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 A B S T R A C T

An abundance of comparisons with experimental evidence has long settled that the Griffith energy competition 
along a known crack path — commonly expressed as a criticality condition on the energy release rate — 
describes when a large crack grows in a nominally elastic brittle material that is subjected to quasi-static 
loading. However, the answer to the question of where — that is, in which direction — a large crack grows 
remains unresolved. A slew of criteria have been proposed over the decades, but comparisons with experiments 
have indicated that none of such criteria apply in general.

Directly guided by the mathematical structure of the regularized phase-field theory of fracture initiated 
by Kumar, Francfort, and Lopez-Pamies (J. Mech. Phys. Solids 112 (2018), 523–551), and motivated by the 
wide range of experiments that this theory has been validated against, this Letter introduces a new criterion 
to describe when and where large cracks grow in elastic brittle materials under quasi-static loading conditions. 
In a nutshell: the growth of a large crack takes place within and only within regions where the strength surface of 
the material has been exceeded, this in a manner such that the sum of the potential (that is, the elastic energy minus 
the work of the external loads) and surface energies are minimized. Importantly, this strength-constrained Griffith-
energy-competition criterion is general in the sense that it applies to materials with any elasticity (linear or 
nonlinear) and any material symmetry (isotropic or anisotropic). In this Letter, for simplicity of presentation, 
attention is restricted to the most basic of settings, that of isotropic linear elastic brittle materials. Following its 
raison d’etre by means of a simple example and then general introduction, the proposed criterion is confronted 
with a set of classical experiments on glass.
. Introduction

As a first step in the quest of determining whether there is a 
niversal macroscopic description — that is, a continuum theory — 
f the nucleation and propagation of fracture in any structure, made 
f any material, under any loading condition, a string of recent contri-
utions [1–11] has established three main results for the basic case of 
lastic brittle materials1 under quasi-static loading conditions.2
The first main result is a precise and complete definition of strength, 

 macroscopic material property that had long been mistreated and 
isunderstood. The definition, introduced in [3,4], is as follows: the 
trength of an elastic brittle material is the set of all critical stresses 
 at which the material fractures3 when it is subjected to a state of 
onotonically increasing, spatially uniform, but otherwise arbitrary 

∗ Corresponding author.
E-mail addresses: pamies@illinois.edu (O. Lopez-Pamies), kamarei2@illinois.edu (F. Kamarei).

1 Elastic brittle materials are materials that, in response to mechanical forces, either deform elastically or create surface, the latter being the sole mechanism 
y which these materials dissipate energy.
2 By quasi-static loading conditions we mean loading conditions for which inertial effects are negligible.
3 Note that the strength is a material property that describes not the mechanics of deformation, but the mechanics of the creation of surface.

stress. Such a set of critical stresses defines a surface  (𝐒) = 0 in stress 
space, which is referred to as the strength surface of the material.

The second main result is that any mathematical formulation that 
aims at describing in general the nucleation and propagation of fracture 
in elastic brittle materials must account for at least three macroscopic 
material properties: (𝑖) the elasticity of the material, (𝑖𝑖) its strength 
surface, and (𝑖𝑖𝑖) its fracture toughness or critical energy release rate. 
For the elementary case of isotropic linear elastic brittle materials, the 
case we concern ourselves with in this Letter, this means that any 
potentially successful mathematical formulation must account for the 
elastic energy density 

𝑊 (𝐄) = 𝜇 tr 𝐄2 + 𝛬
2
(tr 𝐄)2 (1)
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of the material, its isotropic strength surface 
 (𝐒) = ̂ (𝑠1, 𝑠2, 𝑠3) = 0, (2)

and its scalar fracture toughness 
𝐺𝑐 . (3)

In these expressions, 𝐄 = 1∕2(∇𝐮 + ∇𝐮𝑇 ) denotes the symmetrized 
gradient of the displacement field 𝐮, or infinitesimal strain tensor, 𝜇
and 𝛬 are the Lamé constants, and 𝑠1, 𝑠2, 𝑠3 stand for the principal 
nominal stresses.4

Finally, built upon the two preceding main results, the third main 
result is a regularized phase-field formulation that describes and pre-
dicts in general the nucleation and propagation of fracture in elastic 
brittle materials. In this formulation, cracks are described in a regular-
ized fashion via an order parameter or phase field 𝑣 taking values in the 
range [0, 1]. The value 𝑣 = 1 identifies the intact regions of the material 
and 𝑣 = 0 the regions that have been fractured, while the transition 
from 𝑣 = 1 to 𝑣 = 0 is set to occur smoothly over regions of small 
thickness of regularization length scale 𝜀 > 0. The formulation, intro-
duced in [1], cast in a thermodynamically consistent framework in [2], 
shown to be mathematically well-posed in [8], and, most importantly, 
validated extensively with a wide range of experiments in [1–7,9–11], 
is in the form of two coupled partial differential equations (PDEs) for 
the displacement field 𝐮 and the phase field 𝑣, subject to appropriate 
initial and boundary conditions. Absent body forces, they read 

Div
[

𝑣2 𝜕𝑊
𝜕𝐄

(𝐄(𝐮))
]

= 𝟎 (4)

and 

Div
[

𝜀𝛿𝜀𝐺𝑐∇𝑣
]

= 8
3
𝑣𝑊 (𝐄(𝐮)) + 4

3
𝑐𝜀
𝚎
(𝐄(𝐮), 𝑣) −

𝛿𝜀𝐺𝑐
2𝜀

, (5)

where the value of the 𝜀-dependent coefficient 𝛿𝜀 and the form of the 
𝜀-dependent function 𝑐𝜀

𝚎
 need to be suitably prescribed in terms of the 

strength surface  (𝐒) = 0 of the material at hand.
Passing to the limit as 𝜀 ↘ 0 in the PDEs (4)–(5) should yield 

the equations that govern in general the nucleation and propagation 
of sharp cracks in elastic brittle materials under quasi-static loading 
conditions. Currently, doing so remains a formidable challenge. Never-
theless, the inherent mathematical structure of the PDEs (4)–(5) already 
brings to light two crucial characteristics of the limit equations for 
sharp fracture.

The first characteristic is revealed by the fact that the phase field 
cannot evolve from its initial value unless the right-hand side of (5) 
is non-negative. That is, at a material point 𝐗 and time 𝑡, 𝑣 cannot 
decrease from 𝑣 = 1 unless 

𝜀𝑃𝐹 (𝐄(𝐮)) ∶=
8
3
𝑊 (𝐄(𝐮)) + 4

3
𝑐𝜀
𝚎
(𝐄(𝐮), 1) −

𝛿𝜀𝐺𝑐
2𝜀

≥ 0 (6)

at that point and time. Rewriting

𝜀𝑃𝐹 (𝐄(𝐮)) ≡ 𝜀
𝑃𝐹 (𝐒), 𝐒 = 𝜕𝑊

𝜕𝐄
(𝐄(𝐮)),

in terms of the stress 𝐒, instead of the strain 𝐄(𝐮), and recognizing that 
the constitutive prescription for 𝑐𝜀

𝚎
 must be such that [3,4,9] 

𝜀
𝑃𝐹 (𝐒) = 𝐶𝜀 (𝐒) + 𝑂(𝜀0) (7)

in the limit as 𝜀 ↘ 0, where 𝐶𝜀 is a non-zero 𝜀-dependent constant, 
the condition (6) then implies that: sharp cracks can only nucleate or 
grow in regions where the strength surface  (𝐒) = 0 of the material has 

4 While subject to the restrictions 𝜇 > 0, 𝛬 > −2𝜇∕3, 𝐺𝑐 ≥ 0, recall that 
the Lamé constants and fracture toughness can otherwise take on any values. 
Similarly, the strength surface ̂ (𝑠1, 𝑠2, 𝑠3) = 0 is potentially any star-shaped 
surface in stress space containing (0, 0, 0) in the interior of the ascribed domain. 
All these three macroscopic material properties are independent from one 
another and need to be determined from experiments.
2 
been exceeded. In other words, the violation of the strength surface 
is a necessary (but not sufficient) condition for the nucleation and 
propagation of fracture.

The second crucial characteristic emerges from the fact that the 
PDE (5) can be recast as the Euler–Lagrange equation of an energy 
functional comprised of the sum of the potential (that is, the elastic 
energy minus the work of the external loads) and (regularized) surface 
energies plus an additional term dependent on the strength surface. In 
the limit as 𝜀 ↘ 0, this suggests that: sharp cracks nucleate and grow in 
a manner that is describable by a stationary condition for a functional or, 
in other words, by a constrained minimization.

In this Letter, directly guided by the above insight revealed by 
the PDEs (4)–(5), we address one of the fundamental problems in 
sharp fracture that has remained open for decades: when and where 
do large5 cracks grow in elastic brittle materials under quasi-static 
loading conditions? Precisely, in Section 3, we introduce a criterion 
that answers this question. Prior to that, in Section 2, so as to motivate 
the proposed criterion via a simple example, we present the analysis 
of a prominent experiment in which the crack path is nontrivial: the 
compact tension shear (CTS) test under simple shear. We conclude 
in Section 4 by confronting the proposed criterion with the classical 
experiments of Panasyuk, Berezhnitskiy, and Kovchik [12] on glass.

1.1. Some comments on the history and current state of criteria aimed at 
describing when and where large cracks grow

Before diving in, a brief summary of the history and current state of 
criteria that have been proposed to describe the growth of large cracks 
is appropriate.

Since the seminal comparisons with experiments on glass by Grif-
fith [13] in 1921, given a known crack path, extensive comparisons 
with experimental data have repeatedly demonstrated that the Griffith 
criticality condition 

− 𝜕
𝜕

= 𝐺𝑐 (8)

describes when a large crack grows in nominally elastic brittle materials 
that are subjected to quasi-static loading. The left-hand side −𝜕∕𝜕
in this expression denotes the change in potential energy  in the body 
at hand with respect to an added infinitesimal surface area d to the 
existing crack in its reference state, while keeping the applied loading 
fixed. Condition (8) is, in essence [14], nothing more than a statement 
of local minimality of the sum of the potential and surface energies
(𝑡;(𝑡)) ∶= (𝑡;(𝑡)) + 𝐺𝑐(𝑡)

at the current time 𝑡, where the surface energy is assumed to be 
proportional to the surface area of the crack.

A similarly validated criterion that describes where — that is, in 
which direction — a large crack grows has been wanting.

Since the 1960s, starting with the pioneering work of Erdogan and 
Sih [15], who carried out a series of different tests on PMMA containing 
large cracks and proposed the so-called Maximum Tangential Stress 
(MTS) criterion to explain their observations in a 2D setting, numerous 
criteria based on the local fields around crack fronts — much like 
in [15], mostly restricted to isotropic linear elastic brittle materials in 
2D settings — have been proposed in the literature; see, e.g., [16–22] 
and the reviews [23,24]. Comparisons with the many experiments that 
have been carried out to probe nontrivial crack paths in a variety 
of materials indicate that none of these proposed criteria is univer-
sally applicable [12,19,25–31]. What is more, none of these criteria 

5 ‘‘Large’’ refers to large relative to the characteristic size of the underlying 
heterogeneities in the material at hand. By the same token, ‘‘small’’ refers to 
sizes that are of the same order or just moderately larger than the sizes of the 
heterogeneities.
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are amenable to generalizations to nonlinear elastic and anisotropic 
materials in a 3D setting.

At the end of the 1990s, based on a fundamentally different ap-
proach from those mentioned above wherein the fracture state in a 
body is viewed as a minimization problem for the sum of the po-
tential and surface energies with arbitrary add-cracks as test fields, 
the variational formulation of fracture introduced by Francfort and 
Marigo [32] offered a more physically appealing description for where 
large cracks grow. Notably, this variational approach is in line with 
Griffith’s original idea of energy competition and is amenable to gen-
eralizations to nonlinear elastic and anisotropic materials in a 3D 
setting. Despite its physical appeal, mathematical elegance, and appar-
ent agreement with a range of experimental findings, this variational 
approach, like its predecessors, also falls short to predict crack paths 
that are consistent with all experimental findings [33,34]. It has been 
suggested that incorporating material impenetrability could resolve its 
shortcomings [35,36]. However, as can be shown by example, this is
not the case.

In view of the new understanding that the PDEs (4)–(5) have 
provided, it is now clear that the root cause for the inability of all 
the criteria proposed thus far to describe where large cracks grow 
in general is that they are uninformed of the strength surface of the 
material at hand and, in particular, the restrictions that the strength 
surface imposes on crack growth. This is not surprising for two reasons. 
First, the concept of material strength has long been misunderstood to 
the extent that a precise and complete definition of the strength surface 
of a material has just recently appeared in the literature. Second, in 
many experiments — including the seminal experiments on glass by 
Griffith [13] — the strength surface is violated over such large and 
symmetric regions around crack fronts that its restricting effect on 
where cracks can and cannot grow goes unnoticed.

2. A simple example problem to make the case: The compact 
tension shear test under simple shear

One of the simplest and clearest problems to illustrate the insight 
revealed by the PDEs (4)–(5) that leads to the criterion introduced in 
the next section is the CTS test under simple shear.6

Here, we consider the CTS test schematically depicted in Fig.  1. It 
consists of a square specimen, of side 𝐿 = 10 mm, containing an edge 
crack, of initial length 𝐴0 = 5 mm, that is subjected to simple shear 
of amount 𝑢. Denoting the laboratory Cartesian frame of reference by 
{𝐞1, 𝐞2}, the specimen occupies the open bounded domain  = {𝐗 ∶
𝐗 ∈ 𝛺 ⧵ 𝛤 (𝐴0)}, with 𝛺 = {𝐗 ∶ 0 < 𝑋1 < 𝐿, |𝑋2| < 𝐿∕2} and 
𝛤 (𝐴0) = {𝐗 ∶ 0 < 𝑋1 < 𝐴0, 𝑋2 = 0}. For definiteness, we consider 
conditions of plane strain and the specimen to be made of a typical 
soda-lime glass with elastic energy density (1), Drucker–Prager strength 
surface 

 (𝐒) =
√

2 +
𝑠𝚌𝚜 − 𝑠𝚝𝚜

√

3
(

𝑠𝚌𝚜 + 𝑠𝚝𝚜
)

1 −
2𝑠𝚌𝚜𝑠𝚝𝚜

√

3
(

𝑠𝚌𝚜 + 𝑠𝚝𝚜
)

= 0, (9)

scalar fracture toughness (3), and the material constants listed in Table 
1. In expression (9), 1 = 𝑠1+ 𝑠2+ 𝑠3, 2 = 1∕3(𝑠21+ 𝑠22+ 𝑠23− 𝑠1𝑠2− 𝑠1𝑠3−
𝑠2𝑠3), while 𝑠𝚝𝚜 and 𝑠𝚌𝚜 stand for the uniaxial tensile and compressive 
strengths, that is, they denote the critical nominal stress values at which 
fracture nucleates under uniform states of monotonically increased 
uniaxial tension 𝐒 = diag(𝑠 > 0, 0, 0) and compression 𝐒 = diag(−𝑠 <
0, 0, 0), respectively.

For this type of test, a multitude of experimental works on different 
materials have shown that, at some critical value 𝑢𝑐 = 𝑢 of the applied 

6 The CTS test was introduced by Richard and Benitz [37] in the early 1980s 
as the means to load large cracks in any combination of Mode I and Mode II of 
choice. Since then, it has been popularly used to generate experimental data 
for many different materials; see, e.g., [28–31].
3 
Fig. 1. (Left) Schematic of the compact tension shear (CTS) test on soda-
lime glass under simple shear of amount 𝑢. (Right) Contour plot of the phase 
field 𝑣 predicted by the phase-field theory at 𝑢 = 1.999 × 10−3 mm; the result 
corresponds to the value 𝜀 = 0.016 mm for the regularization length, which is 
sufficiently small for this problem.

Table 1
Material constants for the soda-lime glass used throughout this work.
 Elasticity constants 𝜇 (GPa) 𝛬 (GPa)  
 28.7 22.5  
 Strength constants 𝑠𝚝𝚜 (MPa) 𝑠𝚌𝚜 (MPa) 
 40 1000  
 Fracture toughness 𝐺𝑐 (N/m)  
 10  

shear, the crack starts growing as a single branch at an angle in the 
range 𝛽𝑐 ∈ [65◦, 75◦] with respect to the initial orientation of the crack; 
see, e.g., Fig. 7 in [30] and Fig. 10 in [31]. The contour plot in Fig.  1 
shows that this is precisely what the PDEs (4)–(5) predict. Specifically, 
the phase-field result in Fig.  1 was generated by making use of the 
(sufficiently small) value 𝜀 = 0.016 mm for the regularization length 
and the constitutive prescriptions introduced by Kamarei, Kumar, and 
Lopez-Pamies [9] for the coefficient 𝛿𝜀 and driving force 𝑐𝜀

𝚎
 in (5), 

namely,

𝛿𝜀 =

(

𝑠𝚝𝚜 + (1 + 2
√

3) 𝑠𝚑𝚜
(8 + 3

√

3) 𝑠𝚑𝚜

)

3𝐺𝑐
16𝚝𝚜𝜀

+ 2
5

and

𝑐𝜀
𝚎
= 𝛽𝜀2𝑣

2√2 + 𝛽𝜀1𝑣
21 − 𝑣

⎛

⎜

⎜

⎜

⎝

1 −

√

2
1

1

⎞

⎟

⎟

⎟

⎠

𝑊 (𝐄(𝐮))

with 1 = 3𝜅 tr 𝐄(𝐮) and 2 = 2𝜇2tr 𝐄2
𝐷(𝐮), where 𝐄𝐷(𝐮) = 𝐄(𝐮) −

1∕3(tr 𝐄(𝐮))𝐈, 𝛽𝜀1 = 𝛿𝜀𝐺𝑐∕(8𝑠𝚑𝚜𝜀) − 2𝚑𝚜∕(3𝑠𝚑𝚜), 𝛽2 =
√

3(3𝑠𝚑𝚜 − 𝑠𝚝𝚜)𝛿𝜀𝐺𝑐∕
(8𝑠𝚑𝚜𝑠𝚝𝚜𝜀) + 2𝚑𝚜∕(

√

3𝑠𝚑𝚜) − 2
√

3𝚝𝚜∕𝑠𝚝𝚜, 𝚝𝚜 = 𝑠2
𝚝𝚜
∕(2𝐸), 𝚑𝚜 =

𝑠2
𝚑𝚜
∕(2𝜅), 𝑠𝚑𝚜 = 2𝑠𝚌𝚜𝑠𝚝𝚜∕(3(𝑠𝚌𝚜 − 𝑠𝚝𝚜)), 𝐸 = 𝜇(3𝛬 + 2𝜇)∕(𝛬 + 𝜇), and 

𝜅 = 𝛬+2𝜇∕3. Henceforth, we shall refer to this phase-field formulation 
simply as the phase-field theory. A FEniCS implementation of this theory 
is available on GitHub.7  As for the computational aspects, we note 
that the phase-field result in Fig.  1 (as well as those presented below in 
Fig.  5 and Table  3) was generated by making use of unstructured first-
order simplicial elements of smallest size ℎ = 𝜀∕5. The displacement 
was applied in increments of 𝛥𝑢 = 1.6667 × 10−5 mm.

We begin by illustrating in Fig.  2 that the phase field 𝑣 predicted 
by the phase-field theory for this test does indeed evolve only in 
regions where the de facto strength surface 𝜀

𝑃𝐹 (𝐒) = 0 is exceeded. 

7 https://github.com/farhadkama/FEniCSx_Kamarei_Kumar_Lopez-Pamies.

https://github.com/farhadkama/FEniCSx_Kamarei_Kumar_Lopez-Pamies
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Fig. 2. Phase-field simulation of the CTS test on soda-lime glass. Contour plots 
around the crack front of the regions of the specimen where the stress field 
exceeds the de facto strength surface ( 𝜀

𝑃𝐹 (𝐒) ≥ 0) and of the phase field 𝑣 at 
three increasing values of the applied shear 𝑢.

In particular, Fig.  2 shows contour plots around the crack front of the 
regions where 𝜀

𝑃𝐹 (𝐒) ≥ 0 and the corresponding phase field 𝑣 at three 
increasing values of the applied shear 𝑢, preceding that shown in Fig. 
1, that illustrate the instances just before, about when, and just after 
the phase field starts evolving.

Observe that, as a direct consequence of the asymmetry of the 
applied shear and the asymmetry of the strength surface (9) of the 
material, the violation 𝜀

𝑃𝐹 (𝐒) ≥ 0 is asymmetric taking place primarily 
on the bottom part of the crack front. It is also interesting to note 
that the evolution of the phase field 𝑣 closely trails the evolution 
of the violation 𝜀

𝑃𝐹 (𝐒) ≥ 0 and that, consistent with experimental 
observations, the regularized crack grows as a single branch at an angle 
𝛽𝑐 = 74.5◦ with respect to the initial orientation of the crack.

Now, recalling the asymptotic identity (7) and the view that the 
PDE (5) describes a constrained minimization, the results in Fig.  2 
suggest several plausible limits of sharp fracture. The simplest among 
these, which is the focus of this Letter, is that a sharp crack would 
start growing within and only within the regions where the strength 
surface  (𝐒) = 0 of the material is exceeded in a way that the sum of 
the potential and surface energies  (per unit thickness of the specimen) 

(𝑢, 𝐴, 𝛽) = (𝑢, 𝐴, 𝛽) + 𝐺𝑐𝐴 (10)

is minimized. Here,

(𝑢, 𝐴, 𝛽) = ∫𝛺⧵𝛤 (𝐴,𝛽)
𝑊 (𝐄(𝐮)) d𝐗,

where the crack set 𝛤 (𝐴 = 𝐴0 + 𝛥𝐴, 𝛽) is the initial edge crack plus an 
additional straight segment, of infinitesimal length 𝛥𝐴, that emanates 
from the initial crack front at an angle 𝛽 with respect to the initial 
direction of the crack; see the close-up in Fig.  3. The choice of such a 
simple crack topology is motivated by the fact that this topology is the 
one that is predicted by the phase-field theory and, by the same token, 
the one that is observed in experiments.

The minimization of the energy (10) subject to the constraint that 
the crack can only grow in regions where  (𝐒) ≥ 0 is straightforward to 
4 
Fig. 3. Elastic simulation of the CTS test on soda-lime glass. Contour plots 
around the crack front of the regions of the specimen where the stress field 
exceeds ( (𝐒) ≥ 0) the strength surface of the material at three increasing 
values of the applied shear 𝑢. The close-up shows the topology of possible 
add-cracks, which are permitted only within regions where  (𝐒) ≥ 0.

carry out numerically. To this end, for the CTS test at hand, it suffices 
to first compute via finite elements (FE) the regions where  (𝐒) ≥ 0
for 𝐴 = 𝐴0 and applied shears 𝑢 ∈ [0, 2.5 × 10−3] mm, as well as 
the energies (𝑢, 𝐴0, 0) = (𝑢, 𝐴0, 0) + 𝐺𝑐𝐴0 and (𝑢, 𝐴0 + 𝛥𝐴, 𝛽𝑟) =
(𝑢, 𝐴0 + 𝛥𝐴, 𝛽𝑟) + 𝐺𝑐 (𝐴0 + 𝛥𝐴) for 𝛥𝐴 = 0.05 mm and 𝛽𝑟 = 𝑟 × 5◦, 
𝑟 = 0, 1,… , 17, 18, for the same range 𝑢 ∈ [0, 2.5 × 10−3] mm. From the 
latter, one then computes via the finite-difference quotient

− 𝜕
𝜕𝐴

(𝑢, 𝐴0, 𝛽𝑟) = −
(𝑢, 𝐴0 + 𝛥𝐴, 𝛽𝑟) − (𝑢, 𝐴0, 0)

𝛥𝐴
the change in potential energy with respect to the add-crack, or en-
ergy release rate, for each angle 𝛽𝑟. This allows to determine the 
minimization condition 
− 𝜕

𝜕𝐴
(𝑢, 𝐴0, 𝛽) = 𝐺𝑐 (11)

of the energy (𝑢, 𝐴, 𝛽) with respect to 𝐴, at 𝐴 = 𝐴0, for all 𝑢 ∈
[0, 2.5 × 10−3] mm and, by interpolation, all 𝛽 ∈ [0, 90◦]. The final 
step consists in finding the pair (𝑢𝑐 , 𝛽𝑐 ) of critical applied shear and 
critical crack angle for which: (𝑖) the add-crack is entirely within a 
region where  (𝐒) ≥ 0, (𝑖𝑖) the criticality condition (11) is satisfied, 
and (𝑖𝑖𝑖) (𝑢𝑐 , 𝐴0 +𝛥𝐴, 𝛽𝑐 ) ≤ (𝑢⋆, 𝐴0 +𝛥𝐴, 𝛽⋆) for all pairs (𝑢⋆, 𝛽⋆) that 
satisfy (11). This can be readily accomplished by plotting the energy 
release rate −𝜕(𝑢, 𝐴, 𝛽)∕𝜕𝐴 as a function of the applied shear 𝑢 and the 
crack angle 𝛽, determining its intersection with the constant surface 𝐺𝑐 , 
and evaluating the energies (𝑢⋆, 𝐴0 + 𝛥𝐴, 𝛽⋆) of all the pairs (𝑢⋆, 𝛽⋆)
defining that intersection. The next two figures illustrate the results 
from the above laid-out procedure.

Fig.  3 shows contour plots around the crack front where the vio-
lation  (𝐒) ≥ 0 of the strength surface takes place at three increasing 
values of the applied shear 𝑢. As expected, the violation  (𝐒) ≥ 0 is 
similar to, but not identical to, the violation 𝜀

𝑃𝐹 (𝐒) ≥ 0 shown in Fig. 
2. Like the latter, the violation  (𝐒) ≥ 0 is strongly asymmetric, a direct 
result of the loading and material strength surface asymmetries.

Fig.  4 presents the corresponding energy release rate −𝜕(𝑢, 𝐴0, 𝛽)∕
𝜕𝐴 as a function of the applied shear 𝑢 and the crack angle 𝛽. The figure 
includes the constant surface 𝐺𝑐 = 10 N∕m whose intersection with 
−𝜕(𝑢, 𝐴0, 𝛽)∕𝜕𝐴 determines the pairs (𝑢⋆, 𝛽⋆) at which the criticality 
condition (11) is satisfied. All such pairs, as shown in the figure, sat-
isfy the restriction that the corresponding add-crack is entirely within 
regions where  (𝐒) ≥ 0. Not surprisingly, the pair (𝑢⋆, 𝛽⋆) = (1.35 ×
10−3 mm, 75◦) with the smallest applied shear happens to correspond 
to the one with the smallest energy. We thus have that (𝑢𝑐 , 𝛽𝑐 ) =
(1.35×10−3 mm, 75◦). This sharp-fracture result is in agreement with the 
regularized phase-field result shown in Fig.  2, as we set out to establish.
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Fig. 4. Energy release rate −𝜕(𝑢, 𝐴0, 𝛽)∕𝜕𝐴 for the CTS test on soda-lime glass 
plotted as a function of the applied shear 𝑢 and crack angle 𝛽. The intersection 
with the plane of constant value 𝐺𝑐 = 10 N∕m identifies the pairs (𝑢⋆, 𝛽⋆) at 
which the criticality condition (11) is satisfied.

3. The proposed criterion: Griffith energy competition
constrained by material strength

The example problem parsed in the preceding section, as well 
as analogous analyses for different initial–boundary-value problems, 
including that presented in the next section, prompt the following 
criterion to describe when and where large cracks grow in elastic brittle 
materials subjected to quasi-static loading conditions:

The growth of a large crack takes place within and only within regions 
where the strength surface of the material has been exceeded, this in 
a manner such that the sum of the potential and surface energies are 
minimized.

Importantly, this criterion is general in the sense that it applies to 
materials with any elasticity (linear or nonlinear) and any material 
symmetry (isotropic or anisotropic). For the elementary case of an 
isotropic linear elastic brittle material occupying an open bounded 
domain 𝛺 ⊂ R3 in its undeformed and stress-free configuration that is 
subjected exclusively to loading conditions of Dirichlet type on a part 
𝜕𝛺 of its boundary 𝜕𝛺, a mathematical formulation of the criterion, 
in its time-discretized version, can be cast as follows. Denoting by 𝐮 a 
time-dependent displacement prescribed on 𝜕𝛺, at times 𝑡𝑘 ∈ {0 =
𝑡0, 𝑡1,… , 𝑡𝑚, 𝑡𝑚+1, ..., 𝑡𝑀 = 𝑇 }, the pair of displacement field and crack 
set (𝐮𝑘 ∶= 𝐮𝑘(𝐗, 𝑡𝑘), 𝛤𝑘 ∶= 𝛤 (𝑡𝑘)) minimizes 

(𝐮, 𝛤 ) ∶= ∫𝛺⧵𝛤
𝑊 (𝐄(𝐮)) d𝐗 + 𝐺𝑐2 (𝛤 ) (12)

among all (𝐮, 𝛤 ) with8

⎧

⎪

⎨

⎪

⎩

𝐮 = 𝐮(𝐗, 𝑡𝑘) on 𝜕𝛺 ⧵ 𝛤
𝛤 ⊂  (𝑡𝑘−1)
𝛤 ⊃ 𝛤𝑘−1

. (13)

In these expressions, 2(𝛤 ) stands for the 2–dimensional Hausdorff 
measure (the surface measure) of the unknown crack 𝛤  and
 (𝑡) = {𝐗 ∶  (𝐒(𝐗, 𝑡)) ≥ 0}

8 Of course, one should add to (13) that the mapping 𝐲(𝐗, 𝑡) = 𝐗+𝐮(𝐗, 𝑡) has 
to satisfy the constraint of material impenetrability. In keeping with standard 
practice, we do not write this constraint explicitly.
5 
is the set of all material points at which the strength surface  (𝐒) = 0 of 
the material is exceeded at time 𝑡. We refer to it as the strength violation 
set.

From a physical point of view, the formulation (12) with (13) 
makes it evident that the strength surface  (𝐒) = 0 of the material 
is not just one of the three fundamental ingredients (1)–(3), but is in 
fact a property that has a status of omnipresence in the phenomenon 
of fracture (nucleation and propagation the same) in elastic brittle 
materials. Indeed, even when dealing with the growth of large cracks 
— a problem that, since Griffith’s seminal work [13], has been believed 
to be governed solely by the competition between deformation and 
fracture energies — the strength surface  (𝐒) = 0 plays a crucial 
role. This omnipresence provides ample motivation to develop new 
protocols to measure the strength surface of materials as accurately and 
as completely as possible.

From a mathematical point of view, the formulation (12) with 
(13) is nothing more than the variational formulation of Francfort 
and Marigo [32] with the added constraint in (13) that competing 
add-cracks must lie entirely within the strength violation set. A corol-
lary of this type of modification is that extensions of the variational 
formulation of Francfort and Marigo [32], such as those presented 
in [38,39], are also alterable in the same manner. The formulation (12) 
with (13) begs a variety of challenging mathematical questions. Just 
to mention one: What kind of crack topologies make (12)–(13) well 
posed? Most excitingly, the formulation (12) with (13) offers direct 
insight into potential limit equations for the PDEs (4)–(5) as 𝜀 ↘ 0 in 
general, that is, into a general formulation that describes the nucleation 
and propagation of sharp fracture in elastic brittle materials under 
quasi-static loading conditions.

4. Comparisons with classical experiments on glass

For demonstration purposes, we close by confronting the proposed 
criterion with one of the classical sets of experiments dealing with 
nontrivial crack paths in the literature, that of Panasyuk, Berezhnitskiy, 
and Kovchik [12] on a silicate glass.

These authors carried out tension tests on thin plates of various 
widths 𝐿, heights 𝐻 , and thicknesses 𝐵, containing a  (through thick-
ness) central crack of various initial lengths 𝐴0 oriented at eight dif-
ferent angles, 𝛼 = 90◦, 75◦, 70◦, 60◦, 45◦, 30◦, 15◦, 5◦, with respect to the 
direction of the applied tension; see Fig.  5. The initial crack was put in 
place by first drilling a circular hole, 6 mm in diameter, at the center 
of the plates from which the crack was then created with the aid of a 
glass cutter. The loading was carried out by applying a displacement 
𝑢 increased at a constant quasi-static rate. Panasyuk, Berezhnitskiy, 
and Kovchik [12] reported results for the critical ‘‘breaking’’ force 𝑃𝑏
and the initial angle 𝛽𝑐 , with respect to the initial crack orientation, at 
which the cracks started to grow. It is not clear from their description 
what 𝑃𝑏 refers to, if the force at onset of crack growth, the peak 
load in their force–displacement (𝑃  vs. 𝑢) measurements, or something 
else. Table  2 reproduces their measurements for each of the eight 
crack angles 𝛼 that they examined,9  where the normalized critical 
‘‘breaking’’ force, or global ‘‘breaking’’ stress, 𝑆𝑏 = 𝑃𝑏∕(𝐿𝐵) has been 
introduced for convenience and 𝛽𝑐 stands for the average value of the 
two measurements at the top and bottom crack fronts.

For the calculations of the theoretical predictions, we follow the 
same procedure as in Section 2 for the CTS test. Since the specific type 
of silicate glass that was tested in the experiments was not reported, we 
assume it to be a standard soda-lime glass with the same properties used 
in the preceding section. Given that the plates are very thin (𝐿∕𝐵 > 54
and 𝐻∕𝐵 > 107), we carry out the calculations under conditions of 

9 Several specimens of different dimensions were tested for some of the 
same crack angles 𝛼. In Table  2, we list the results for just one of them.
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Fig. 5. (Left) Schematic of the experiments on glass carried out by Panasyuk, 
Berezhnitskiy, and Kovchik in [12]. (Right) Contour plot around the top 
crack front of the phase field 𝑣 predicted by the phase-field theory at 𝑢 =
7.195 × 10−3 mm for the specimen with initial crack angle 𝛼 = 30◦; the result 
corresponds to the value 𝜀 = 0.05 mm for the regularization length, which is 
sufficiently small for this problem.

Table 2
Experimental results on a silicate glass from [12].
 𝐿 𝐻 𝐵 𝐴0 𝛼 𝑆𝑏 𝛽𝑐  
 (mm) (mm) (mm) (mm) (MPa)  
 178 238 1.73 68 90◦ 2.75 0  
 178 238 1.69 68 75◦ 2.79 28◦ 
 150 250 2.11 72 70◦ 2.87 32◦ 
 178 238 1.70 70 60◦ 3.01 42◦ 
 178 238 1.80 72 45◦ 3.45 47◦ 
 180 250 2.22 111 30◦ 3.61 63◦ 
 121 300 1.91 165 15◦ 4.46 66◦ 
 120 300 1.88 235 5◦ 11.97 70◦ 

Table 3
Phase-field and sharp theoretical predictions of the experimental results listed 
in Table  2.
 𝛼 Phase-field Sharp

 𝑆𝑝𝑙 (MPa) 𝑆𝑐 (MPa) 𝛽𝑐 𝑆𝑐 (MPa) 𝛽𝑐  
 90◦ 3.30 2.63 0 2.32 0  
 75◦ 3.34 2.38 24.1◦ 2.29 21.8◦ 
 70◦ 2.85 2.28 28.1◦ 2.12 27.4◦ 
 60◦ 3.75 2.42 40.5◦ 2.30 38.6◦ 
 45◦ 3.66 2.83 53.1◦ 2.49 52.2◦ 
 30◦ 3.36 2.60 62.6◦ 2.34 63.7◦ 
 15◦ 3.14 2.95 70.8◦ 2.63 70.0◦ 
 5◦ 6.31 6.28 76.3◦ 5.05 79.1◦ 

plane stress. Consistent with the experimental observations, the topol-
ogy of the add-crack is taken to be a straight segment that emanates 
from each of the crack fronts. The length of this segment is set to 
𝛥𝐴 = 0.5 mm, which was checked to be sufficiently small to deliver 
converged results for the energy release rate. With these specifics, the 
proposed criterion predicts the values (labeled sharp) listed in Table 
3 for the critical normalized force 𝑆𝑐 = 𝑃𝑐∕(𝐿𝐵) and crack angle 𝛽𝑐
at which the cracks start to grow. For direct comparison, Table  3 also 
lists the corresponding predictions (labeled phase-field) by the phase-
field theory, which include for completeness the predictions for the 
normalized peak load 𝑆𝑝𝑙 = 𝑃𝑝𝑙∕(𝐿𝐵); all phase-field predictions were 
generated with the value 𝜀 = 0.05 mm for the regularization length. The 
two sets of results are in agreement with each other and also in overall 
agreement with the experimental results in Table  2. For illustration 
purposes, Fig.  5 includes the contour plot for the predicted phase field 
𝑣 for the specimen with initial crack angle 𝛼 = 30◦ showing that the 
top crack front initially grows at an angle 𝛽 = 62.6◦.
𝑐
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