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3D printing of mortar: An emerging technology with open questions

P

P

The Brazilian fracture test: 
An expedient test to measure the resistance of mortar to “failure”

Prototype of a 3D printed mortar 
structure recently (2024) directed 
by Jeff Roesler



But first things first: The big picture
The original 1789 adage:

Nothing is for certain,
except death and taxes. 

Nothing is for certain, 
except death, taxes, and fracture. 

The amended 2021 adage:

Indeed, all materials fracture when subjected to sufficiently large loads  



THE ultimate objective, in a picture

bulk

sharp corner

• the deformation 
 

• the propagation of cracks
 

A structure, of arbitrary geometry,
 made of any (possibly dissipative) solid Objective: Write equations that describe

• the nucleation of cracks
 

in the structure, whatever geometry it may have, 
for any applied mechanical loading

I. The Mechanics of         
     Deformation

II. The Mechanics of 
     Strength

III. The Mechanics of 
      Toughness



The focus of this presentation: Nominally elastic brittle materials
An elastic brittle material is a material that responds in only two ways to mechanical forces:

1) It can deform elastically 2) It can create surface, that is, it can fracture

A hard example: glass A soft example: synthetic rubber

glass



What do we know experimentally? Plenty, since a long time ago (1830s)

I.     Nucleation of fracture governed by strength        
        when the material is subjected to spatially uniform stresses

II.    Nucleation of fracture governed by the Griffith energy competition        
        when nucleation occurs from the front of a large pre-existing crack

III.   Nucleation of fracture governed by the mediation between strength and Griffith        
        when nucleation occurs in regions where the stresses are not spatially uniform

IV.   Propagation of fracture governed by the Griffith energy competition        



I. Nucleation of fracture governed by strength
The first studies of fracture, dating back to the 1830s, focused on nucleation, 
mostly via uniaxial tension tests on hard materials

Love (1893)

But also in soft: Stephen Perry (1845)

Gabriel Lamé (1833)



I. Nucleation of fracture governed by strength
After Griffith (1921), save for experimentalists, the mechanics community steered away from strength to the point that 
no precise complete definition appears in the classical literature 
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Such a set of defines a surface in stress space: the strength surface of the material:

I. Nucleation of fracture governed by strength
Kumar & LP (2020) and Kumar, Bourdin, Francfort, & LP (2020) proposed the following definition: 

The strength of an elastic brittle material is the set of all critical stresses S at which the material fractures 
when it is subjected to a state of monotonically increasing, spatially uniform, but otherwise arbitrary stress. 
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II. Nucleation of fracture governed by the Griffith energy competition
In 1921, Griffith steered the focus into a very different place, that of the growth of large pre-existing cracks 

and
Experiments on glass bulbs 
pre-cracked on the surface

Griffith (1921)

That is:

Busse (1935)
Rivlin and Thomas (1953) Experiments on natural rubber

single-edge notch test pure-shear fracture test

Note: The toughness         is an intrinsic macroscopic material property



II. Nucleation of fracture governed by the Griffith energy competition

The mathematical formulation that frees the crack path: Francfort and Marigo (1998)

and

With these equations

Note: The crack path is predicted as part of the minimization process

alone one needs to prescribe a path for the add crack 



III. Nucleation governed by the mediation btw strength and Griffith
Since the 1930s, numerous experiments on specimens featuring U and V notches, and small cracks, as well as 
other types of specimens, have shown that nucleation of fracture from regions of non-uniform stress is the 
result of a mediation between material strength and Griffith energy competition 
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Note: Highly non-uniform (in fact, singular) stress fields

A prominent example: Single edge notch tension test



III. Propagation of fracture governed by the Griffith energy competition
Experiments show that the equality 

is a necessary condition for fracture propagation

u, P

u, P

Two prominent examples

Double cantilever beam test

Trousers test (Greensmith and Thomas, 1955)

(Gilman, 1960)



Summing up

as three independent macroscopic material properties

The strength surface

Based on well-established experimental observations amasses over 200 years, any potentially successful 
formulation of nucleation and propagation of fracture in nominally elastic brittle materials must account for

The elastic energy density The toughness

In addition, equally essential, the formulation must be such that these three ingredients compete in a manner 
that is consistent with nucleation of fracture between the extreme cases of uniform stress (dominated by 
strength) and large cracks (dominated by Griffith) 



A corollary on classical variational phase-field models

There is no choice of degradation function g, no choice of surface regularization s, and no choice of energy 
split in the family of variational phase-field models 

that can describe the strength surface                  as a macroscopic material property that is independent of 
and



A corollary on classical variational phase-field models
As an example, consider the so-called classical variational AT1 phase-field model  

For finite   , this model has built in a strength-surface that reads

where                                
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The uniaxial tensile, biaxial tensile, and hydrostatic 
strengths are given in particular  by 

Kamarei, Dolbow, Lopez-Pamies JAM (2025)



The phase-field formulation of Kumar, Francfort, Lopez-Pamies JMPS (2018)
Governing equation for the deformation field  

Governing equation for the phase field  

For v fixed, the equation for u is nothing more than a standard elastostatics equation.

For u fixed, the equation for v is a standard, albeit nonlinear, 2nd order elliptic PDE for a scalar field.

Remark 1: Larsen, Dolbow, LP (2024) have shown that 
these equations are well-posed

Remark 2: Numerical solutions suggest the there is a limit 
as the regularization length            . Such a limit may help 
find (or even lead to) the long-sought sharp formulation        

Remark 3: These equations have been thoroughly 
validated with experiments



The construction of the driving force ce
Consider the basic case of an isotropic material with Drucker-Prager strength surface:

Kamarei, Kumar, Lopez-Pamies (2024)

The associated driving force reads

where

and



Application to the Brazilian fracture test
Another aside: The interesting story behind the Brazilian fracture test

Because of the construction of a new large avenue in 
1943, the Church of Saint Peter of Clerics in Rio de 
Janeiro (built in the 1730s) needed to be relocated

Proposal (previously used in Europe): Put 
the entire church on rollers and roll it 
over… 

rollers

But steel was being used exclusively for weapons…Lobo Carneiro proposed to use concrete rollers instead!

and so the Brazilian test was born!



The Brazilian fracture test: A long and tormented history of analysis 

Kumar, Liu, Dolbow, Lopez-Pamies JMPS (2024)
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American Society for Testing and Materials (2008):

American Society for Testing and Materials (2016):

Hondros (1959) analytical elastostatics solution

Note:



The Brazilian fracture test: An elementary stress analysis
Where and when is the strength surface violated?

Depending on the ratio of uniaxial 
compressive strength to uniaxial 
tensile strength, the results 
suggest that fracture may nucleate 
either near the platens or around 
the center of the specimen. 

Material 
constants

Geometry



The Brazilian fracture test: A complete fracture analysis
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The violation of the strength surface is a necessary but not sufficient condition for fracture nucleation



The Brazilian fracture test: A complete fracture analysis
The where: fracture in a Brazilian test will nucleate either around the center of the specimen or near the 
region of contact with the platens. Higher ratios                favor nucleation in the center. 

The when: the analysis has revealed that the value of the force,         say, at which the strength surface is first 
violated around the center of specimen is relatively close to the value of the maximum force            at which a 
splitting crack appears

Drucker-Prager
extrapolation

0

0

This observation allows to deduce 
the new formula

where



The Brazilian fracture tests on 3D printer mortar: Experiments vs theory
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Brazilian fracture tests on 3D printer mortar: Experiments vs theory
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Final comments

The strength surfaceThe elastic energy density The toughness

1. Any potentially viable theory of fracture nucleation and propagation must account for

as independent macroscopic material properties. For now, only the phase-field theory of KFL (2018) is able to 
do so. It would be great to develop other formulations that do so as well.

2. By and large, since the turn of the century, each new proposed fracture model focuses on a particular 
aspect of the problem, while ignoring others that have been well-established. 

This approach has resulted in a plethora of models that are, at best, descriptors of fracture only under a 
restricted set of conditions, while they may predict grossly incorrect and even non-physical behaviors in 
general.

In an attempt to address this predicament, a vetting process appears necessary.
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