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Abstract

Surface tension at cavity walls can play havoc with the mechanical properties of
perforated soft solids when the cavities are filled with a fluid. This study is an inves-
tigation of the macroscopic elastic properties of elastomers embedding spherical
cavities filled with a pressurized liquid in the presence of surface tension, starting
with the linearization of the fully nonlinear model and ending with the enhance-
ment properties of the linearized model when many such liquid filled cavities are
present.

1. Introduction

The study of the mechanics of interfaces in the continuum has a long and
rich history, with origins dating back to the classical works of Young [28] and
Laplace [20] on interfaces between fluids in the early 1800s, and these ofGibbs [15]
on the more general case of interfaces between solids and fluids in the 1870s. How-
ever it was only in 1975 that complete descriptions of the kinematics, the concept
of interfacial stress, and the balance of linear and angular momenta of bodies con-
taining interfaces were properly formulated, even when specialized to the basic
case of elastic interfaces [17,18]. The results remained abstract at the time, most
certainly because of the technical difficulties in measuring and tailoring mechanical
and physical properties of interfaces. In the early 2000s, the onset of new synthesis
and characterization tools reinvigorated the study of interfaces in soft matter. As
stated in [27]: “Soft solids, with their high compliance and ability to sustain large-
strain elastic deformation, provide unique experimental model systems that make
accessible direct measurements of this fundamental material property.1 Moving
forward, we anticipate a rich interplay between experiments and theory for a broad

1 By which the authors mean: strain dependent surface stress.
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range of solid materials. For example, experimental studies probing elastocapillary
mechanics in micro-structured polymer gels and elastomers …could inform our
understanding and design of nanostructured metals and semiconductors”.

In this context, elastomers filled with liquid—as opposed to solid—inclusions
are a recent trend in the soft matter community because they exhibit remarkable
mechanical and physical properties; see for example, [3,5,21,25–27,29]. In par-
ticular, the interfacial physics in these soft material systems can be actively tai-
lored to enhance or impede deformability. While the addition of liquid inclusions
should increase the macroscopic deformability of the material, the behavior of the
solid/liquid interfaces, if negligible when the inclusions are “large”, may counteract
this increase and lead to stiffening when the inclusions become sufficiently “small”.

As a first step in our understanding of this paradigm, a recent contribution
by one of us [13] derives the governing equations that describe the mechanical
response of a hyperelastic solid filled with initially spherical inclusions made of
a pressurized hyperelastic fluid when the solid/fluid interface is hyperelastic and
possesses an initial surface tension. Arguably, this corresponds to the most basic
type of elastomer filled with liquid inclusions.

From a mechanics standpoint, the main objectives of this work are twofold.
First, we derive the linearization of the governing equations put forth in [13] in

the limit of small deformations. Second, within that linearized setting, we derive the
homogenization limit of a periodic distribution of liquid inclusions as the period
gets smaller. Formal derivations of both results were proposed in [13,14]. Our
analysis corroborates those, although even an attentive reader may be at pains to
check that the results are identical because of differential geometric intricacies.

Of course, the notion of linearization in the context of elastomers may be open
to criticism because those do undergo large rotations and potentially very large
stretches during deformation. However, the derivation of the homogenized effect
of surface tension starting from the fully non-linear model seems at present a task
beyond reach, as will become clear when contemplating the energies that are in-
volved in the formulation of the problem (see (2.8), (2.9)). Note in this respect
that no homogenization results are available as of yet for true hyperelasticity. Fur-
thermore, the quirks of the homogenized behavior that we derive would persist,
provided that homogenization and linearization do commute, a result which has
not been established even in the standard setting of heterogeneous hyperelasticity;
see [16] for an attempt at such a result.

From a mathematical standpoint, given an elastic energy density W and an
interaction surface term J on the boundary of a ball Ba ⊂ � that will be detailed
below, we propose to linearize the energy

Eε(y) =
ˆ

�\Ba

W (∇ y) dx + J (y) − ε

ˆ
�\Ba

f · y dx

when the external load (here ε f ) is indeed of order ε, ε being a small parameter.
This is by now a classical problem that was first handled in [9] for finite elasticity
by computing the �(L2)-limit of

Iε(u) := 1

ε2

ˆ
�

W (I + ε∇u) dx
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for a standard elastic energy density W and showing the L2-compactness of almost
minimizers of v �→ Iε(v) − ´

�
f · v dx . The celebrated rigidity result of [12]

plays a pivotal role in the analysis.
Since [9], a similar linearization process has been implemented in a variety of

settings generally assuming that the relevant forces were of order ε and rescaling the
energy accordingly as above. In that spirit, the work which is closest to the current
investigation is [22] where live pressure loads are applied to an elastic body.

The current setting introduces a new feature in the analysis, namely a pre-
stress due to the liquid inclusions. This in turn changes the order of the various
contributions and results in a breakdown of the �-convergence process. We were
unfortunately unable to complete that process without the addition of a vanishing
higher order contribution to the energy. This is because, barring the presence of
such an additional term, we cannot hope to get a bound on the L2-norm of the tan-
gential gradient of the (rescaled) field along the boundary—that is, the solid/liquid
interface—of the liquid cavity (a sphere). Consequently, we are adding an appro-
priately vanishing second order term to our energy (see (3.1), (3.2)). A similar
technique was recently used in [1] to handle the linearization of a multi-well elastic
energy.

Our first result is the linearization Theorem 3.1 which gives rise from a P.D.E.
standpoint to a highly non trivial set of equations both on the solid part of the domain
and on the boundary of the liquid inclusions, that is, along the solid/liquid interface
(see Remark 3.4). To our knowledge, this linearization process is original on two
fronts. First the order of the linearization (ε2 if ε is the linearization parameter; see
(3.1)) is different from that of previous linearizarion processes (ε). Then, we do
not know of any other linearization process that results in a surface P.D.E. in the
linearized limit. This is so precisely because the linearization order is 2 and not 1.

Our second result, Theorem 4.1, is a periodic homogenization statement on the
linearized system with an appropriate rescaling of the surface tension on each inclu-
sion. The resulting homogenized behavior ends up being purely elastic. However,
the expression for the homogenized Hooke’s law incorporates a memory of the
presence of surface tension on the solid/liquid interfaces. This is achieved through
a somewhat intricate unfolding of the oscillating fields which heavily draws on the
specific spectral properties of spherical harmonics and, to our knowledge is the
first time a homogenization process is performed on a system that couples bulk and
surface P.D.E.’s.

The homogenization result promotes elastic enhancement as detailed in Sect. 4.2.
Technical hurdles prevent the derivation of a general enhancement result so we have
to illustrate its occurrence on a uniaxial strain and for an isotropic base material;
see Proposition 4.4. We are confident that enhancement can always be achieved for
large enough surface tensions, although currently defeated in our attempts to prove
such a general statement.

Now for a few mathematical prerequisites. We recall that, for any C1-manifold
M embedded in an open set � ⊂ R

3 and any smooth field u : � → R
3, the

tangential gradient ∇τu of u at x ∈ M is defined as

∇τu(x) = ∇u(x) − ∇u(x)ν(x) ⊗ ν(x),
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where ν(x) is the unit normal to M at x . Similarly, the tangential divergence of u
at x ∈ M is defined as

divτ u(x) = div u(x) − (∇u)T (x)ν(x) · ν(x).

Note that, for any smooth vector field v on a smooth oriented manifold M with
normal unit vector ν,

∇τ (divτ v) = (I − ν ⊗ ν) divτ (∇τ v)T − ∇τ ν(∇τ v)T ν, (1.1)

where the tangential divergence of a tensor-valued function S is defined as divτ S ·
e = divτ (ST e) for any vector e (see [8, Lemma 2.6]).

We also recall a few useful algebraic identities. In the following M
3×3 stands

for the space of (3 × 3)-matrices with I as the identity matrix and M
3×3
sym for the

subspace of symmetric (3 × 3)-matrices.
For any A, B ∈ M

3×3 with det A �= 0 one has

cof(A + B) = cof A + cof B

+ 1

det A

(
(cof A · B) cof A − (cof A)BT (cof A)

)
(1.2)

(see, for example, [24, Proposition 1.6]).
Also, the Cayley–Hamilton Theorem implies that, for any A ∈ M

3×3,

1

2

(
(tr A)2 − tr A2)A − (tr A)A2 + A3 = (det A)I,

so that

cof A = 1

2

(
(tr A)2 − tr A2)I − (tr A)AT + (AT )2, (1.3)

from which we also obtain that

tr(cof A) = 1

2

(
(tr A)2 − tr A2). (1.4)

Finally, if {τ1, τ2, ν} form an orthonormal basis of vectors with τ1 × τ2 = ν,

(cof A)ν = Aτ1 × Aτ2 for every A ∈ M
3×3. (1.5)

Notationwise, we denote by Br the open ball of center 0 and radius r > 0
and by id the identity mapping (id(x) = x). Also, throughout {	ei , i = 1, 2, 3} is
the canonical orthonormal basis of R3 and 	er is the unit normal at the point under
consideration on any sphere.

We always omit the target space when writing a norm, so, for example, if
u : � → R

3, ‖u‖L2(�) is the L2(�;R3)-norm of u.
We say that a sequence (aε) ⊂ R indexed by ε ↘ 0 is of the order of εα (and

write aε � εα) if there exist two positive constants c, c′ such that cεα � aε � c′εα

for all ε. The symbol ⊂⊂ means “compactly contained in” and the symbol � stands
for “periodic”. The characteristic function of a set A is denoted by χA.

Finally, “·” stands for the Euclidean inner product on R
3 as well as for the

Frobenius inner product on matrices, that is A · B := tr(BT A) for A, B ∈ M
3×3.
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2. The Nonlinear Formulation

2.1. Setting

Let � ⊂ R
3 be a Lipschitz bounded domain containing a closed ball Ba with

a > 0.
The elastomer occupying �\Ba is assumed to possess an elastic energy density

W : M3×3 → [0,+∞] that satisfies what are by now the usual assumptions of
geometrically non-linear elasticity theory, namely,

(i) W (F) = W (RF) for every F ∈ M
3×3 and R ∈ SO(3),

(ii) W (I ) = 0, W (F) = +∞ if det F � 0,

(iii) W (F) � c dist2(F, SO(3)) for every F ∈ M
3×3, for some c > 0,

(iv) W is C2 in a neighborhood of SO(3) and A := ∂2W/∂F2(I ),

(v) W (F) → +∞ as det F → 0+.

Remark 2.1. The assumptions on W imply that the quadratic form F �→ Q(F) :=
AF · F is positive definite on symmetric matrices. ¶

The ball Ba is filled with a compressible pressurized liquid. The initial Cauchy
pressure is p. We take the internal energy density of the liquid to be

W f�(F) := λ f�

2
(det F − 1)2 − p det F, λ f� > 0. (2.1)

In other words, the liquid is assumed to be an elastic fluid with bulk modulus λ f�.
This corresponds to a first Piola–Kirchhoff stress of the form

P = ∂W f�

∂F
(F) = (−p + λ f�(det F − 1)) cof F, (2.2)

and hence, to a Cauchy stress of the form


 = (−p + λ f�(det F − 1))I.

Denote by y : � → R
3 the deformation and by νy(x) the exterior normal to

y(Ba) at y(x). Because of the presence of interfacial forces at the solid/liquid inter-
face ∂Ba , the interface ∂Ba exerts a normal force per unit surface area−γ κ(y(x))νy(x)
on the liquid. In this last expression, γ � 0 stands for the surface tension of
the solid/liquid interface, an intrinsic property of the interface at hand, while
κ(y(x)), x ∈ ∂Ba , is the mean curvature at the image of x under the deforma-
tion y.

We assume that, in the absence of any external loading process, the initial liquid
pressure p is so that the hydrostatic pressure −p	er equilibrates the surface tension
without deformation of the ball so that, y ≡ id, κ ≡ −2/a and

p = 2γ /a. (2.3)

The relation (2.3) between the pressure p and the surface tension γ will be
assumed throughout the rest of the paper.
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The contribution to the energy of the surface tension is γH2(∂y(Ba)). Indeed,
assuming that y is a C2-diffeomorphism on � so that, in particular, y(�) is open,
and ∂y(Ba) is a C2-manifold, and considering a deformation of the form �ε(y) =
y+εz(y) with z smooth and compactly supported in y(�), we get (see [2, Theorems
7.31, 7.34])

∂

∂ε
H2(∂�ε(y(Ba)))|ε=0 =

ˆ
∂y(Ba)

divτ z dH2

= −
ˆ

∂y(Ba)
κ(y)νy · z dH2. (2.4)

Now, since y is one to one and ∂y(Ba) = y(∂Ba), the area formula yields

H2(∂y(Ba)) =
ˆ

∂Ba
| cof ∇ y	er | dH2 (2.5)

and that contribution becomes

γ

ˆ
∂Ba

| cof ∇ y	er | dH2. (2.6)

Further, the fluid must be in equilibrium; thus div P = 0 in Ba with P defined
by (2.2). Explicit computations yield

0 = div P = λ f�(cof ∇ y)T∇(det ∇ y).

Since det ∇ y > 0, the matrix (cof ∇ y)T is invertible, hence det ∇ y ≡ cst in Ba

and the constant must be |y(Ba)|/|Ba |. So, recalling (2.1), the contribution of the
fluid to the energy is

− p|y(Ba)| + λ f�

2
|Ba |

( |y(Ba)|
|Ba | − 1

)2

. (2.7)

In view of (2.6), (2.7), we conclude that, for y a C2-diffeomorphism on � and
in the presence of a body load applied to the solid part of � and of density ε f with
ε > 0 and f : �\Ba → R

3, the total energy is given by

Eε(y) :=
ˆ

�\Ba

W (∇ y) dx + J (y) − ε

ˆ
�\Ba

f · (y − x) dx, (2.8)

where

J (y) := γ

ˆ
∂Ba

|(cof ∇ y)	er | dH2 + λ f�

2
|Ba |

( |y(Ba)|
|Ba | − 1

)2

−p|y(Ba)|. (2.9)

Note that we can always write

|y(Ba)| =
ˆ
Ba

det ∇ y(x) dx = 1

3

ˆ
∂Ba

cof ∇ y	er · y dH2.
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Remark 2.2. From a mechanical standpoint the imposition of a (dead) body load
acting only on the solid part of the domain �\Ba might seem unrealistic. It would
certainly be more appropriate to impose surface loads on ∂�\�, where � is the
Dirichlet part of the boundary. Of course surface loads are generally live loads and
this would add an additional level of complexity which we do not want to address
here. The interested reader is directed to [22] where a study of linearization in the
presence of pressure loads is undertaken.

The undeformed geometry of the inclusions (spheres) might seem very re-
strictive. But, from a mathematical standpoint, it is the only geometry which is
compatible with the premise of this study, that is that, in the absence of any kind
of loading, the solid part of the body does not feel the presence of liquid inclusion,
thereby giving the identity a chance to be an energetic minimizer. This is so because
the pressure in those inclusions is a constant. Consequently, only spherical cavities
will induce a surface tension which can match the hydrostatic pressure.

Besides, from a more physical standpoint, the actual fabrication process of
soft solids with liquid inclusions consists, as a first step, in mixing the liquid (for
example, glycerol, ionic liquid, ferrofluid, or liquid metal) that will make up the
inclusions with the elastomer in a liquid state. Then, solidification through cross-
linking results in the remaining liquid self-arranging into spherical inclusions; see
for example Sect. 2 in the Supplementary Material in [26]. The literature on elas-
tomers filled with liquid inclusions only deals with spherical liquid bubbles, this
precisely because of that process. ¶

2.2. Existence of a Minimizer in the Absence of External Loads

As seen in the previous Subsection, relation (2.3) ensures that the pressure in
the fluid Ba is balanced by the surface tension on ∂Ba in the initial configuration.
Consequently, in the absence of external loadings, no loads are applied to the solid
part of �, that is to �\Ba . Thus the identity mapping id should in essence be a
“stationary point" for J , this independently of the values of γ or λ f�. Of course,
such will only be true for smooth variations because of the determinant constraint.

In the context of (2.8), we investigate if and when the identity mapping id is an
energetic minimizer when f ≡ 0.

Formally, the isoperimetric inequality implies that

H2(∂y(Ba)) � (36π)1/3|y(Ba)|2/3 =: C |y(Ba)|2/3,

so that, in view of (2.5),

J (y) � γC |y(Ba)|2/3 + λ f�

2
|Ba |

( |y(Ba)|
|Ba | − 1

)2

− p|y(Ba)|.

Set

�(t) := γCt2/3 + λ f�

2
|Ba |

(
t

|Ba | − 1

)2

− pt for t � 0,
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and note that

�(0) = 2

3
πλ f�a

3 > 0, �′(0) = +∞, lim
t→+∞ �(t) = lim

t→+∞ �′(t) = +∞,

and �′′(t) < 0 for t < t∗, �′′(t) > 0 for t > t∗ with

t∗ =
(

9λ f�

2γC |Ba |
)−3/4

.

Now, recalling (2.3), �′(t∗) = ((211/33)λ f�)
1/4(γ /a)3/4 − (λ f� + 2γ /a). The

maximum in γ /a of the previous expression is attained at γ /a = (3/2)λ f� and it
is 0, so that �′(t∗) < 0 except when γ = (3/2)λ f�a in which case �′(t∗) = 0.

In view of the already established properties of �, this means that, for γ �=
(3/2)λ f�a, � has a unique maximizer at some point t ′ < t∗ and a unique minimizer
at some point t ′′ > t∗. Now, �′(|Ba |) = 0 and �′′(|Ba |) = a−3/π(3λ f�/4 −
γ a−1/2), which is positive if and only if γ < (3/2)λ f�a. In that case, |Ba | must
be a minimizer and it is unique.

For γ = (3/2)λ f�a we have �′(t) � 0 for t > 0 and thus � is increasing.
Further �(|Ba |) > �(0), so |Ba | is not a minimizer of �.

Since the elastic energy
´
�\Ba

W (∇ y)dx is strictly positive for y �= Rx + c
we conclude that, provided that γ < (3/2)λ f�a, Eε is only minimized at y = id,
and also possibly at y = Rx + c for R ∈ SO(3) and c ∈ R

3, if we have imposed
no boundary conditions on y.

In conclusion, we have obtained the following:

Lemma 2.3. In the absence of external loadings and under assumption (2.3), id
is the unique minimizer of Eε (possibly up to rotations and translations) provided
that

γ <
3

2
λ f�a (or equivalently p < 3λ f�). (2.10)

Furthermore,

Eε(id) = 4

3
πγ a2. (2.11)

Remark 2.4. Condition (2.10) is always satisfied by incompressible liquids, that
is when λ f� = +∞. ¶

From now onward, we restrict the setting to that for which both (2.3) and (2.10)
hold true.

3. Linearization in the Presence of a Higher Order Regularization

As mentioned in the introduction, the linearization process cannot succeed
without the addition of a regularizing term.

For simplicity we will assume henceforth that the domain � is clamped on a
part � of its boundary, so that we can apply Poincaré’s inequality. We assume �
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to be a non-empty subset of ∂�, open in the relative topology of ∂� and such that
cap2(�\�) = 0 (we refer to [11, Section 4.7] for the notion of 2-capacity). This last
condition is needed to ensure a suitable density result in the proof of the �-limsup
inequality.

Let q > 3 and

W 2,q
� (�;R3) := {u ∈ W 2,q(�;R3) : u = 0 on �}.

Recalling (2.11), we consider for a given load f ∈ L2(�\Ba;R3) the regularized
functional Fε defined on L2(�\Ba;R3) as

Fε(u) :=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1

ε2

(
Eε(id + εu)−Eε(id)

)
+ ηε

ˆ
�\Ba

|∇2u|q dx,
u ∈ (C2

loc ∩ W 2,q
� )(�;R3)

∞, else

(3.1)

where

εq/3/ηε
ε→ 0. (3.2)

We define

A := {u ∈ H1(�\Ba;R3) : u · 	er ∈ H1(∂Ba) and u = 0 on �} (3.3)

and the functional

F(u) :=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1

2

ˆ
�\Ba

Q(Eu) dx+ γ

2

ˆ
∂Ba

|∇τ (u · 	er )|2 dH2 − γ

a2

ˆ
∂Ba

|u · 	er |2 dH2

+ λ f�

2|Ba |
(ˆ

∂Ba
u · 	er dH2

)2

−
ˆ

�\Ba

f · u dx, u ∈ A

∞, else

with Eu := 1/2(∇u + ∇uT ) and Q defined as in Remark 2.1.
Our first main result is the following compactness and convergence theorem:

Theorem 3.1. Assume that (2.3) and (2.10) hold true. Let (uε) be a sequence in
C2
loc(�;R3) ∩ W 2,q

� (�;R3) such that

Fε(u
ε) � C. (3.4)

Then there exists u ∈ A such that, up to subsequences, uε converge to u weakly in
H1(�\Ba;R3) and uε · 	er ⇀ u · 	er weakly in H1(∂Ba).

Furthermore, the�-limit ofFε in the strong L2(�\Ba;R3) topology is precisely
F .

Remark 3.2. Condition (3.4) is clearly satisfied by any minimizing sequence (uε)

of Fε since Fε(0) = 0. ¶
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Remark 3.3. By (A.4) and (2.10) we have

γ

2

ˆ
∂Ba

|∇τ (u · 	er )|2 dH2 − γ

a2

ˆ
∂Ba

|u · 	er |2 dH2 + λ f�

2|Ba |
(ˆ

∂Ba
u · 	er dH2

)2
� 0

for any u ∈ A. Furthermore, again by (A.4) and (2.10), for every δ > 0 small
enough the following coercivity property holds:

γ

2

ˆ
∂Ba

|∇τ (u · 	er )|2 dH2 − γ

a2

ˆ
∂Ba

|u · 	er |2 dH2 + λ f�

2|Ba |
(ˆ

∂Ba
u · 	er dH2

)2

� δ

ˆ
∂Ba

|∇τ (u · 	er )|2 dH2 − 2
δ

a2

ˆ
∂Ba

|u · 	er |2 dH2

for any u ∈ A. ¶

Proof of Theorem 3.1. We split the proof into three steps.

Step 1: Compactness. By (3.4) we deduce that

1

ε2

(ˆ
�\Ba

W (I + ε∇uε) dx + J (id + εuε) − 4

3
πγ a2

)

+ηε

ˆ
�\Ba

|∇2uε|q dx

�
ˆ

�\Ba

f · uε dx + C � ‖ f ‖L2(�\Ba)
‖uε‖L2(�\Ba)

+ C. (3.5)

Since J (id + εuε) � 4
3πγ a2 by Lemma 2.3, for some possibly larger C > 0 we

have ˆ
�\Ba

W (I + ε∇uε) dx � Cε2(‖uε‖L2(�\Ba)
+ 1).

We now apply the rigidity estimate [12, Theorem 3.1] and conclude that there exists
a constant Rε ∈ SO(3) such that

‖I + ε∇uε − Rε‖2
L2(�\Ba)

� Cε2(‖uε‖L2(�\Ba)
+ 1). (3.6)

Let ξε be the mean of the function id+εuε−Rεx on�\Ba . By Poincaré–Wirtinger’s
inequality we obtain

‖id + εuε − Rεx − ξε‖2
H1(�\Ba)

� Cε2(‖uε‖L2(�\Ba)
+ 1).

Since uε = 0 on �, the continuity of the trace operator yields

‖id − Rεx − ξε‖2
L2(�)

� C‖id + εuε − Rεx − ξε‖2
H1(�\Ba)

� Cε2(‖uε‖L2(�\Ba)
+ 1).

By [9, Lemma 3.3] (see also the proof of [9, Proposition 3.4]) this implies that

|I − Rε| � Cε2(‖uε‖L2(�\Ba)
+ 1).



Arch. Rational Mech. Anal.           (2025) 249:5 Page 11 of 40     5 

Consequently, by (3.6) and the boundary condition on �, we conclude that

(uε) is bounded in H1(�\Ba;R3). (3.7)

Therefore, by (3.5) we obtain

J (id + εuε) − 4

3
πγ a2 � Cε2 (3.8)

and

ηε

ˆ
�\Ba

|∇2uε|q dx � C.

By Sobolev embedding we deduce that

‖∇uε‖C0(�\Ba) � C
(‖∇uε‖L2 + ‖∇2uε‖Lq

)
� C + C

(
1

ηε

) 1
q

.

Thus, by (3.2),

ε‖∇uε‖C0(�\Ba) � C

(
εq

ηε

) 1
q =: Cσε → 0. (3.9)

In all that follows the O(σ 3
ε ) terms should be understood as quantities whose

norm in C0(�\Ba) is of order σ k
ε with k � 3. In other words, because of estimate

(3.9), we can neglect in the �-convergence process all terms that are more than
quadratic in ε∇uε.

Using (1.2) we have that

det(I + ε∇uε) = 1 + ε div uε + ε2 tr(cof ∇uε) + ε3 det ∇uε, (3.10)

while

cof(I + ε∇uε) = I + ε
(
(div uε)I − (∇uε)T

) + ε2 cof ∇uε. (3.11)

From (1.3) and (1.4) we can further write that

cof(I + ε∇uε) = I + ε
(
(div uε)I − (∇uε)T

)

+ε2( tr(cof ∇uε)I − div uε(∇uε)T + (∇uε)T (∇uε)T
)
. (3.12)

By (3.11) we obtain

| cof(I + ε∇uε)	er |2 = 1 + 2ε
(

div uε − (∇uε)T 	er · 	er
)

+ ε2(|(div uε)	er − (∇uε)T 	er |2 + 2 cof ∇uε	er · 	er
)

+ O(σ 3
ε ). (3.13)

The ε-term in (3.13) reads as 2ε divτ uε, while for the ε2-term we use that

(div uε)	er − (∇uε)T 	er = (divτ u
ε)	er − (∇τu

ε)T 	er (3.14)
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so that

|(div uε)	er − (∇uε)T 	er |2 = |(divτ u
ε)	er − (∇τu

ε)T 	er |2
= (divτ u

ε)2 + |(∇τu
ε)T 	er |2.

Finally, from (1.5), we deduce that cof ∇uε	er = cof ∇τuε	er . Thus,

| cof(I + ∇uε)	er |2 = 1 + 2ε divτ u
ε + ε2(|(∇τu

ε)T 	er |2 + (divτ u
ε)2

+2 cof ∇τuε	er · 	er
) + O(σ 3

ε ).

Using the expansion
√

1 + x = 1 + 1
2 x − 1

8 x
2 + O(x3), we conclude that

| cof ∇ yε	er | = 1 + ε divτ u
ε + ε2

2

(|(∇τu
ε)T 	er |2 + 2 cof ∇τuε	er · 	er

)

+O(σ 3
ε ). (3.15)

From (1.3) and (1.4) we have that

2 cof ∇τuε	er · 	er = 2 tr(cof ∇τu
ε) − (divτ u

ε)(∇τu
ε)T 	er · 	er

+(∇τu
ε)T (∇τu

ε)T 	er · 	er ,
but, since ∇τuε	er = 0,

−(divτ u
ε)(∇τu

ε)T 	er · 	er + (∇τu
ε)T (∇τu

ε)T 	er · 	er = 0,

so that, using (1.4) once again,

2 cof ∇τuε	er · 	er = 2 tr(cof ∇τu
ε) = (divτ u

ε)2 − (∇τu
ε)T · ∇τu

ε.

Hence (3.15) finally reads as

| cof ∇ yε	er | = 1 + ε divτ u
ε + ε2

2

(|(∇τu
ε)T 	er |2 + (divτ u

ε)2 − (∇τu
ε)T · ∇τu

ε
)

+O(σ 3
ε ). (3.16)

With the help of (3.10) and (3.16) we get, from (2.9), that

J (id + εuε) = γH2(∂Ba) − p|Ba | + ε

ˆ
∂Ba

(
γ divτ u

ε − puε · 	er
)
dH2

+ε2
(ˆ

∂Ba

γ

2

(
|(∇τu

ε)T 	er |2 + (divτ u
ε)2 − (∇τu

ε)T · ∇τu
ε
)
dH2

+ λ f�

2|Ba |
(ˆ

∂Ba
uε · 	er dH2

)2

− p
ˆ
B

tr(cof ∇uε) dx

)
+ O(σ 3

ε ). (3.17)

In view of (2.3), the constant term in (3.17) is 4/3πγ a2 while the linear term
disappears upon invoking the second equality in (2.4) for the sphere ∂Ba .

Note also that, with the help of (1.4) once again,

tr(cof ∇uε) = 1

2

(
(div uε)2 − tr[(∇uε)2]) = 1

2

(
div(div uεuε) − div(∇uεuε)

)
,



Arch. Rational Mech. Anal.           (2025) 249:5 Page 13 of 40     5 

so the last term in (3.17) can be written as the boundary term

− p

2

ˆ
∂Ba

uε · (div uε	er − (∇uε)T 	er ) dH2

or still, in view of (3.14), as

− p

2

ˆ
∂Ba

(
divτ u

εuε · 	er − uε · (∇τu
ε)T 	er

)
dH2.

Summing up, (3.17) also reads as

J (id + εuε) − J (id)

= ε2
(ˆ

∂Ba

γ

2

(
|(∇τu

ε)T 	er |2 + (divτ u
ε)2 − (∇τu

ε)T · ∇τu
ε
)
dH2

+ λ f�

2|Ba |
(ˆ

∂Ba
uε · 	er dH2

)2

− p

2

ˆ
∂Ba

(
divτ u

εuε · 	er − uε · (∇τu
ε)T 	er

)
dH2

)
+ O(σ 3

ε ). (3.18)

Appealing to (1.1), we obtain, after some algebraic manipulations,

(divτ u
ε)2 − (∇τu

ε)T : ∇τu
ε = divτ (divτ u

εuε − ∇τu
εuε)

+ (divτ (∇τu
ε)T · 	er )(uε · 	er ) + (∇τu

ε)T 	er · (∇τ 	er )T uε.

Therefore, using the second equality in (2.4) and (2.3), (3.18) reduces to

J (id + εuε) − J (id)

= ε2
(ˆ

∂Ba

γ

2

(
|(∇τ u

ε)T 	er |2 + (divτ (∇τ u
ε)T · 	er )(uε · 	er ) + (∇τ u

ε)T 	er · (∇τ 	er )T uε
)
dH2

+ λ f�

2|Ba |
(ˆ

∂Ba
uε · 	er dH2

)2 )
+ O(σ 3

ε ). (3.19)

We now write uε = vε +ϕε	er , where vε · 	er = 0 and ϕε = uε · 	er . By differentiating
we have

(∇τ v
ε)T 	er = −(∇τ 	er )T vε = −1

a
vε

since ∇τ 	er = 1/a(I − 	er ⊗ 	er ). Thus

(∇τu
ε)T 	er = ∇τ ϕ

ε − (∇τ 	er )T vε = ∇τ ϕ
ε − 1

a
vε. (3.20)

Therefore,

(∇τu
ε)T 	er · (∇τ 	er )T uε = (∇τu

ε)T 	er · (∇τ 	er )T vε

= (∇τu
ε)T 	er ·

(
1

a
vε

)

= 1

a
∇τ ϕ

ε · vε − 1

a2 |vε|2, (3.21)



    5 Page 14 of 40 Arch. Rational Mech. Anal.           (2025) 249:5 

while, using that ∇τuε	er = 0 and that ∇τ ϕ
ε · 	er = 0,

divτ (∇τu
ε)T · 	er = divτ (∇τu

ε	er ) − (∇τu
ε)T : ∇τ 	er

= −(∇τu
ε)T · ∇τ 	er

= −1

a
divτ u

ε = −1

a
divτ vε − 2

a2 ϕε. (3.22)

Combining (3.20)–(3.22) together, expression (3.19) can again be rewritten as

J (id + εuε) − J (id)

= ε2
(ˆ

∂Ba

γ

2

(∣∣∇τ ϕε − 1

a
vε

∣∣2 − 1

a
ϕε div τ vε − 2

a2 |ϕε |2 + 1

a
∇τ ϕε · vε − 1

a2 |vε |2
)
dH2

+ λ f�

2|Ba |
(ˆ

∂Ba
ϕε dH2

)2
)

+ O(σ 3
ε ). (3.23)

Integrating by parts the second term in the first integral above yields, in view of the
second equality in (2.4),ˆ

∂Ba
ϕε divτ vε dH2 = −

ˆ
∂Ba

∇τ ϕ
ε · vε dH2 + 2

a

ˆ
∂Ba

ϕεvε · 	er dH2

= −
ˆ

∂Ba
∇τ ϕ

ε · vε dH2.

We finally conclude that expression (3.23) is given by

J (id + εuε) − J (id) = J (id + εuε) − 4

3
πγ a2

= ε2

(
γ

2

ˆ
∂Ba

|∇τ ϕ
ε|2 dH2 − γ

a2

ˆ
∂Ba

|ϕε|2 dH2 + λ f�

2|Ba |
(ˆ

∂Ba
ϕε dH2

)2
)

+O(σ 3
ε ), (3.24)

where we recall that ϕε = uε · 	er .
By (3.8), (3.2) and the definition (3.9) of σε, we deduce that

γ

2

ˆ
∂Ba

|∇τ (u
ε · 	er )|2 dH2

� γ

a2

ˆ
∂Ba

|uε · 	er |2 dH2 − λ f�

2|Ba |
(ˆ

∂Ba
uε · 	er dH2

)2

+C + 1

ε2 O(σ 3
ε )

� C + C‖uε‖2
L2(∂Ba)

+ C

(
εq/3

ηε

) 3
q

� C‖uε‖2
L2(∂Ba)

+ C.

Since (uε) is bounded in H1(�\Ba;R3), its trace on ∂Ba is bounded in L2(∂Ba;R3).
Therefore, the inequality above implies that

(∇τ (u
ε · 	er )) is bounded in L2(∂Ba;R3). (3.25)
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At the expense of extracting a subsequence, uε ⇀ u weakly in H1(�\Ba;R3),
uε → u strongly in L2(∂Ba;R3), and ∇τ (uε · 	er ) ⇀ ∇τ (u · 	er ) weakly in
L2(∂Ba;R3), for some u ∈ A, which completes the first part of the proof of
Theorem 3.1.

Step 2: �-liminf. Assume that uε → u strongly in L2(�;R3) and, also, without
loss of generality that Fε(uε) � C and lim inf Fε(uε) = lim Fε(uε). The first step
of this proof guarantees that (3.7), (3.9), (3.24), and (3.25) hold. Therefore, by (3.9)
and lower semicontinuity, we have that, up to a subsequence,

lim inf
ε→0

1

ε2

(
J (id + εuε) − 4

3
πγ a2

)

� γ

2

ˆ
∂Ba

|∇τ (u · 	er )|2 dH2 − γ

a2

ˆ
∂Ba

(u · 	er )2 dH2

+ λ f�

2|Ba |
(ˆ

∂Ba
u · 	er dH2

)2

. (3.26)

Moreover,

lim inf
ε→0

(
ηε

ˆ
�\Ba

|∇2uε|q dx −
ˆ

�\Ba

f · uε dx

)
� −

ˆ
�\Ba

f · u dx .
(3.27)

Finally, as in [9],

lim inf
ε→0

1

ε2

ˆ
�\Ba

W (I + ε∇uε) dx � 1

2

ˆ
�\Ba

Q(Eu) dx .

Note however that, in view of (3.9) and since the quadratic form Q is positive
definite (see Remark 2.1), the above liminf is trivial in our setting. Together with
(3.26) and (3.27), this proves that

lim
ε→0

Fε(u
ε) � F(u).

Step 3:�-limsup.We have to show that for every u ∈ A (see (3.3) for the definition
of A) there exists a sequence (uε) ⊂ C2

loc(�;R3) ∩ W 2,q
� (�;R3) such that uε

converge to u strongly in H1(�\Ba;R3), uε · 	er → u · 	er strongly in H1(∂Ba),
and

lim
ε→0

Fε(u
ε) = F(u). (3.28)

If u ∈ C2
loc(�\Ba;R3) ∩ W 2,q

� (�;R3), the constant sequence uε := ũ, where
ũ is any C2

loc extension of u to �, has all the desired properties. Indeed, since
q > 3, by Sobolev embedding ∇u is uniformly bounded in �\Ba , so that by
Taylor expansion

lim
ε→0

1

ε2

ˆ
�\Ba

W (I + ε∇u) dx = 1

2

ˆ
�\Ba

Q(∇u) dx
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and moreover (3.24) holds with O(ε3) in place of O(σ 3
ε ). Therefore,

lim
ε→0

1

ε2

(
J (id + εuε) − 4

3
πγ a2

)

= γ

2

ˆ
∂Ba

|∇τ (u · 	er )|2 dH2 − γ

a2

ˆ
∂Ba

|u · 	er |2 dH2 + λ f�

2|Ba |
(ˆ

∂Ba
u · 	er dH2

)2
.

Finally, since ηε → 0 by (3.2),

ηε

ˆ
�\Ba

|∇2u|q dx −
ˆ

�\Ba

f · u dx → −
ˆ

�\Ba

f · u dx .

Let now u ∈ A. By [1, Lemmas A.1 and A.2] and the assumptions on � there
exists a sequence (vn) ⊂ C∞(�\Ba;R3) such that vn = 0 on � and vn converge
to u strongly in H1(�\Ba;R3). Let η > 0 be such that Ba+η ⊂ �. Consider a
sequence (ψn) ⊂ C∞(∂Ba) that approximates u · 	er strongly in H1(∂Ba) (see for
example [19]).

Let U := Ba+η\Ba . Consider the solution wn of the following system:
{

−�wn = −�(vn · 	er ) in U,

wn = ψn on ∂Ba, wn = vn · 	er on ∂Ba+η.

By elliptic regularity we have that wn ∈ C∞(U ). Moreover,

wn → w strongly in H1(U ),

where w is the solution to
{

−�w = −�(u · 	er ) in U,

w = u · 	er on ∂U,

so that w = u · 	er . Further, by construction wn converges strongly to u · 	er in
H1(∂Ba).

Let ϕ ∈ C∞
c (Ba+η) be a cut-off function such that ϕ = 1 on Ba+η/2. Define

un := ϕ(wn − vn · 	er )	er + vn .

Then un ∈ C∞(�\Ba;R3) for every n, un → u strongly in H1(�\Ba;R3), and
un · 	er → u · 	er strongly in H1(∂Ba). Since we clearly have that F(un) → F(u),
the result is achieved through a diagonalization process. ��
Remark 3.4. (The linearized system) The �-convergence and compactness result
of Theorem 3.1 immediately implies the existence of a minimizer u for F on A.
Simple variations and use of the second equality in (2.4) then demonstrate that u
satisfies the following set of equations:
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

− div(AEu) = f in �\Ba,

γ�τ (u · 	er ) + 2
γ

a2 u · 	er + (
(AEu)	er

)
r − 3λ f�

4πa3

ˆ
∂Ba

u · 	er dH2 = 0 on ∂Ba,

(AEu)	er ‖ 	er on ∂Ba,

u = 0 on �, (AEu)ν∂� = 0 on ∂�\�,
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(3.29)

where, again, Eu = 1/2(∇u + ∇uT ) and �τ is the Laplace–Beltrami opera-
tor, defined by �τϕ = divτ (∇τ ϕ), on ∂Ba . Note that (AEu)	er is an element of
H−1/2(∂Ba;R3), so the notation (AEu)	er ‖ 	er means that it only acts on the radial
component of elements of H1/2(∂Ba;R3), while

(
(AEu)	er

)
r is defined through

the following equality:

〈((AEu)	er
)
r , v · 	er 〉 := 〈(AEu)	er , v〉H−1/2(∂Ba)×H1/2(∂Ba) (3.30)

for every v ∈ H1/2(∂Ba;R3).
Note that (3.29) has a unique solution since the associated quadratic form,

that is,

1

2

ˆ
�\Ba

Q(Eu) dx + γ

2

ˆ
∂Ba

|∇τ (u · 	er )|2 dH2 − γ

a2

ˆ
∂Ba

|u · 	er |2 dH2

+ λ f�

2|Ba |
(ˆ

∂Ba
u · 	er dH2

)2

is coercive on A in view of the positive definiteness of Q (see Remark 2.1) and
of Remark 3.3. So, uniqueness and existence in A—which we have already se-
cured, thanks to the �-convergence process—can be obtained directly through
Lax–Milgram lemma.

This is, to our knowledge, the first time that a linearization process produces an
interfacial PDE, this at the expense of introducing a vanishing regularization. The
set of PDE’s (3.29) is precisely that derived formally in [13] when specialized to
solid/liquid interfaces with constant surface tension γ . ¶

Remark 3.5. Testing (3.29) by 	er , we obtain with the help of (2.4) that

〈((AEu)	er
)
r , 1〉 =

(
3
λ f�

a
− 2

γ

a2

)ˆ
∂Ba

u · 	er dH2. ¶

Remark 3.6. The above result equally applies to domains containing any finite
number of liquid inclusions. ¶

4. The Linearized Problem in the Presence of Many Inclusions

4.1. Homogenization

In this subsection, we propose to investigate the limit (macroscopic) behavior
of a linearized solid filled with many periodically distributed liquid inclusions pres-
surized at the same pressure. Note that the periodicity assumption is not essential;
we adopt it below for brevity sake.

The setting is as follows. The domain � of the previous sections is under the
same loading f (defined as an element of L2(�;R3) this time) and boundary
conditions as before (see the beginning of Sect. 3).
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We cover � with identical disjoint cubes Y i
ε := εi + εY for i ∈ Z

3, Y :=
[−1/2, 1/2)3, each containing an identical centered spherical inclusion Bi

εa :=
εi + εBa with a < 1/2, filled with a liquid pressurized at the pressure εp. Let Iε
denote the set of centers i ∈ Z

3 such that Y i
ε ⊂ � and dist(Y i

ε , ∂�) � ε. Note that
#(Iε) � 1/ε3. We define the following domains:

�ε := �\
(
∪i∈Iε B

i
εa

)
, ωε := ∪i∈Iε (Y i

ε\Bi
εa), �̃ε := ∪i∈IεY i

ε .

Define κ : R3 → Z
3 so that

x ∈ Y κ(x)
1 ,

that is, κ(x) provides the center i ∈ Z
3 of the cube Y i

1 := i + Y containing x . In
particular,

x ∈ Y i
ε if and only if i = κ

( x
ε

)

for every x ∈ R
3.

As an immediate corollary of the results in Remark 3.4, the solution uε to the
system

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

− div(AEuε) = f in �ε,

εγ�τ (u
ε · 	er ) + 2

γ

εa2 u
ε · 	er + ((AEuε)	er )r

− 3λ f�

4πε3a3

ˆ
∂Bi

εa

u · 	er dH2 = 0 on ∂Bi
εa, i ∈ Iε,

(AEuε)	er ‖ 	er on ∂Bi
εa, i ∈ Iε,

u = 0 on �, (AEuε)ν∂� = 0 on ∂�\�

(4.1)

exists and is unique in the class

Aε :=
{
u ∈ H1(�ε;R3) : u · 	er ∈ ∪i∈Iε H1(∂Bi

εa) and u = 0 on �
}

. (4.2)

Note that the various powers of ε in (4.1) correspond to the rescaling of both p
and γ by ε, the natural scaling if one wishes to conserve both (2.3) and (2.10).

The solution uε is then the (unique) minimizer in Aε of the functional

Fε(v) := 1

2

ˆ
�ε

Q(Ev) dx +
∑

i∈Iε
Vε
i (v) −

ˆ
�ε

f · v dx, (4.3)

where

Vε
i (v) := γ ε

2

ˆ
∂Bi

εa

|∇τ (v · 	er )|2 dH2 − γ

εa2

ˆ
∂Bi

εa

(v · 	er )2 dH2

+ λ f�

2ε3|Ba |

(ˆ
∂Bi

εa

v · 	er dH2

)2

(4.4)
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for i ∈ Iε. Note that by (A.9) with K = λ f�a2/(2γ |Ba |) we can rewrite

Vε
i (v) = γ ε

2

ˆ
∂Bi

εa

|∇τ (P2
i,εa(v · 	er ))|2 dH2 − γ

εa2

ˆ
∂Bi

εa

|P2
i,εa(v · 	er )|2 dH2

+ 1

4πε3a3

(3λ f�

2
− γ

a

)
(ˆ

∂Bi
εa

v · 	er dH2

)2

, (4.5)

where P2
i,εa is the orthogonal projection in L2(∂Bi

εa) onto the orthogonal space to
affine functions, see Appendix A.

From the minimality of uε we have

0 = Fε(0) � Fε(uε)

� 1

2

ˆ
�ε

Q(Euε) dx +
∑

i∈Iε

{
γ ε

3

ˆ
∂Bi

εa

|∇τ (P
2
i,εa(u

ε · 	er ))|2 dH2

+ 1

4πε3a3

(3λ f�

2
− γ

a

)(ˆ
∂Bi

εa

uε · 	er dH2

)2
⎫
⎬

⎭

−
ˆ

�ε

f · uε dx, (4.6)

where we used (4.5) and the coercivity estimate (A.10) in Appendix A. By (2.10)
and because of the positive definite character of Q we deduce that

‖Euε‖2
L2(�ε)

� C‖uε‖L2(�ε). (4.7)

Appealing to [23, Theorem 4.2], there exists a linear extension operator

Rε : H1(�ε;R3) → H1(�;R3)

such that, for some constant C independent of ε,

‖Rεu‖H1(�) � C‖u‖H1(�ε),

‖ERεu‖L2(�) � C‖Eu‖L2(�ε)

for every u ∈ H1(�ε;R3). Because of this result we actually obtain, in lieu of
(4.7), that

‖ERεuε‖2
L2(�)

� C‖Rεuε‖L2(�),

so that, using Korn and Poincaré-Korn inequalities on �, we conclude that

‖Rεuε‖H1(�) � C. (4.8)

Furthermore, by (4.6) and (4.8), we deduce that

∑

i∈Iε

(ˆ
∂Bi

εa

uε · 	er dH2

)2

� Cε3 (4.9)
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and

ε
∑

i∈Iε

ˆ
∂Bi

εa

|∇τ (P
2
i,εa(u

ε · 	er ))|2 dH2 � C. (4.10)

Let

H1
�(�;R3) := {u ∈ H1(�;R3) : u = 0 on �}.

We propose to establish the following homogenization result:

Theorem 4.1. The unique solution uε to (4.1) can be extended to a function Rεuε ∈
H1(�;R3) such that

Rεuε ⇀ u weakly in H1(�;R3),

where u is the unique solution in H1
�(�;R3) of

{
− div(AhomEu) = (1 − |Ba |) f in �,

u = 0 on �, (AhomEu)ν∂� = 0 on ∂�\�,
(4.11)

with

AhomF · F := 2Fper (F, λF ) (4.12)

for every F ∈ M
3×3
sym and λF denotes the unique minimizer of Fper (F, ·) defined in

(4.17) below.
Furthermore, we have the corrector results

lim
ε

ˆ
ω∩ωε

∣∣∣∣
∣∣
Exu

ε − Exu − 1

ε3

3∑

i, j=1

(ˆ
Y κ(x/ε)

ε

(Exu)i j (z) dz

)
Eyλi j (x/ε)

∣∣∣∣
∣∣

2

dx

= 0 (4.13)

for any ω ⊂⊂ �, and

lim
ε

ε
∑

i∈Iε

ˆ
∂Bi

εa

∣∣∣∣∇τ (P
2
i,εa(u

ε · 	er ))

− 1

ε3 ∇τ

(
P2
a

( ˆ
Y i

ε

(
∇xu(z) y +

3∑

j,k=1

(Exu) jk(z)λ jk(y)
)
dz · 	er

))∣∣
∣
y=x/ε

∣∣∣∣
∣∣

2

dH2

= 0, (4.14)

where P2
a is the orthogonal projection in L2(∂Ba) onto the orthogonal space to

affine functions on ∂Ba while P2
i,εa is the orthogonal projection in L2(∂Bi

εa) onto

the orthogonal space to affine functions on ∂Bi
εa (see (A.5) in Appendix A) and

λi j := λFi j (4.15)

with (Fi j )kh = 1/2(δikδ jh + δihδ jk).
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In Theorem 4.1 above, the cell problem is given by

min
{Fper (F, ψ) : ψ ∈ X

}
,

where

X := {ψ ∈ H1
� (Y\Ba;R3) : ψ · 	er ∈ H1(∂Ba)} (4.16)

and

Fper (F, ψ) := 1

2

ˆ
Y\Ba

Q(Eψ + F) dy + γ

2

ˆ
∂Ba

|∇τ P
2
a ((ψ + Fy) · 	er )|2 dH2

− γ

a2

ˆ
∂Ba

|P2
a ((ψ + Fy) · 	er )|2 dH2

+ 1

2|Ba |
(

λ f� − 2γ

3a

)(ˆ
∂Ba

(ψ + Fy) · 	er dH2
)2

(4.17)

and P2
a is the orthogonal projection in L2(∂Ba) onto the orthogonal space to affine

functions on ∂Ba (see (A.1) in Appendix A).

Remark 4.2. As could be easily seen from reproducing the computations leading
to (A.9) in Appendix A, an equivalent expression for Fper defined in (4.17) above
is

Fper (F, ψ) = 1

2

ˆ
Y\Ba

Q(Eψ + F) dy + γ

2

ˆ
∂Ba

|∇τ ((ψ + Fy) · 	er )|2 dH2

− γ

a2

ˆ
∂Ba

((ψ + Fy) · 	er )2 dH2

+ λ f�

2|Ba |
(ˆ

∂Ba
(ψ + Fy) · 	er dH2

)2
.

In that form it is clear that an argument analogous to that used in Remark 3.3 would
demonstrate the existence and uniqueness of λF . We also note that, because of
Remark 3.3 and of (2.10),

Ahom defined in (4.12) is definite positive. ¶

Remark 4.3. Since

∇u − 1

ε3

ˆ
Y κ(x/ε)

ε

∇u(z)dz
ε−→ 0 strongly in L2(�;M3×3),

a simpler expression for the corrector results (4.13)–(4.14) can be obtained, namely

lim
ε

{ ˆ
ω∩ωε

∣∣∣∣
∣∣
Exu

ε − Exu −
3∑

i, j=1

(Exu)i jEyλi j (x/ε)

∣∣∣∣
∣∣

2

dx

+ε
∑

i∈Iε

ˆ
∂Bi

εa

∣∣∣
∣∇τ (P

2
i,εa(u

ε · er ))
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−∇τ

(
P2
a

⎛

⎝
(
∇xu y +

3∑

j,k=1

(Exu) jkλ jk(y)
)

· 	er
⎞

⎠
)∣∣∣

y=x/ε

∣
∣∣∣

2

dH2
}

= 0,

provided that, either Eyλi j ∈ L∞(Y ;M3×3
sym ) and ∇τ λi j ∈ L∞(∂Ba;R3) for all

i, j ∈ {1, 2, 3}, or that u turns out to be sufficiently smooth.
While the regularity of u will hinge, in particular, on the regularity of f , the

L∞ regularity of Eyλi j and of ∇τ λi j might be true, but we confess a lack of
determination in the matter. ¶

We now proceed with the proof of Theorem 4.1.

Proof of Theorem 4.1. We define the unfolding of uε adapting the ideas in [4,7]
(see also [6]).

The unfolding ûε : �̃ε × (Y\Ba) → R
3 is

ûε(x, y) = uε
(
εκ

( x
ε

)
+ εy

)
.

Observe that, for x ∈ Y i
ε , ûε does not depend on x , while as a function of y, it

just comes from uε by the change of variables y = (x − εi)/ε, which transforms

Y i
ε\Bi

εa into Y\Ba .

Using the definition of ûε and recalling that ωε = ∪i∈Iε (Y i
ε\Bi

εa), we have

ˆ
ωε

|∇uε(x)|2 dx =
∑

i∈Iε

ˆ
Y i

ε\Bi
εa

|∇uε(x)|2 dx = ε3
∑

i∈Iε

ˆ
Y\Ba

|∇uε(εi + εy)|2 dy

= 1

ε2

∑

i∈Iε

ˆ
Y i

ε

ˆ
Y\Ba

|∇y û
ε(x, y)|2 dy dx = 1

ε2

ˆ
�̃ε

ˆ
Y\Ba

|∇y û
ε(x, y)|2 dy dx .

(4.18)

Analogously, we obtain that

ˆ
ωε

Q(Euε) dx = 1

ε2

ˆ
�̃ε

ˆ
Y\Ba

Q(Ey û
ε(x, y)) dy dx (4.19)

∑

i∈Iε

ˆ
∂Bi

εa

|P2
i,εa(u

ε · 	er )|2dH2

= 1

ε

ˆ
�̃ε

ˆ
∂Ba

|P2
a (ûε(x, y) · 	er (y))|2 dH2(y)dx (4.20)

∑

i∈Iε

(ˆ
∂Bi

εa

uε · 	er dH2

)2

= ε

ˆ
�̃ε

(ˆ
∂Ba

ûε(x, y) · 	er (y) dH2(y)

)2

dx, (4.21)
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where 	er (y) := y/|y| and P2
a (ûε(x, ·) · 	er ) denotes the orthogonal projection in

L2(∂Ba) of the function y �→ ûε(x, y) · 	er (y) onto the orthogonal space to affine
functions on ∂Ba . Moreover,

∑

i∈Iε

ˆ
∂Bi

εa

|∇τ (P
2
i,εa(u

ε · 	er ))|2 dH2

= 1

ε3

ˆ
�̃ε

ˆ
∂Ba

|∇τ,y(P
2
a (ûε(x, ·) · 	er ))|2 dH2(y) dx . (4.22)

In view of (4.8)–(4.10), we conclude, in particular, that

1

ε2

ˆ
�̃ε

ˆ
Y\Ba

|∇y û
ε(x, y)|2 dy dx

+ 1

ε2

ˆ
�̃ε

ˆ
∂Ba

|∇τ,y(P
2
a (ûε(x, ·) · 	er ))|2 dH2(y) dx

+ 1

ε2

ˆ
�̃ε

(ˆ
∂Ba

ûε(x, y) · 	er (y) dH2(y)

)2

dx � C.

Let now

ŵε(x, y) := 1

ε
ûε(x, y) − 1

ε

 
Y\Ba

ûε(x, z) dz

= 1

ε
ûε(x, y) − 1

ε

 
Y

κ( xε )
ε \Bκ( xε )

εa

uε(z) dz. (4.23)

By the previous bounds and Poincaré–Wirtinger’s inequality applied to Y\Ba , a
(not relabeled) subsequence of ŵε satisfies

ŵε ⇀ ŵ weakly in L2(ω; H1(Y\Ba;R3)) (4.24)

and

P2
a (ŵε · 	er ) ⇀ P2

a (ŵ · 	er ) weakly in L2(ω; H1(∂Ba)) (4.25)

for any open set ω ⊂⊂ � and for some ŵ ∈ L2
loc(�; H1(Y\Ba;R3)) such that

ŵ · 	er ∈ L2
loc(�; H1(∂Ba)).

Further, in view of (4.8), we can assume that

Rεuε ⇀ u weakly in H1(�;R3). (4.26)

Take 	e1 as the first vector of the canonical basis inR3 and note that the definition
of ûε implies that

ûε

(
x + ε	e1,−1

2
, y2, y3

)
= ûε

(
x,

1

2
, y2, y3

)

for almost every x ∈ �̃ε and almost every (y2, y3) ∈ (−1/2, 1/2)2. Thus the
definition (4.23) of ŵε implies in turn that

ŵε

(
x + ε	e1,−1

2
, y2, y3

)
− ŵε

(
x,

1

2
, y2, y3

)
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= −
 
Y

κ( xε )
ε \Bκ( xε )

εa

Rεuε(z + ε	e1) − Rεuε(z)

ε
dz (4.27)

for almost every x ∈ �̃ε and almost every (y2, y3) ∈ (−1/2, 1/2)2. Thus, passing
to the limit, we get

ŵ
(
x,−1

2
, y2, y3

)
− ŵ

(
x,

1

2
, y2, y3

)
= − ∂u

∂x1
(x). (4.28)

Indeed, taking ϕ ∈ C∞
c (�;R3) and integrating (4.27) over the support K of ϕ we

get, for ε small enough,
ˆ
K

(
ŵε

(
x + ε	e1,−1

2
, y2, y3

)
− ŵε

(
x,

1

2
, y2, y3

))
ϕ(x) dx

=
ˆ

�̃ε

(
ŵε

(
x + ε	e1,−1

2
, y2, y3

)
− ŵε

(
x,

1

2
, y2, y3

))
ϕ(x) dx

= −
∑

i∈Iε

ˆ
Y i

ε

 
Y i

ε\Bi
εa

Rεuε(z + ε	e1) − Rεuε(z)

ε
ϕ(x) dz dx

= −
∑

i∈Iε

ˆ
Y i

ε

 
Y i

ε\Bi
εa

Rεuε(z + ε	e1) − Rεuε(z)

ε
ϕ(z) dz dx + O(ε)

= − 1

1 − |Ba |
ˆ

ωε

Rεuε(z + ε	e1) − Rεuε(z)

ε
ϕ(z) dz + O(ε)

= − 1

1 − |Ba |
ˆ

ωε

ϕ(z − ε	e1) − ϕ(z)

ε
Rεuε(z) dz + O(ε).

Since by periodicity χωε ⇀ 1 − |Ba | weakly∗ in L∞(ω) for every ω ⊂⊂ � and
Rεuε → u strongly in L2(�;R3) by (4.26) and Rellich Theorem, this yields (4.28).

Reasoning analogously with respect to the other vectors of the canonical basis,
we conclude that

û1(x, y) := ŵ(x, y) − ∇u(x)y ∈ L2
loc(�; H1

� (Y\Ba;R3)). (4.29)

We now consider v ∈ C∞(�;R3) with v = 0 on � and v1 ∈ C1
c (�;C1

�

(Y\Ba;R3)). Define vε by

vε(x) = v(x) + εv1

(
x,

x

ε

)
. (4.30)

By minimality we have

Fε(uε) � Fε(vε). (4.31)

By definition of Fε and (4.5), we have

Fε(vε) = 1

2

ˆ
�ε

Q(Evε) dx +
∑

i∈Iε

γ ε

2

ˆ
∂Bi

εa

|∇τ (P
2
i,εa(v

ε · 	er ))|2 dH2



Arch. Rational Mech. Anal.           (2025) 249:5 Page 25 of 40     5 

−
∑

i∈Iε

γ

εa2

ˆ
∂Bi

εa

|P2
i,εa(v

ε · 	er )|2 dH2

+
∑

i∈Iε

1

4πε3a3

(3λ f�

2
− γ

a

)(ˆ
∂Bi

εa

vε · 	er dH2

)2

−
ˆ

�ε

f · vε dx . (4.32)

Let us pass to the limit in the different terms of the right-hand side of (4.32). The
first term yields with obvious notation

1

2

ˆ
�ε

Q(Evε) dx = 1

2

ˆ
�ε

Q(Exv(x) + Eyv1(x, x/ε)) dx + O(ε)

= 1

2

∑

i∈Iε

ˆ
Y i

ε\Bi
εa

Q(Exv(εi) + Eyv1(εi, x/ε)) dx + O(ε)

= 1

2

∑

i∈Iε
ε3
ˆ
Y\Ba

Q(Exv(εi) + Eyv1(εi, y)) dy + O(ε)

= 1

2

ˆ
�̃ε

ˆ
Y\Ba

Q(Exv(x) + Eyv1(x, y)) dy dx + O(ε).

(4.33)

For the terms in (4.32) on the boundary of the balls Bi
εa we write

vε(x) = v(εi) + ∇xv(εi)(x − εi) + εv1(εi, x/ε) + ωi
ε(x)

for x ∈ ∂Bi
εa , where ‖ωi

ε‖C0(∂Bi
εa)

= O(ε2) and ‖ωi
ε‖C1(∂Bi

εa)
= O(ε). Using that

P2
i,εa(v(εi) · 	er ) = 0, we obtain for the second term in (4.32)

γ ε

2

∑

i∈Iε

ˆ
∂Bi

εa

|∇τ (P2
i,εa(v

ε · 	er ))|2 dH2

= γ ε2

2

∑

i∈Iε

ˆ
∂Bi

εa

∣
∣∇τ,x (P

2
i,εa(a∇xv(εi)	er · 	er + v1(εi, x/ε) · 	er ))

∣
∣2 dH2 + O(ε)

= γ

2

ˆ
�̃ε

ˆ
∂Ba

∣
∣∇τ,y(P

2
a (∇xv y · 	er + v1 · 	er ))

∣
∣2 dH2(y) dx + O(ε). (4.34)

Arguing in a similar way, the third term can be written as

γ

εa2

∑

i∈Iε

ˆ
∂Bi

εa

|P2
i,εa(v

ε · 	er )|2 dH2

= γ

a2

∑

i∈Iε

ˆ
∂Bi

εa

∣∣
∣P2

i,εa(a∇xv(εi)	er · 	er + v1(εi, x/ε) · 	er )
∣∣
∣
2
dH2 + O(ε)

= γ

a2

ˆ
�̃ε

ˆ
∂Ba

∣∣P2
a (∇xv y · 	er + v1 · 	er )

∣∣2 dH2(y) dx + O(ε). (4.35)
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For the fourth term we get

1

4πε3a3

∑

i∈Iε

(ˆ
∂Bi

εa

vε · 	er dH2

)2

= 1

4πεa3

∑

i∈Iε

(ˆ
∂Bi

εa

(a∇xv(εi)	er · 	er + v1(εi, x/ε) · 	er ) dH2

)2

+ O(ε)

= 1

4πa3

ˆ
�̃ε

(ˆ
∂Ba

(∇xv(x)y · 	er + v1(x, y) · 	er
)
dH2(y)

)2

dx

+O(ε). (4.36)

Finally, since by periodicity χωε∩ω ⇀ (1 − |Ba |)χω weakly in L2(�) for every
ω ⊂⊂ �, it is easily concluded, upon letting ω ↗ �, thatˆ

�ε

f · vε dx =
ˆ

�ε

f · v dx + O(ε) −→ (
1 − |Ba |

)ˆ
�

f · v dx . (4.37)

Collecting (4.33)–(4.37) and letting ε tend to 0, we finally obtain that, for vε as
in (4.30),

lim
ε

Fε(vε) = 1

2

ˆ
�

ˆ
Y\Ba

Q(Exv(x) + Eyv1(x, y)) dy dx

+ γ

2

ˆ
�

ˆ
∂Ba

∣
∣∇τ,y(P

2
a (∇xv(x) y · 	er + v1(x, y) · 	er ))

∣
∣2 dH2(y) dx

− γ

a2

ˆ
�

ˆ
∂Ba

∣
∣P2

a (∇xv(x) y · 	er + v1(x, y) · 	er )
∣
∣2 dH2(y) dx

+ 1

4πa3

(3λ f�

2
− γ

a

)ˆ
�

(ˆ
∂Ba

(∇xv(x)y · 	er + v1(x, y) · 	er
)
dH2(y)

)2

dx

− (1 − |Ba |
)ˆ

�

f (x) · v(x) dx . (4.38)

On the other hand, recalling (4.5) and making use of (4.19)–(4.22) and of the
definition (4.23) of ŵε, we have that for ω ⊂⊂ � and ε small enough,

Fε(uε) � 1

2

ˆ
ω

ˆ
Y\Ba

Q(Eyŵ
ε(x, y)) dy dx

+ γ

2

ˆ
ω

ˆ
∂Ba

|∇τ,y(P
2
a (ŵε(x, y) · 	er (y)))|2 dH2(y) dx

− γ

a2

ˆ
ω

ˆ
∂Ba

|P2
a (ŵε(x, y) · 	er (y))|2 dH2(y) dx

+ 1

4πa3

(3λ f�

2
− γ

a

) ˆ
ω

(ˆ
∂Ba

ŵε(x, y) · 	er (y) dH2(y)

)2

dx

−
ˆ

�ε

f · uε dx

=: G(ŵε) −
ˆ

�ε

f · uε dx, (4.39)
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where we also used that for almost every x

γ

2

ˆ
∂Ba

|∇τ,y(P
2
a (ŵε(x, ·) · 	er ))|2 dH2 − γ

a2

ˆ
∂Ba

|P2
a (ŵε(x, ·) · 	er )|2 dH2

+ 1

4πa3

(3λ f�

2
− γ

a

)(ˆ
∂Ba

ŵε(x, y) · 	er (y) dH2(y)

)2

� 0 (4.40)

by (A.7) with ε = 1, and (2.10).
Now, the inequality above and the positive definite character of Q imply that

the quadratic functional G defined in (4.39) is non-negative, hence convex on the
space of functions Xω with

Xω := {
w ∈ L2(ω; H1(Y\Ba;R3)) : P2

a (w · 	er ) ∈ L2(ω; H1(∂Ba))
}

= {
w ∈ L2(ω; H1(Y\Ba;R3)) : w · 	er ∈ L2(ω; H1(∂Ba))

}
.

Thus, in view of convergences (4.24)–(4.25) and of (4.29), weak lower semiconti-
nuity yields

lim inf
ε

Fε(uε)

� 1

2

ˆ
ω

ˆ
Y\Ba

Q(Ex u(x) + Ey û1(x, y)) dy dx

+ γ

2

ˆ
ω

ˆ
∂Ba

|∇τ,y P
2
a (∇x u(x) y · 	er (y) + û1(x, y) · 	er (y))|2 dH2(y) dx

− γ

a2

ˆ
ω

ˆ
∂Ba

|P2
a (∇x u(x) y · 	er (y) + û1(x, y) · 	er (y))|2 dH2(y) dx

+ 1

4πa3

(3λ f�

2
− γ

a

) ˆ
ω

(ˆ
∂Ba

(∇x u(x)y · 	er (y) + û1(x, y) · 	er (y)) dH2(y)

)2

dx

− lim sup
ε

ˆ
�ε

f · uε dx . (4.41)

Now, for any ωη ⊂⊂ � with |�\ωη| � η, we may write
ˆ

�ε∩ωη

f · uε dx =
ˆ

�ε∩ωη

f · Rεuε dx =
ˆ

ωη

χY\Ba
(x/ε) f · Rεuε dx .

Therefore, in view of (4.26) and Rellich’s Theorem we have
ˆ

�ε∩ωη

f · uε dx −→ (1 − |Ba |)
ˆ

ωη

f u dx .

Since
∣∣∣∣∣

ˆ
�ε\ωη

f · uεdx

∣∣∣∣∣
� C‖ f ‖L2(�\ωη) −→ 0

as η → 0, we deduce that

lim
ε

ˆ
�ε

f · uε dx = (1 − |Ba |)
ˆ

�

f u dx . (4.42)
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By (4.42) and by letting ω ↗ � in (4.41), we conclude that û1 ∈ L2(�; H1
�

(Y\Ba;R3)) and P2
a (û1 · 	er ) ∈ L2(�; H1(∂Ba;R3)) (and not only locally as in

(4.29) and as implied by (4.24)) and that

lim inf
ε

Fε(uε)

� 1

2

ˆ
�

ˆ
Y\Ba

Q(Exu(x) + Ey û1(x, y)) dy dx

+ γ

2

ˆ
�

ˆ
∂Ba

|∇τ,y P
2
a (∇xu(x) y · 	er + û1(x, y) · 	er (y))|2 dH2(y) dx

− γ

a2

ˆ
�

ˆ
∂Ba

|P2
a (∇xu(x) y · 	er + û1(x, y) · 	er (y))|2 dH2(y) dx

+ 1

4πa3

(3λ f�

2
− γ

a

)ˆ
�

(ˆ
∂Ba

(∇xu(x)y · 	er (y) + û1(x, y) · 	er (y)) dH2(y)

)2
dx

− (1 − |Ba |)
ˆ
�

f (x) · u(x) dx . (4.43)

By [1, Lemmas A.1 and A.2] and the assumptions on� the set {v ∈ C∞(�;R3) :
v = 0 on �} is dense in H1

�(�;R3). Further, C1
c (�;C1

� (Y\Ba;R3)) is, of course,

dense in L2(�; H1
� (Y\Ba;R3)) but also in L2(�,X ) because

C1
� (Y\Ba;R3) is dense in X defined in (4.16). Indeed, take ψ ∈ X and ψn ∈

C∞
� (Y\Ba;R3), gn ∈ C∞(∂Ba) converging strongly to ψ and ψ · 	er in

H1
� (Y\Ba;R3) and H1(∂Ba), respectively. Solve, with periodic boundary con-

ditions on ∂Y ,

{
�vn = �(ψn · 	er ) in Y\Ba,

vn = gn on ∂Ba,

so that vn ∈ C∞
� (Y\Ba) converges to ψ · 	er strongly in H1(Y\Ba) and vn|∂Ba

converges to ψ · 	er strongly in H1(∂Ba). Let η > 0 be such that a + η < 1/2 and
let ϕ ∈ C∞

c (Ba+η) be a cut-off function such that ϕ = 1 on Ba+η/2. Define

ζn := ϕ(vn − ψn · 	er )	er + ψn .

Clearly, ζn ∈ C∞
� (Y\Ba;R3) for every n, ζn → ψ strongly in H1

� (Y\Ba;R3),

and ζn · 	er → ψ · 	er strongly in H1(∂Ba).
In view of (4.31), (4.38), and (4.43), these density results establish that (u, û1)

is a solution of the problem

min

{ˆ
�

Fper (Exv(x), v1) dx − (1 − |Ba |)
ˆ

�

f · v dx :

(v, v1) ∈ H1
�(�;R3) × L2(�,X )

}
(4.44)

with Fper defined in (4.17) and X in (4.16).
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Further the minimizing pair (u, û1) is unique by Remark 4.2. In particular,
convergence of (ŵε) holds along the whole sequence and not only along a suitable
subsequence.

Moreover, by taking the lim sup instead of the lim inf in (4.41), we actually get
from (4.38), (4.39), together with the already mentioned density argument that, for
any ω ⊂⊂ �, as ε → 0,

Eyŵ
ε → Exu + Ey û1 strongly in L2(ω; L2(Y\Ba;R3)) (4.45)

and

∇τ,y(P
2
a (ŵε(x, ·) · 	er ))

→ ∇τ,y(P
2
a (∇xu y · 	er + û1 · 	er )) strongly in L2(ω; L2(∂Ba;R3)).

(4.46)

Note that, in view of (4.44) and of the definition of λF as the minimizer of
(4.17) for any F ∈ M

3×3
sym ,

û1(x, ·) =
3∑

i, j=1

(Exu(x))i jλi j , (4.47)

where λi j is defined in (4.15).
Then remark that (4.44) also reads as

min

{
1

2

ˆ
�

AhomEv(x) · Ev(x) dx − (1 − |Ba |)
ˆ

�

f · v dx : v ∈ H1
�(�;R3)

}

with Ahom defined in (4.12), which, together with (4.47), delivers (4.11).
Finally, convergences (4.45) and (4.46) above can in turn be rewritten in terms

of uε as follows. First, for ω ⊂⊂ �, consider Iω
ε ⊂ Iε the set of indices i such that

Y i
ε ⊂ ω and set ω̃ε := ∪i∈Iω

ε
(Y i

ε\Bi
εa). Then,

ˆ
ω̃ε

∣∣∣
∣Exu

ε(x) − 1

ε3

ˆ
Y κ(x/ε)

ε

(
Exu(z) + Ey û1(z, x/ε)

)
dz

∣∣∣
∣

2

dx

=
∑

i∈Iω
ε

ˆ
Y i

ε\Bi
εa

∣∣∣∣∣
1

ε3

ˆ
Y i

ε

(
Exu

ε(x) − Exu(z) − Ey û1(z, x/ε)
)
dz

∣∣∣∣∣

2

dx

� 1

ε3

∑

i∈Iω
ε

ˆ
Y i

ε\Bi
εa

ˆ
Y i

ε

∣∣Exu
ε(x) − Exu(z) − Ey û1(z, x/ε)

∣∣2 dzdx

�
ˆ

ω

ˆ
Y\Ba

∣∣1/εEy û
ε(x, y) − Exu(x) − Ey û1(x, y)

∣∣2 dydx

=
ˆ

ω

ˆ
Y\Ba

∣∣Eyŵ
ε(x, y) − Exu(x) − Ey û1(x, y)

∣∣2 dydx
ε→ 0 (4.48)

where we have used (4.23) and (4.45).
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Since

Exu − 1

ε3

ˆ
Y κ(x/ε)

ε

Exu(z)dz
ε−→ 0 strongly in L2(�;M3×3),

we conclude from (4.48) that

ˆ
ω̃ε

∣∣
∣∣Exu

ε(x) − Exu(x) − 1

ε3

ˆ
Y κ(x/ε)

ε

Ey û1(z, x/ε)dz

∣∣
∣∣

2

dx
ε−→ 0,

hence, in view of (4.47), that

ˆ
ω̃ε

∣∣∣∣
∣∣
Exu

ε − Exu − 1

ε3

3∑

i, j=1

(ˆ
Y κ(x/ε)

ε

(Exu)i j (z) dz

)
Eyλi j (x/ε)

∣∣∣∣
∣∣

2

dx
ε−→ 0.

(4.49)

Similarly, in the notation of the statement of Theorem 4.1, one can obtain

ε
∑

i∈Iω
ε

ˆ
∂Bi

εa

∣
∣∣
∣∇τ (P2

i,εa(u
ε · 	er ))

− 1

ε3 ∇τ

(
P2
a

( ˆ
Y i

ε

(
∇xu(z) y +

3∑

j,k=1

(Exu) jk(z)χ jk(y)
)
dz · 	er

))∣
∣
∣
y=x/ε

∣
∣∣
∣
∣
∣

2

dH2

ε−→ 0. (4.50)

Equations (4.49) and (4.50) yield (4.13) and (4.14). Indeed, we can replace ω̃ε and
Iω
ε by ω ∩ ωε and Iε in (4.49) and (4.50), respectively, upon choosing, for any

ω ⊂⊂ �, another set ω′ ⊂⊂ � containing all Y i
ε ’s that intersect ω.

In view of (4.26), the proof of Theorem 4.1 is complete. ��

4.2. Elastic Enhancement

In this last subsection, we compare the homogenized behavior obtained in the
first subsection with that of the elastomer without the inclusions. We establish in
a specialized setting the following counterintuitive result: a large enough surface
tension will produce elastic enhancement (stronger elasticities) in spite of the lack
of resistance to shear in the fluid inclusions.

To that effect we propose to compare between 1/2AF · F (the elastic energy
for a given constant strain F associated with the original material occupying the
whole volume) to 1/2AhomF · F = Fper (F, λF ). This will be done through a
“dualization" process.

First we recall the expression (4.17) for Fper as well as (A.7) in Appendix A.
We obtain the following inequality for every F ∈ M

3×3
sym and ψ ∈ X :

Fper (F, ψ) � 1

2

ˆ
Y\Ba

Q(Eψ + F) dy + γ

3

ˆ
∂Ba

|∇τ P
2
a ((ψ + Fy) · 	er )|2 dH2
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+ 1

2|Ba |
(

λ f� − 2γ

3a

)(ˆ
∂Ba

(ψ + Fy) · 	er dH2
)2

.

Taking a supremum over triplets (σ, ξ, t) ∈ L2(Y\Ba;M3×3
sym )× L2(∂Ba;R3)×R

with
⎧
⎪⎨

⎪⎩

div σ = 0 in Y\Ba,

σν taking opposite values on opposite sides of ∂Y,

σ 	er ‖ 	er on ∂Ba,

(4.51)

quadratic duality, integration by parts and (2.4) imply that

Fper (F, ψ) � sup
σ,ξ,t

{(ˆ
Y\Ba

σ dy

)
· F +

ˆ
Y\Ba

σ · Eψ dy

+2γ

3

ˆ
∂Ba

ξ · ∇τ P
2
a ((ψ + Fy) · 	er ) dH2

+ 1

|Ba |
(

λ f� − 2γ

3a

)
t

(ˆ
∂Ba

(ψ + Fy) · 	er dH2
)

−1

2

ˆ
Y\Ba

Q−1(σ ) dy − γ

3

ˆ
∂Ba

|ξ |2 dH2 − 1

2|Ba |
(

λ f� − 2γ

3a

)
t2
}

= sup
σ,ξ,t

{(ˆ
Y\Ba

σ dy +
ˆ

∂Ba
(σ 	er ) ⊗ y dH2

)
· F

−
ˆ

∂Ba
(σ 	er · 	er )((ψ + Fy) · 	er ) dH2

+2γ

3

ˆ
∂Ba

(
− divτ ξ + 2

a
ξ · 	er

)
P2
a ((ψ + Fy) · 	er ) dH2

+ 1

|Ba |
(

λ f� − 2γ

3a

)
t

(ˆ
∂Ba

(ψ + Fy) · 	er dH2
)

− 1

2

ˆ
Y\Ba

Q−1(σ ) dy

−γ

3

ˆ
∂Ba

|ξ |2 dH2 − 1

2|Ba |
(

λ f� − 2γ

3a

)
t2
}

.

In the right handside of the equality above, the term
´
∂Ba

divτ ξ P2
a ((ψ + Fy) ·

	er ) dH2 should be understood as a duality product between H1(∂Ba) and its dual.
Taking the infimum inψ in the previous inequality and using that infψ supσ,ξ,t �

supσ,ξ,t infψ yields

1

2
AhomF · F � sup

σ,ξ,t
inf
ψ

{(ˆ
Y\Ba

σ dy +
ˆ

∂Ba
(σ 	er ) ⊗ y dH2

)
· F

−
ˆ

∂Ba
(σ 	er · 	er )((ψ + Fy) · 	er ) dH2

+2γ

3

ˆ
∂Ba

(
− divτ ξ + 2

a
ξ · 	er

)
P2
a ((ψ + Fy) · 	er ) dH2



    5 Page 32 of 40 Arch. Rational Mech. Anal.           (2025) 249:5 

+ 1

|Ba |
(

λ f� − 2γ

3a

)
t

(ˆ
∂Ba

(ψ + Fy) · 	er dH2
)

− 1

2

ˆ
Y\Ba

Q−1(σ ) dy

−γ

3

ˆ
∂Ba

|ξ |2 dH2 − 1

2|Ba |
(

λ f� − 2γ

3a

)
t2
}

. (4.52)

Given (σ, ψ, t) the infimum at the right hand-side in (4.52) is −∞ unless the part
that is linear in ψ vanishes. Therefore, the supremum can be restricted to those
(σ, ψ, t) for which this linear term is zero. This is, in particular, the case if ξ and t
are such that

⎧
⎪⎪⎨

⎪⎪⎩

ˆ
∂Ba

(− divτ ξ + 2

a
ξ · 	er )y dH2 = 0,

2γ

3
(− divτ ξ + 2

a
ξ · 	er ) − σ 	er · 	er + 1

|Ba |
(

λ f� − 2γ

3a

)
t = 0 on ∂Ba .

(4.53)

We do not know how to optimally exploit (4.52) with the restrictions (4.51),
(4.53) on (σ, ψ, t) as a possible way to demonstrate enhancement for general A’s
or F’s. We propose instead to illustrate enhancement in the specific case of an
isotropic elastomer, that is, Ai jkh := λδi jδkh + μ(δikδ jh + δihδ jk), where λ,μ

stand for the Lamé constants, and for an axisymmetric shear strain F = F( f )
with

F( f ) := − f

2
(	e1 ⊗ 	e1 + 	e2 ⊗ 	e2) + f 	e3 ⊗ 	e3.

Then 1/2AF( f ) · F( f ) is 3/2μ f 2. Furthermore we will do so in the dilute limit,
that is when a ↘ 0.

We thus restrict σ , ξ , and t to be of the form

σ(y) =
{

σi j (y)	ei ⊗ 	e j in Sb = {y : a < |y| < b},
σ = σ 11 (	e1 ⊗ 	e1 + 	e2 ⊗ 	e2) + σ 33	e3 ⊗ 	e3 in Y\Sb,

ξ(y) = β7

(

− y1y2
3

a3 	e1 − y2y2
3

a3 	e2 +
(
y3

a
− y3

3

a3

)

	e3

)

,

t = β8, (4.54)

with components

σ11(y) = α1 + α2y
2
1 + α3y

2
3 + α4y

2
1 y

2
3 , σ12(y) = σ21(y) = α2y1y2 + α4y1y2y

2
3 ,

σ13(y) = σ31(y) = α5y1y3 + α4y1y
3
3 , σ22(y) = α1 + α2y

2
2 + α3y

2
3 + α4y

2
2 y

2
3 ,

σ23(y) = σ32(y) = α5y2y3 + α4y2y
3
3 , σ33(y) = α6 + α7y

2
3 + α4y

4
3 , (4.55)

where α1 through α7 (which are functions of |y|) and β7 and β8 (which are constants)
are spelled out in Appendix B, and where σ 11, σ 33 are two arbitrary constants. It
can be checked that the fields σ, ξ, t defined above satisfy (4.51) and (4.53).

The first equality in (4.54) corresponds to the stress field in a spherical shell
of inner radius a and outer radius b made of an elastic material with elasticity
A containing a liquid with bulk modulus λ f�; the solid/liquid interface r = a is
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endowed with a surface tension γ . The outer boundary r = b is subject to the affine
traction σ 	er . The choices for ξ and t in (4.54) correspond to the traction fields at
the interface of the liquid inclusion with the spherical shell in the same problem.
Note that the resulting displacement field on the outer boundary of the spherical
shell is of the form F( f̄ )y for some f̄ , which motivates our choice of σ .

The second equality in (4.54) corresponds to an affine extension of the stress
field in the complement of Bb in the unit cell Y .

Rather cumbersome but straightforward calculations ensue. First, we use (4.54)
in (4.52), so that the terms that are linear in ψ + Fy cancel out. The result is a
concave polynomial of degree two in σ 11 and σ 33. We compute its maximum in
σ 11 and σ 33. Next we go to the dilute case, letting θ := 4πa3/3 tend to 0. We then
obtain the following fully explicit bound:

1

2
AhomF · F � 3μ

2
f 2

⎛

⎝1 + 15μ(λ + 2μ)(γ /(2μa) − 1)

14μ + 9λ + (34μ + 15λ)γ /(2μa)
︸ ︷︷ ︸

θ

⎞

⎠ + O(θ2).

(∗) (4.56)

If γ /μ > 2a, expression (∗) in (4.56) will be positive. We conclude that the
following holds true.

Proposition 4.4. Consider an isotropic elastomer with Lamé coefficients λ,μ. If
γ /μ > 2a, then, in the dilute limit θ ↘ 0 (θ being the volume fraction of the fluid
filled cavities), enhancement will occur for axisymmetric shear strains of the form
F = − f/2(	e1 ⊗ 	e1 + 	e2 ⊗ 	e2) + f 	e3 ⊗ 	e3, that is,

1

2
AhomF · F >

1

2
AF · F = 3μ

2
f 2.

The presence of liquid inclusions leads to a stiffer elasticity than that of the elas-
tomer, in spite of the fact that the inclusions have zero shear resistance.

Remark 4.5. A similar computation could be performed for uniaxial strains of the
form f 	e⊗ 	e with |	e | = 1. In that case enhancement can also be achieved but at the
expense of choosing both γ large with respect to μ and λ f� much larger than γ .

For large γ ’s and still larger λ f�, we expect enhancement for general elasticities
and strains, but the technicalities involved in deriving a useful lower bound for the
homogenized energy remain intractable at present. ¶

Remark 4.6. In the case of rigid inclusions the homogenized tensor is given by

1

2
A

rigidF · F

= min

{
1

2

ˆ
Y\Ba

Q(Eψ + F) dx : ψ ∈ H1
� (Y\Ba;R3), ψ = −Fy on ∂Ba

}
.

In view of the formula (4.12) for Ahom in the present setting,

1

2
A

rigidF · F >
1

2
AhomF · F,
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independently of the values of γ and λ f�.
Thus, while surface tension on many small liquid inclusions can surprisingly

enhance elasticity, it cannot compete with rigid inclusion, as expected. ¶
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Appendix A

In this appendix we review some variants of Poincaré’s inequality on the boundary
of the unit sphere, that are instrumental in the proofs of our main results.
Consider the spectral decomposition of H1(∂B1) associated with the eigenval-
ues μ�, � � 0, of the Laplace-Beltrami operator on ∂B1, that is, the solutions in
H1(∂B1) of

ˆ
∂B1

∇τ ϕ · ∇τψ dH2 = μ�

ˆ
∂B1

ϕψ dH2 for every ψ ∈ H1(∂B1).

It is well known that μ� = �(� + 1), � � 0 and that the space V � of eigenvectors
relative to μ� has dimension 2� + 1 (see [10, Proposition 4.5]). We are especially
interested in the space V 0, which is given by constant functions, and in the space
V 1, which is given by the restrictions to ∂B1 of the linear functions in R

3.
Denote by P0, P1 the orthogonal projections in L2(∂B1) onto the spaces V 0 and
V 1, respectively. Setting

P2 := I − P0 − P1, V 2 := (V 0 + V 1)⊥, (A.1)

and recalling that μ1 = 2, μ2 = 6, we have

‖ϕ‖2
L2(∂B1)

= ‖P0ϕ‖2
L2(∂B1)

+ ‖P1ϕ‖2
L2(∂B1)

+ ‖P2ϕ‖2
L2(∂B1)

,

‖∇τ ϕ‖2
L2(∂B1)

= ‖∇τ P
1ϕ‖2

L2(∂B1)
+ ‖∇τ P

2ϕ‖2
L2(∂B1)

,
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and ˆ
∂B1

|∇τ P
1ϕ|2 dH2 = 2

ˆ
∂B1

|P1ϕ|2 dH2, (A.2)

ˆ
∂B1

|∇τ P
2ϕ|2 dH2 � 6

ˆ
∂B1

|P2ϕ|2 dH2 (A.3)

for every ϕ ∈ H1(∂B1). Combining the previous results, we have
ˆ

∂B1

|ϕ|2 dH2 � ‖P0ϕ‖2
L2(∂B1)

+ 1

2

ˆ
∂B1

|∇τ P
1ϕ|2 dH2 + 1

6

ˆ
∂B1

|∇τ P
2ϕ|2 dH2

� 1

4π

(ˆ
∂B1

ϕ dH2
)2

+ 1

2

ˆ
∂B1

|∇τ ϕ|2 dH2,

where we used that

P0(ϕ) = 1

4
π

ˆ
∂B1

ϕ dH2.

A simple scaling argument shows that

ˆ
∂Br

|ϕ|2 dH2 � r2

2

ˆ
∂Br

|∇τ ϕ|2 dH2 + 1

4πr2

(ˆ
∂Br

ϕ dH2
)2

(A.4)

for every ϕ ∈ H1(∂Br ) and r > 0.
In Sect. 4 we need a refinement of (A.4) established in what follows.
Using the change of variables x = εi + εay, which transforms ∂B1 into ∂Bi

εa ,
we deduce that H1(∂Bi

εa) decomposes as the orthogonal sum of V �
i,εa = {ψ((x −

εi)/εa) : ψ ∈ V �}. Denoting by

P�
i,εa the orthogonal projection of L2(∂Bi

εa) onto V �
i,εa, (A.5)

we have, as above,

‖ϕ‖2
L2(∂Bi

εa)
= ‖P0

i,εaϕ‖2
L2(∂Bi

εa)
+ ‖P1

i,εaϕ‖2
L2(∂Bi

εa)
+ ‖P2

i,εaϕ‖2
L2(∂Bi

εa)
,

‖∇τ ϕ‖2
L2(∂Bi

εa)
3 = ‖∇τ P

1
i,εaϕ‖2

L2(∂Bi
εa)

+ ‖∇τ P
2
i,εaϕ‖2

L2(∂Bi
εa)

,

and

ε2a2
ˆ

∂Bi
εa

|∇τ P
1
i,εaϕ|2 dH2 = 2

ˆ
∂Bi

εa

|P1
i,εau|2 dH2 (A.6)

ε2a2
ˆ

∂Bi
εa

|∇τ P
2
i,εaϕ|2 dH2 � 6

ˆ
∂Bi

εa

|P2
i,εaϕ|2 dH2 (A.7)

for every ϕ ∈ H1(∂Bi
εa). Moreover,

P0
i,εau = 1

4πε2a2

ˆ
∂Bi

εa

u dH2. (A.8)
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For K > 0 let us define

V i
ε,K (ϕ) := a2ε2

2

ˆ
∂Bi

εa

|∇τ ϕ|2 dH2 + K

ε2

(ˆ
∂Bi

εa

ϕ dH2

)2

−
ˆ

∂Bi
εa

|ϕ|2 dH2

for every ϕ ∈ H1(∂Bi
εa). By (A.6) and (A.8) we deduce that

V i
ε,K (ϕ) = a2ε2

2

ˆ
∂Bi

εa

|∇τ P
1
i,εaϕ|2 dH2 + a2ε2

2

ˆ
∂Bi

εa

|∇τ P
2
i,εaϕ|2 dH2

+ K

ε2

(ˆ
∂Bi

εa

ϕ dH2

)2

− 1

4πa2ε2

(ˆ
∂Bi

εa

ϕ dH2

)2

−
ˆ

∂Bi
εa

|P1
i,εaϕ|2 dH2 −

ˆ
∂Bi

εa

|P2
i,εaϕ|2 dH2

= a2ε2

2

ˆ
∂Bi

εa

|∇τ P
2
i,εaϕ|2 dH2 + 1

ε2

(
K − 1

4πa2

)(ˆ
∂Bi

εa

ϕ dH2

)2

−
ˆ

∂Bi
εa

|P2
i,εaϕ|2 dH2, (A.9)

hence by (A.7)

V i
ε,K (ϕ) � a2ε2

3

ˆ
∂Bi

εa

|∇τ P
2
i,εaϕ|2 dH2 + 1

ε2

(
K − 1

4πa2

)
(ˆ

∂Bi
εa

ϕ dH2

)2

.

Thus, in our setting (see (4.4)), the following coercivity estimate holds upon taking
K = λ f�a2/(2γ |Ba |),

γ ε

2

ˆ
∂Bi

εa

|∇τ (v · 	er )|2 dH2 − γ

εa2

ˆ
∂Bi

εa

(v · 	er )2 dH2 + λ f�

2ε3|Ba |

(ˆ
∂Bi

εa

v · 	er dH2

)2

� γ ε

3

ˆ
∂Bi

εa

|∇τ (P2
i,εa(v · 	er ))|2 dH2

+ 1

4πa3ε3

(
3

2
λ f� − γ

a

)(ˆ
∂Bi

εa

v · 	er dH2

)2

. (A.10)

Appendix B

The functions α1 through α7 in the components (4.55) and the constants β7 and
β8 in relations (4.54) were computed using Wolfram Mathematica software. They
read as

α1 =15β1μλ|y|2
μ + λ

− 2β2μ + β5(2μ + 3λ) + 2β6μ − 10β3μ
2

μ+λ

|y|3 + 3β4μ

|y|5 ,
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α2 = − 12β1μλ

μ + λ
+

3μ
(

2β3(5μ+3λ)
μ+λ

− 2β6

)

|y|5 − 15β4μ

|y|7 ,

α3 = − 3β1μ(14μ + 25λ)

μ + λ
+ 18β3μ

2

|y|5(μ + λ)
− 15β4μ

|y|7 ,

α4 =105β4μ

|y|9 − 90β3μ

|y|7 ,

α5 =6β1μλ

μ + λ
+

6β3μ(5μ+6λ)
μ+λ

− 6β6μ

|y|5 − 45β4μ

|y|7 ,

α6 =3β1μ|y|2(14μ + 15λ)

μ + λ
+ 4β2μ + β5(2μ + 3λ) +

2β3μ
2

μ+λ
+ 2β6μ

|y|3 + 9β4μ

|y|5 ,

α7 = − 3β1μ(14μ + 17λ)

μ + λ
− 6μ(β6(μ + λ) − β3(8μ + 9λ))

|y|5(μ + λ)
− 90β4μ

|y|7 ,

and

β7 = 6β2 + 18a7β1λ + 6a2β3(5μ + 3λ) − 9β4(μ + λ)

a5(μ + λ)
, β8 = 3

(
β6

a3 + β5

)
|Ba |

with

β1 =k1(σ 11 − σ 33), β2 = k2(σ 11 − σ 33), β3 = k3(σ 11 − σ 33), β4 = k4(σ 11 − σ 33),

β5 =k5(2σ 11 + σ 33), β6 = k6(2σ 11 + σ 33),

where k1 through k6 are coefficients explicitly known in terms of λ, μ, λ f�, γ , a,
and b. They read as

k1 = −20a3b3K−1(μ + λ)
[
2a3μ(μ + λ) + a2γμ − 2ab2μ(μ + λ) + b2γ (μ + λ)

]
,

k2 = 1

6
b3K−1

[
50a8μ

(
28μ2 + 56μλ + 27λ2

)
+ 200a7γ

(
7μ2 + 11μλ + 3λ2

)

− 1008a6b2μ(μ + λ)2 − 504a5b2γμ(μ + λ) − 2ab7μ(14μ + 9λ)(14μ + 19λ)

− b7γ (34μ + 15λ)(14μ + 19λ)
]
,

k3 = 5

6
a3b3K−1(μ + λ)

[
2a8μ(14μ + 19λ) − 8a7γ (7μ + 5λ) − 2ab7μ(14μ + 19λ)

+ b7γ (14μ + 19λ)
]
,

k4 = a5b5K−1
[
2a6μ(μ + λ)(14μ + 19λ) − 8a5γ (μ + λ)(7μ + 5λ)

− 2ab5μ(μ + λ)(14μ + 19λ) − b5γμ(14μ + 19λ)
]
,

k5 = b3(2γ − 4aμ − 3aλ f�)

12a4μ(2μ + 3λ − 3λ f�) + 24a3γμ − 3ab3(2μ + 3λ)(4μ + 3λ f�) + 6b3γ (2μ + 3λ)
,

k6 = −a3b3[2γ + a(2μ + 3λ − 3λ f�)]
3
(
4a4μ(2μ + 3λ − 3λ f�) + 8a3γμ − ab3(2μ + 3λ)(4μ + 3λ f�) + 2b3γ (2μ + 3λ)

) ,
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where

K = μ
[
2a11μ(14μ + 9λ)(14μ + 19λ) − 8a10γ (7μ + 5λ)(14μ + 9λ)

− 50a8b3μ
(

28μ2 + 56μλ + 27λ2
)

− 200a7b3γ
(

7μ2 + 11μλ + 3λ2
)

+ 2016a6b5μ(μ + λ)2 + 1008a5b5γμ(μ + λ) − 50a4b7μ
(

28μ2 + 56μλ + 27λ2
)

+ 25a3b7γ
(

28μ2 + 56μλ + 27λ2
)

+ 2ab10μ(14μ + 9λ)(14μ + 19λ)

+b10γ (34μ + 15λ)(14μ + 19λ)
]
.
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