— = _/m/s) E u(z)dz —> 0 strongly in L>(Q2; M>*3),
yr/e

we conclude from (4.48) that

1 2
/ E, u®(x) — Equ(x) — —3/ E,ii|(z, x/e)dz| dx — 0,
o & Y:(x/s)
hence, in view of (4.47), that
3 2
& l £
B —Eou - = > v Ext)ij (@) dz ) Eyiij(x/e)| dx — 0.
wé‘ l’/:1 Yg 3

(4.49)

Similarly, in the notation of the statement of Theorem 4.1, one can obtain

2 b

VT(P‘z (u® -er))

i,ea

iel®
3 2
1 2 5 2
—EVT(PQ (/Y (qu(z)y+ .;1(Exu)jk(z)xjk(y)>dz'er>>’yzx/8 dH
£ ]’ =
RN (4.50)

Equations (4.49) and (4.50) yield (4.13) and (4.14). Indeed, we can replace @* and
I? by N w® and I in (4.49) and (4.50), respectively, upon choosing, for any
® CC 2, another set ' CC 2 containing all Ysi ’s that intersect w.

In view of (4.26), the proof of Theorem 4.1 is complete. |

4.2. Elastic Enhancement

In this last subsection, we compare the homogenized behavior obtained in the
first subsection with that of the elastomer without the inclusions. We establish in
a specialized setting the following counterintuitive result: a large enough surface
tension will produce elastic enhancement (stronger elasticities) in spite of the lack
of resistance to shear in the fluid inclusions.

To that effect we propose to compare between 1/2AF - F (the elastic energy
for a given constant strain F associated with the original material occupying the
whole volume) to 1/2Apom F - F = Fper (F, Ap). This will be done through a
“dualization" process.

First we recall the expression (4.17) for F ., as well as (A.7) in Appendix A.
We obtain the following inequality for every F € M3X3 and ¢ € 2"

sym

Fper(Fy ) 2 l/ B Q(E¢+F)dy+1/ Ve P2((Y + Fy) - é0)|? dH?
2 Jy\B. 3 JaB,
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1
+m( o= )(/ W+ Fy)- erde) :

Taking a supremum over triplets (o, &, 1) € LZ(Y\Ba, Mfyxnf
with

) x L2(0B,; R3) xR

dive =0in Y\Ea,
o v taking opposite values on opposite sides of 3Y, 4.51)

oée, || € on 3By,

quadratic duality, integration by parts and (2.4) imply that

fper(F’W)z Sup{(/ Udy)'F+/ - (T'E‘(ﬁdy
0kt Y\B, Y\B,

2 N
+—V/ £ Vo P2(Y + Fy) - &) dH>
3 Jas,

1 2y R 2
App— |t W+ Fy)-e dH
| Bal 9B,

1 -1 J// ) 1 2y \ »
- dy -~ daH? — ——(ap =)
5] Q (o)dy 3 o, &1~ dH 2B M 3,

Y\B,

= sup {(/ B ady+/ (02,)®yd7-[2). F
oEt Y\B, 9B,

- / (08 - &)Y + Fy) - &) dH?

2 2., .
+2 (— divy £ + ;s : e,) PX(y + Fy) - é,) dH?
dB,

3
4 ( 2”):( W + Fy) *de) L 0 oya
¢ er -3 o
1Bo \"" " 34 )"\, Y 2 [y, Y

Y 2 2 1 2y \ »
-~ dH” — A f t°r.
3/”“ d 2|Ba|<” 3a) }

In the right handside of the equality above, the term | op, dive & Paz((I// + Fy) -
&,) dH? should be understood as a duality product between H L@ B,) and its dual.

Taking the infimumin v in the previous inequality and using thatinfy, sup, ; , =
sup, ¢ , infy yields

_AhomF F 2> supmf{(/ ody+ (aEr)(X)dez) . F
okt V Y\Bq 9B,

- / (0&, - é.)(( + Fy)-é,)dH>

3B,

+2)// (d' 2 e> 2 = 2
- —diveE+—&-e | Py (Y + Fy)-e)dH
3 9B, a
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+

! <x 2”>t< W+ Fy) - @ dH2) ! 0 '0)d
- — - ey - = o
1B \""* 7 34 )"\ Uy, g 2 Jnz, g

Y 2 2 1 2y 2
- = dH — —— Ay — — |7t . 4.52
3Amﬁ' 2wu<f‘ w) } *52)

Given (o, ¥, t) the infimum at the right hand-side in (4.52) is —oo unless the part
that is linear in ¢ vanishes. Therefore, the supremum can be restricted to those
(o, ¥, t) for which this linear term is zero. This is, in particular, the case if £ and ¢
are such that

2. .
(—dive & + “€ - &,)ydH> =0,
9B, a

2y( di §+2$ ér) ér e+ : A 2y t=0o0ndB
— (= - - . — —— Jt=0o0n .
3 e a ) moer e | B, | ™ 3 ¢

(4.53)

We do not know how to optimally exploit (4.52) with the restrictions (4.51),
(4.53) on (o, ¥, t) as a possible way to demonstrate enhancement for general A’s
or F’s. We propose instead to illustrate enhancement in the specific case of an
isotropic elastomer, that is, A;jxn = A8;j8kn + (8ikjn + 8indjx), where A,
stand for the Lamé constants, and for an axisymmetric shear strain F = F(f)
with

F(f) = _g(zl ®e+er®er)+ fez®es.
Then 1/2AF (f) - F(f) is 3/2uf?. Furthermore we will do so in the dilute limit,

that is when a \ 0.
We thus restrict o, &, and ¢ to be of the form

T=011(61®€ +6®é)+03363@eé3 inY\Sp,

2 2 3
Yiy3 - y2)3 - Y3 Y3\
a a a a

t = fg, (4.54)

() = {Uij(Y)5i®5j inS, ={y:a<|yl <b},

with components

o11(y) =a1 + Otzy12 + a3y§ + 064y12y§, op2(y) = 021(y) = 2y1y2 + 064y1y2y§,
o13(y) = 031(Y) = asy1y3 +aay1ys,  022(y) = a1 +a2ys +a3y3 +aay3ys,
023(y) = 032(y) = @sy2y3 + a2y, 033(y) = a6 +a7y] + aa)i, (4.55)

where o1 through o7 (which are functions of | y|) and 87 and Bg (which are constants)
are spelled out in Appendix B, and where o1, 033 are two arbitrary constants. It
can be checked that the fields o, &, ¢ defined above satisfy (4.51) and (4.53).

The first equality in (4.54) corresponds to the stress field in a spherical shell
of inner radius a and outer radius » made of an elastic material with elasticity
A containing a liquid with bulk modulus A f; the solid/liquid interface r = a is
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endowed with a surface tension y. The outer boundary » = b is subject to the affine
traction ¢,. The choices for & and ¢ in (4.54) correspond to the traction fields at
the interface of the liquid inclusion with the spherical shell in the same problem.
Note that the resulting displacement field on the outer boundary of the spherical
shell is of the form F(f)y for some f, which motivates our choice of .

The second equality in (4.54) corresponds to an affine extension of the stress
field in the complement of By, in the unit cell Y.

Rather cumbersome but straightforward calculations ensue. First, we use (4.54)
in (4.52), so that the terms that are linear in ¢ + F'y cancel out. The result is a
concave polynomial of degree two in o1 and o33. We compute its maximum in
o 11 and 033. Next we go to the dilute case, letting 6 := A7 a’d /3 tend to 0. We then
obtain the following fully explicit bound:

lAhomF P> 3—“f2 - 150 (0 +2u)(y /2pa) — 1) L 0@,
2 2 14 + 92 + B4 + 15A0)y /(2ua)
(%) (4.56)

If y/u > 2a, expression (x) in (4.56) will be positive. We conclude that the
following holds true.

Proposition 4.4. Consider an isotropic elastomer with Lamé coefficients X\, . If
v/ > 2a, then, in the dilute limit 6 \ 0 (6 being the volume fraction of the fluid
filled cavities), enhancement will occur for axisymmetric shear strains of the form
F=—f/2(e1 Q¢ +é»®ér) + fé3 ® é3, that is,

1 1 3u
SAomF - F > SAF - F = 7f2.

The presence of liquid inclusions leads to a stiffer elasticity than that of the elas-
tomer, in spite of the fact that the inclusions have zero shear resistance.

Remark 4.5. A similar computation could be performed for uniaxial strains of the
form fe ® e with |¢ | = 1. In that case enhancement can also be achieved but at the
expense of choosing both y large with respect to u and X ¢ much larger than y.
For large y’s and still larger A s, we expect enhancement for general elasticities
and strains, but the technicalities involved in deriving a useful lower bound for the
homogenized energy remain intractable at present. q

Remark 4.6. In the case of rigid inclusions the homogenized tensor is given by
2
1 —
= min {5 _ OQEY +F)dx: € Hﬁl(Y\Ba; RY), Y =—Fyon aBa} .
Y\B,
In view of the formula (4.12) for Apop in the present setting,

(- 1
zA”g‘dF F > EAhomF - F,
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independently of the values of y and A z.
Thus, while surface tension on many small liquid inclusions can surprisingly
enhance elasticity, it cannot compete with rigid inclusion, as expected. q
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Appendix A

In this appendix we review some variants of Poincaré’s inequality on the boundary
of the unit sphere, that are instrumental in the proofs of our main results.
Consider the spectral decomposition of H'!(dB;) associated with the eigenval-
ues ¢, £ 2 0, of the Laplace-Beltrami operator on 9 By, that is, the solutions in
HY(3B)) of

/ Vep - Ve dH? = /u/ oy dH*  for every ¥ € H'(3B)).
0B 0B

It is well known that g = €(£ + 1), £ = 0 and that the space vEof eigenvectors
relative to e has dimension 2¢ + 1 (see [10, Proposition 4.5]). We are especially
interested in the space V°, which is given by constant functions, and in the space
V1, which is given by the restrictions to d B of the linear functions in R3.
Denote by PY, P! the orthogonal projections in L?(dB;) onto the spaces V? and
V!, respectively. Setting

Pri=1-P°— P!, vZ.=(vO4VhH (A.1)
and recalling that 1 = 2, uo = 6, we have

2 0 12 112 2 12
||¢||L2(3Bl) = ”P (p”LZ(aBl) + ”P (p||L2(aBl) + ”P (/)||L2(331)a
2 1 12 2 12
||VT¢||L2(BB]) = ”V‘L’P ¢||L2(3B]) + ”V'L'P ¢||L2(BB|)’
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and
/ V. Plo)? dH? = 2/ |Po|? dH?, (A2)
dB 0B
/ |V, P2p|> dH> > 6/ |P2¢|? dH? (A.3)
JB 0B

for every ¢ € H'(9B}). Combining the previous results, we have

1 1
2 2 0 2 1,2 2 2 12 2

/aB lpl2dH? < |P ¢||L2<331)+5/33 V. Pl dH +8/33 V. P2p|? dH

1 1 1

1 LI |
< — (/ ¢dH2) +—/ IVepl? dH?,
4 9B 2 dB

where we used that
1
P¢) = —n/ @ dH>.
4 0B

A simple scaling argument shows that

r2 1 2
/ lp|? dH?> < ?/ |v,¢|2dH2+4 5 (/ cde2> (A4)
9B, 9B, wr 9B,

for every ¢ € H'(3B,) and r > 0.

In Sect.4 we need a refinement of (A.4) established in what follows.

Using the change of variables x = &i + eay, which transforms d B; into BBéa,
we deduce that H! (3 Béa) decomposes as the orthogonal sum of me ={¥((x —

ei)/ea) : Y € V). Denoting by

P, the orthogonal projection of L*(3BL,) onto V'’ (A-5)

ea’

we have, as above,
2 _ 0 2 1 2 2 2
”‘p”L2(aB£a) - ”Pi,ga(p”LZ(aBéa) + ||Pi,8!l(p||L2(3B£a) + ||Pi,ga90||L2(33£a),
2 _ 1 2 2 2
”VT(/)”LZ(;)Béa)S - ”V‘E Pi’gg(p”LZ(aBéa) + ”VT Pi)gaq)”LZ(aBé'U)»

and

£2a2/ » |V,Pi}w<p|2dH2=2/ | P ul* dH? (A.6)
3B, dBi

ca

6242 / VP2 dH 2 6 / P2 gt dr? (A7)
BBéa 0B!

ea

for every ¢ € H'(3B!,). Moreover,

1
0 _ 2
Pi’wu = m ABi udH”". (A8)
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For K > 0 let us define

i a’e? 2 .0 K 2 ’ 2 a2
Ve k(@) := > |Vepl"dH + = pdH - lel*dH
9By, € 9By, 9By,

for every ¢ € Hl(aBéa). By (A.6) and (A.8) we deduce that
2.2

a~&
VPl ol dH? + = - Ve PPl dH?

2 2
+ K / dH? ! / dH?
82 agéa ¢ 47'[(1282 aBéa ¢

_/ . |Pi3£a(p|2dH2_/ ) |Pi?5a(p|2dH2
IBi, B

ea

2
2.2
ace 1 1
= V, P~ o|? dH? —(K - —) / dH?
5 /BBéa Ve P ea?l ta dra®) \ J3si, Y

L a9)

. 2,2
Vi k(@) = -

hence by (A.7)

. a282 2 2 2 1 1 2 ’
j S a%e V. P2 olrd —(K - ) / dH*) .
Vg,K((p) = 3 aBéa | T l’ga(p| H + 82 47Ta2 BBéﬂ (p H

Thus, in our setting (see (4.4)), the following coercivity estimate holds upon taking
K =k pa®/(2y|Ba)).

2
Py
re |v,(v-é',)|2dH2—L/ -2 dH> + I / V-2 dH>
" > 21841 \Jus,

2 ea” JyBi,

i

e [ -
> / Ve (PR, (- )2 dH?

ca

2
L /3 q
ts (5;,[ - g) (/BB[ 0.2 dH2> , (A.10)

Appendix B

The functions ¢ through o7 in the components (4.55) and the constants 87 and
Bs in relations (4.54) were computed using Wolfram Mathematica software. They

read as

10834
Poi — =55 3Ban

1581 wilyl?
ap =———— — 2B+ Bs2u +31) + ,
I+ A Iy IyP®
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2B3(5u+31)
g, 3 (PSR - 26) ysp,
02 == 5 BT
J7 [yl [¥]
_ 3Bip(14u +254) 18B3u* 1584

w+A yPu+r 7

o _10584p 90831
ly° Iyl”
6 5 6A
o LOB1h | PHRETE — 6foit aspun
A+ A lyl? lyl”
3Bualy P14 + 153) B 4251 9pau

o = +4Bap + Bs(2p + 32) + 3 5

WA+ A Iyl Iyl
gy = B4 170 OBl 3 = a8yt +92) _ 0B

mA+ A Iy13 (e + 1) Iyl”
and

18a’ By + 6a2B3(5p +31) — 9 + A

67— 66y + B1 535(M ) ~OBan+ 1) ﬂs=3<%+ﬂ5>|3al
a’(u + i) a

with

B1 =ki (011 —733), B2 =ka(011 —033), B3 =k3(011 —033), Ba =ka(o11 —033),
B5 =ks(2011 +033), e = k(2011 +733),

where k; through k¢ are coefficients explicitly known in terms of A, u, A ¢, ¥, a,
and b. They read as

k

=20’ K " (u+ 1) [2a3u(u +2) +atyp —2ab*p(pn + 1) + b2y (u+ A)] :

1
k= bk [SOaSM <28u2 + 5670 + 27x2) 420047y (mz F o+ 3x2>

N

— 1008a°b? (11 + 2)* — 504a’b?y (it + 2) — 2ab” p(14 + 92) (14 + 192)
— b7y B4+ 150) (14 + 19)»)} ,
5 313 -1 8 7 7
ky = 2P K et 1) [Za w14 + 191) — 8a’y (T + 51) — 2ab’ (14 + 191)
+ b7y (14 + 190)]
ks =ab’K! [2a6,u(lt + ) (14 +190) — 8a >y (i + A) (T + 51)

— 2ab (i + 2) (144 + 192) — b3y p(14p + 19A)} ,

b3y —dap — 3ak )
- 12a% 2 + 3% = 3h gg) + 24a3y u — 3ab3 2p + 30) (4 + 3k o) + 663y (2 4+ 30)
ke = —a3b3 2y +aQu+ 3% — 34 )]
3(4a*n@u+ 3% = 3k ) + 8ady — ab3 (2 + 30) (4 + 34 ) + 263y 2+ 30))

ks
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where
K=pn [2a“u(14u +90) (14 + 194) — 8a'%% (T + 50) (141 + 91)
— 5048 (28u2 + 5600 + 27x2) —200a"b%y (mz F 1+ 3A2>
1 2016a%5% (i + )% + 1008a°b5y (i + 1) — 50a*b7 (28u2 + 56 + 27A2)
+25a%b7y <28u2 + 561h + 27x2) +2ab" (14 + 92) (140 + 191)

+5'09 (34 + 150) (140 + 19A)] .
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