The Overall Elastic Dielectric
Properties of Fiber-
Strengthened/Weakened
Elastomers

By employing recent results (Lopez-Pamies, O., 2014, “Elastic Dielectric Composites:
Theory and Application to Particle-Filled Ideal Dielectrics,” J. Mech. Phys. Solids, 64, p.
6182 and Spinelli, S. A., Lefévre, V., and Lopez-Pamies, O., “Dielectric Elastomer Compo-
sites: A General Closed-Form Solution in the Small-Deformation Limit,” J. Mech. Phys.
Solids, 83, pp. 263-284.) on the homogenization problem of dielectric elastomer compo-
sites, an approximate solution is generated for the overall elastic dielectric response of
elastomers filled with a transversely isotropic distribution of aligned spheroidal particles in
the classical limit of small deformations and moderate electric fields. The solution for such
a type of dielectric elastomer composites is characterized by 13 (five elastic, two dielectric,
and six electrostrictive) effective constants. Explicit formulae are worked out for these con-
stants directly in terms of the elastic dielectric properties of the underlying elastomer and
the filler particles, as well as the volume fraction, orientation, and aspect ratio of the par-
ticles. As a first application of the solution, with the objective of gaining insight into the effect
that the addition of anisotropic fillers can have on the electromechanical properties of elasto-
mers, sample results are presented for the case of elastomers filled with aligned cylindrical
fibers. These results are confronted to a separate exact analytical solution for an assemblage
of differential coated cylinders (DCC), wherein the fibers are polydisperse in size, and to full-
field simulations of dielectric elastomer composites with cylindrical fibers of monodisperse
size. These results serve to shed light on the recent experimental findings concerning the
dielectric elastomers filled with mechanically stiff fibers. Moreover, they serve to reveal that
high-permittivity liquid-like or vacuous fibers—two classes of filler materials yet to be
explored experimentally—have the potential to significantly enhance the electrostriction
capabilities of dielectric elastomers. [DOI: 10.1115/1.4031187]
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1 Introduction and Problem Setting

Through a certain asymptotic analysis within the context of the
homogenization theory of Lopez-Pamies [1] in finite electroelas-
tostatics, Spinelli et al. [2] have recently derived an exact closed-
form solution for the overall electromechanical response of
two-phase dielectric elastomer composites with specific yet fairly
general types of (random or periodic) particulate microstructures'
in the classical limit of small deformations and moderate electric
fields. The solution is given explicitly in terms of the electrome-
chanical properties of the underlying matrix and fillers, and the
one- and two-point correlation functions describing the microstruc-
ture. Opere citato, Spinelli et al. employed the solution to work out
specific results for dielectric elastomers filled with isotropic distri-
butions of spherical particles, a microstructure for which the
required two-point correlation function takes on a particularly sim-
ple form. The purpose of this paper is to place on record corre-
sponding analytical results for dielectric elastomers filled with
transversely isotropic distributions of aligned spheroidal particles.

Microscopic description of dielectric elastomer composites. A
dielectric elastomer composite is taken here to consist of a statisti-
cally uniform distribution of disconnected fillers that are perfectly
bonded to a matrix. The domain occupied by the entire composite

"The microstructures for which the solution of Spinelli et al. [2] are exact
correspond to a class of two-phase polydisperse particulate microstructures
constructed via an iterated homogenization procedure. The interested reader is
referred to Section Sec. 3 in Ref. [1] and Section Sec. 4 in Ref. [2] for further details.
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in its ground state is denoted by Q and its boundary by 0Q. Both
phases, the matrix (r = 1) and the fillers (r = 2), are taken to be
elastic dielectrics. Their constitutive behaviors are characterized
by “total” free energies W) that are objective, isotropic functions
of the deformation gradient F, and objective, isotropic, and
even functions of the Lagrangian electric field E, i.e.,
W (QFK,EK) = W(F, —E) = WO(F,E) for all Q,K
€ Orth™. At a given material point X, the first Piola-Kirchhoff
stress S and the Lagrangian electric displacement D are then given
in terms of F and E simply by Dorfmann and Ogden [3]
ow ow

S=2p (XF.E) and D=——0 (X.FE) (1)

with

W(X,F,E) = [1 — X)W (F,E) + X)W (F,E) (2)

where 0 stands for the indicator function of the regions occupied
by the fillers: 0(X) = 1 if X is inside a filler and O otherwise.

The macroscopic response. Granted the statistical uniformity of
the distribution of the fillers and assuming that their characteristic
size is much smaller than the length scale of €, the macroscopic
length scale, the above-defined dielectric elastomer composite is
expected to behave macroscopically as a homogeneous material.
Its overall or macroscopic constitutive response is characterized
by the relationship between the volume averages of the first Piola-
Kirchhoff stress S= [,S(X)dX and electric displacement
D= JoD(X)dX and the volume averages of the deformation gradi-
ent F = [(F(X)dX and electric field E = [,E(X)dX over Q when
the composite is subjected to affine boundary conditions [1]. The
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relation can be conveniently written in terms of the total electroelas-
tic free energy (per unit undeformed volume) of the composite

o . 1
W(F,E) =%r161,rclrél§é(@.LW(X,F,E)dX 3)
as
- W — W — —
=—(F,E d D=-—(F,E 4
S=oF FBE) ox TE @

where K and € in expression (3) denote sufficiently large sets of
admissible deformation gradients F and curl-free electric fields E
with prescribed volume averages F and E. We note that the effec-
tive free energy function (3) is, by definition, an objective in F
and even in E so that W(QF,E) = W(F,-E) = W(F,Eg for all
Q < Orth™, similar to the local free energy functions W) of the
matrix and the fillers.

The classical limit of small deformations and moderate electric
fields. The focus of this paper is on the classical asymptotic limit
of small macroscopic deformations and moderate macroscopic
electric fields. That is, letting { denote a vanishingly small param-
eter, the deformation measure H=F — I, with I denoting
the identity in the space of second-order tensors, is taken to be
of O(() while the electric field E is of O(('/?) (see, e.g.,
Refs. [4-6]). In this limit, the effective free energy function (3)
takes the asymptotic form (in indicial notation)

R 1— ~ — 1— . — - ~
W(F,E) :EHijLijlekI *EEI‘ € Ej +HiiMjyEE,

—EE T EE +0(8) ©)
while the macroscopic constitutive relations (4) reduce to
S;= gFWU (F,E) = LyjywHuy + M ELE; + o) (6)
and
D, = g (F.E) =2,E + 0(¢") @

Here, L stands for the effective modulus of elasticity, € denotes
the effective permittivity, M is the effective electrostrictive ten-
sor, and 7T represents the effective permittivity of second order.
Note that 7T is absent from both asymptotic macroscopic constitu-
tive relations (6) and (7). That is, in this classical limit of small
macroscopic deformations and moderate macroscopic electric
fields, the overall electromechanical response of dielectric elasto-
mer composites is characterized by three effective tensors: the
fourth-order tensor L. describing their elasticity, the second-order
tensor € describing their permittivity, and the fourth-order tensor
M describing their electrostrictive response. Because of the afore-
mentioned objectivity of W and its energy nature, these tensors
are endowed with the following symmetries:

Lijiy = Luij = Ljiw = Liju,
€ =€ (3)

My = My = M i

1.1 The Case of Transversely Isotropic Dielectric
Elastomer Composites. The focus of this paper is furthermore on
dielectric elastomer composites wherein the fillers are distributed
with transverse isotropy in the undeformed configuration Q. Due
to their microstructure, this type of composites exhibits an overall
electromechanical behavior that is transversely isotropic. We shall
denote their initial axis of symmetry by the unit vector N; as an
illustrative example, Fig. 1 shows a schematic of a transversely
isotropic dielectric elastomer composite with a distribution of axi-
symmetric fillers aligned in the direction of the axis of symmetry
N. For this class of anisotropic dielectric elastomers, the effective
free energy function (3) satisfies the material symmetry
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Fig. 1 Schematic of the microstructure of a transversely isotropic
dielectric elastomer composite with initial axis of symmetry N

requirement W(FK,EK) = W(F,E) for all K € Symm with
Symm = {Q,Q = Rn(0)}, where Rx(0) denotes a rotation of
angle 0 about the vector N. By means of standard calculations, it is
not difficult to show that this requirement implies that the effective
tensors L, €, M in the macroscopic constitutive relations (6) and
(7) are transversely isotropic tensors, as expected. With help of the
Walpole notation [7], they can then be expediently written as

L=V +d® 48,60 + W 15, (s<5> + s<6>)
E=%(I-N@N) +ZN®N
M = nEY + duE® +emE® + TmEW + & + hy&®

©)
with
1 .
gfjlk)[ =5 (0ij = NiN;) (0x — NiNy)
2
Eq) = NiNiNiN,
3
Eia = Enr + Er — €3
(10)

DR G 5 5 5
gl(jk)l =5 (81('1{/)1 + 8,(1,11 + 851,‘11 + g/('ki)l>

5,(,5;(), = N;N;(0u — NiNp)

£ = Eiy
where §;; denotes the Kronecker delta. From these expressions, it is
trivial to deduce that, in the limit of small deformations and moder-
ate electric fields, the overall electromechanical response of trans-
versely isotropic dielectric elastomers is characterized by 13 (five
elasticz, two dielectric, and six electrostrictive) effective constants.

The purpose of this paper reduces hence to working out results

for the 13 effective constants Cr, dy, €L, f1, gy, &,
€1, CMm, AM, €M, £M, 9u, hw in Eq. (9) directly in terms of the
electromechanical properties of the matrix and fillers, as character-

ized by the free energy functions W) and W, and the micro-
structure, as characterized by the indicator function 0, for the case

’In the literature, there are several sets of five constants that are utilized to
characterize the linear elastic response of transversely isotropic materials. Perhaps
the more standard set is that comprised of the fransverse (or in-plane) bulk modulus
K, and shear modulus i,, and the /ongitudinal shear modulus zi;, Young’s modulus
E), and Poisson’s ratio v;. These are given in terms of the five elastic constants
CL, di, €L, 1, g, that appear in the Walpole notation (9); by the following
relations:

~ éL ~ E]_ ~ ~ ng -
, = == E,=d; 2>, =
=57 k=50 B L A Vi

01|L02
SIS

an
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when the fillers are spheroidal particles that are aligned and whose
centers are distributed with transversely isotropic symmetry. To
this end, we will employ the solution recently derived by Spinelli
et al. [2] from the homogenization theory of Lopez-Pamies [1].

We begin in Sec. 2 by recalling the solution of Spinelli et al. [2]
and spell out its specialization to transversely isotropic dielectric
elastomers. In Sec. 3, we employ the latter to work out specific
results for dielectric elastomers filled with transversely isotropic
distributions of aligned spheroidal particles. Section 3 includes a
discussion of the key features of the results and their specialization
to limiting cases of practical interest. To shed light on recent exper-
imental findings, we utilize in Sec. 4 the formulae worked out in
Sec. 3 to examine the electrostriction response of the dielectric elas-
tomers filled with cylindrical fibers that are mechanically stiff.
With the aim of identifying what other type of fillers not yet utilized
in experiments may potentially lead to enhanced behaviors, we also
present corresponding sample results for dielectric elastomer com-
posites with cylindrical fibers that are liquid-like and vacuous in
mechanical behavior. Section 4 includes comparisons with a sepa-
rate exact analytical solution and with full-field simulations, the
details of which are presented in Appendices A and B.

2 The Solution of Spinelli et al.

For the physically relevant case when the matrix and the fillers
are isotropic ideal elastic dielectrics, so that the free energy func-
tions for the matrix and fillers are such that (see, e.g., Refs. [8,9])

1 . 1
2 (Fij — dy) Lﬁ,-'Z, (Fry — u) — EEf EEJO E;

+ (Fy — 8;) Myj) ExE; + HOT

W (F,E) =

(12)

-1
~ 1
€jj = €0 + c{ {(1 —c)P* +A_€I] }
’ ij

1
Lrj/'kl = ,u(é,-ké_ﬂ + (3,'1(3_/'1() + }.(3,-/-51(1 + C{ |:(1 — L)PL + m’c

with

Pwl
2y7(1)
=10 =
193w\ €
M2 _ = — =
3 IR (L,0) = ¢K 5 J .
0. FW
2117(2)
(0 _ 38_‘;’2 (1,0) = &1
13wW®@ Py
@1 —eic At
= 3 8F8E2 (I, 0) 81’(: B J

where /4, i, &, A, iy, & stand, respectively, for the Lamé constants
and the permittivities of the matrix and fillers, and the tensors
IC, J are given by

1 . . 2. .
Kij = 3 (5ikbj1 + 00 — géijbkl)
(14)

1. .
Tk = 3 0ijOu

the solution for the effective tensors i, €, M generated in Ref.
[2] reads as

1 —1
7] }
3AJ+ 2Ap »

Mju = % (0wt + dudjx — dyour) + 26‘%AHASAEiquAEkpAE/q
22 Agﬁj(;rAAi’u—k 2Ap) AEU A€ ACr — 45192153;21 i ggi) AEUW Ak Ay (crs)
B [y
+ ;z;ugeAZi/’ﬂqupkAEh@séq) 0 + 12—;: Agkz‘Agl.?<£iéjéz' 5s> - 14—;: AEkrAElxéii@r 5s>
- %A&MAEM@@Q@Q ) + %Mi}kquls(é."éq> ) (15)
|
g:cvre, _use (Ill)as been (rgade ((f)f the no(tza)ltion(l)Ai =L - L<(12)), pe — l (&E) (18)
e=¢—e) AL=LY —LW Ae=€e? —€l), AM=M gy

MW AL = e — A, Ap = — pt, Ae = ¢ — ¢, ¢ stands for the
one-point correlation function, namely, the initial volume fraction
of the fillers

1
=p¥ =_| 0(x)ax (16)
P |9|JQ
and
1 w2
Py =0 (¢ -~ (&g (17
M o) (i), (k1) H(2H+)~)< 156)
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where the bracketed subscripts denote symmetrization and the tri-
angular brackets stand for the weighted average

<~>ij u(&)a (19)
[€]=1

For random microstructures, the weight function v(£) in Eq. (19)
is given directly in terms of the two-point correlation function
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»2(y) :ﬁ J (Y + X)0(X) aX (20)
Q
by
_ 1 p(22) (X) —c? N
=gl |, e V€N @D

where 6" denotes the second derivative of the Dirac delta function
with respect to its argument. For periodic microstructures, (&) is
given in terms of p(®?) by expression (13) in Ref. [2].

2.1 The Case of Transversely Isotropic Dielectric
Elastomer Composites. The solution (15) is valid for any choice
of the one- and two-point correlation functions p® = ¢ and p(?
describing the microstructure. The latter enters expressions (15)
through the microstructural tensors (&;&;&,&)) and (&;&;). For later
use, it is expedient to recognize that for transversely isotropic
microstructures these tensors admit the spectral form

. 1
(&i&i&éy) = o (‘gz(;lk)[ + ng/i),) + 05255-13()1

1 1 22
vu(g e aen) @

(&) = P1 (95 — NiN;) + BoNiN;

Here

1
o =

= 5 &)

w0 = <Si('r?r)rlljfiéiékélg/(j}2n>

(23)
1 PP
oy = 3 <S$gi/§ié_jékglgl(\'?r?zn>
1 . q
By =51 =&NiGN), - By = (GNiGNj)

where it is recalled that the tensors £ through £© are given in
terms of the axis of symmetry N by relation (10), and that the tri-
angular brackets stand for the weighted average (19) with the
weight v(€) being given by expression (21) in terms of the two-
point correlation function p?%).

For transversely isotropic microstructures, in view of the rela-
tions (22) and (23), the solution (15) for the effective electrome-
chanical tensors L, €, M reduces indeed to the form (9) with the
13 effective electromechanical constants given by

~ 2(A2+ Ap)e 2¢(1 = o)[oa (A4 p) — Bo(A 4+ 2p)]
CL = 24 2t AT AT w1 20T

_ (Mt 28ge 2e(1 — o (4 ) — By 4 20)]
AL = A2t R BAL T 2A T W 20T

&L= 2t 2uApu(A 4+ 2p)e

FL—2u+ 2uAp(A + 2p)c

(2w [p+2(1 — o)pAu) — (1 = c)ou Au(i + p)

(Z+2p) [+ (1= )Au(By + B2)] = 2(1 = )z Au(Z + p)

~ , cA c(1—c)(A+ oz
gL =4+ > .
Au(BAL+2A0)Y w(A+2p)Y
T —ext cele T —ext cele
T e+ (1 —c)pAe’ I e+ (1 —c)prAe

- (1 —c)Ae (o — By) N Ag2[(CL — 24— 2u) AL — 2(gy, — A) (AL + Ap)]

CM =

2ce 22 ApAe(BAL + 2Au)

+[o (B — 22— 20) + oa(Gy, — 4)]

3 Bi (1 — c)AE2 (A + Ap)
2¢2eAu(3AL + 2Ap)

~ &

(1 —c)Ag? (I+c)Au 2eAp(2 + p)(Ag, + cAe)
4c2eAp

§L—/1+(EL—2/1—2;1)<1

A42u UAEeNE (L + 2u)

3 eAu(AZ; + cAe)(3AL + 2Awu)
UAeAE, (AL + Ap)

(- 8522 — ) A (@1 — 7~ 20) (284 + Ap) — 2(&1, — (AL + A

dv = —
M™3 dce

22 ApAe(3AL + 2Ap)

+ [az(aL — A =2u) +o3(3L — /1)}

A C)AEA (A + Ap)
4c2eAu(3AL + 2Ap)
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(1 —c)Ae? (L+c)Au 2eAp(2+ ) (A& + cAe)
4ceAp

A+2u UAEAE (A + 2u)

UNEAE (AL + Ap)

251 — 244 (E0— 7~ 20) ( | 2eAu(8E + cAe)3AL+ zAu)ﬂ
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_ =2 z2(a, — _ :
Su— o4t o (1 —c)Az? Az 2(eL —2p) | o1 (1 —¢)Ae [1 N (1+ c)A,u}
4ce 2¢2AnAe 4¢ A+2u
ogy 2] (1= AT, + e
i A+2u 2ule,
: N a3(1 — ¢)AEAE, Az AE (fL —2u) [+ B (1 — ) Au(AZ; + cAe) Bo(1 — ) Au(AZ; + cAe) N o3(1 —c)Ae
M=e 2ce 22 Aple 2ulNg; 2uNE; 2¢
" _1 N (1+c)Au - e(A 4 p)[2A81A%, + cAs(AE, + AZ,))
A+2u (1 + ) uAeAg A,
e 10K py) N[ -2 28+ ) — MG~ )]
Im="5 4ce 22 Aphe(3A7 + 2A0) 24)
~ . _ (1 —c)Ae? [24+2u+ (1 +c)Au  (2+ p)(Ag + cAe)
+[d3(deA72‘u)+2dl(gL*)~)] 462(;L+2/1) 28A,Ll - ,uAsAE,
A (1 —c)Ae2(A)+ Ap) |~ L .  eAU(3AZ + 2Ap) (A%, + cAe)
4c2eAu(3AL + 2Ap) dr—4=2u+ 25 = 4|1 UAEAE (AL + Ap)
o & (1= )AE (03 — B5)  AeP[(Cr — 22— 2u) (A2 + A) — (G — 2)(2A% + Ap)]
M= 4ce 22 ApAe(3AJ + 2Ap)
. , = g U =0AE2 [2+2p+ (L + o)A (2 + w)(AZ + cAeg)
+ [5(C = 22 -2 + 2m(Gy — )] 4c2(1+2p) 2eAu B HAeAE,
Bo(1 —)ATA(AL+ Aw) | - - 2eAp(3AA + 2Au) (AE; + cAg)
4c2eAu(3AL + 2Ap) L—24=2ut (G = A1 PAEAE (AL + Aw)
where the notation Ag; =€, — ¢, Ag, =¢, — ¢
Yo NoAAp (1 =c)[oa(h+p) = fo(4+2u)] A428p 201 =)o (A+ w) = i (4 + 2u)]
Ap(3AL+2Ap) w(A+2u) Au(BAL+2Ap) u(A+2p)
2
B Al o3(1 —c)(A+ p) 25)
Ap(3AL 4 2Awn) u(A+2p)

has been introduced for simplicity.

While specific for transversely isotropic dielectric elastomer com-
posites, expressions (24) are still admittedly general as they apply to
arbitrary types of transversely isotropic microstructures. Again, the
dependence on the microstructure enters via the volume fraction of
the fillers ¢ and the five parameters «y, o, 03, 31, > defined in terms
of the two-point correlation function (20) by relations (23).

In the sequel, we specialize the result (24) to dielectric elasto-
mer composites wherein the fillers are aligned spheroidal particles
whose centers are distributed with the so-called “spheroidal” sym-
metry introduced by Willis [10]. The two-point correlation func-
tion for such a type of microstructures, as characterized by the
weight function (21), can be determined in closed form. This
allows to determine simple formulas for the parameters oy, oy, 03,
B1, B2, and ultimately to write down fully explicit expressions for
all the 13 effective constants Cr, dr, €L, £, gp, & &1,
EM7 dm, §M7 fwm, §M7 hm.

3 Application to Dielectric Elastomers Filled With
Aligned Spheroidal Particles

The majority of experimental studies on dielectric elastomer
composites to date have been concerned with fillers that are
roughly spherical in shape (see, e.g., Refs. [11-13]). There are,
however, a number of studies (see, e.g., Refs. [14—16]) that have
indicated that anisotropic fillers in the form of short (needle-like)
and long (cylindrical) fibers can potentially lead to even larger

Journal of Applied Mechanics

enhancements than those endowed by spherical fillers. In this sec-
tion, motivated in part to shed light on these findings, we work out
the specialization of the effective electromechanical constants
(24) to the case of dielectric elastomer composites wherein the
underlying fillers are spheroidal in shape and are all aligned in the
same direction. In order to favor analytical tractability, we con-
sider that the centers of the particles are distributed with
“spheroidal” symmetry and that the “aspect ratio” of this spheroi-
dal distribution is the same as the aspect ratio of the particles’
[10]. For this class of microstructures, the weight function (21)
reduces rather simply to [1,10]

detZ

= s with Z=T+(w—-1)N®&N
4n|ZE|

v(¢)

(26)

Here, the unit vector N, again, denotes the initial orientation of
the particles and the non-negative parameter @ has been intro-
duced to denote their aspect ratio; it is defined so that the particles
are prolate (oblate) for w > 1 (w < 1). The parameter w also
serves to characterize the spatial distribution of the centers of the
particles. Figure 2 shows a schematic representation of this class
of microstructures, including two of the limits that contain: an iso-
tropic distribution of spherical particles (corresponding to w =1)

3Approximations (based on classical linear estimates) for the overall
electromechanical response of dielectric elastomer composites with this type of
microstructures had been proposed earlier by Li and Rao [17] and by Siboni and Ponte
Castaneda [18], the latter being specific for particles that are mechanically rigid.
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and a transversely isotropic distribution of aligned cylindrical
fibers with circular cross section (corresponding to w = o0).

Now, given the weight function (26), it is straightforward to
determine the corresponding parameters (23) needed in the evalu-
ation of the effective constants (24). They read as follows:

., :w2(2w2+ 1) — p(w)4w? — 1) . :2+w2—3p(a))
l 4e? —1)° T 2w 1)
p()(20? + 1) — 30?
03 = 3
2(w? - 1)
By = % p =21 @7)
where

B wsin~! (\/1 - wz)
V1—w?

To ease notation, the explicit dependence of the function p—writ-
ten here in two different equivalent forms for convenience—on
is dropped in the sequel.

Substitution of relations (27) in expressions (24) renders the
main_result of this paper, namely, the 13 effective constants
CL, dL, eL, fL, gL, 8,, 8/7 CM, dwm, eM, fm, gM, hM in the
three effective tensors (9) that characterize the overall electrome-
chanical response of dielectric elastomers filled with a trans-
versely isotropic distribution of aligned spheroidal particles:

(28)

/

Fig. 2 Schematic of the microstructure of a dielectric elasto-
mer filled with aligned spheroidal particles of aspect ratio o dis-
tributed with spheroidal symmetry of the same aspect ratio .
The lower half of the figure shows the limiting cases of (a) an
isotropic distribution of spherical particles (corresponding to
o = 1) and (b) a transversely isotropic distribution of aligned cy-
lindrical fibers with circular cross section (corresponding to
w=x®).

2(AL+ A 1—c)[2u— (32 +5uw)? + (202 (2 +2u) + 4 —
&y = 214 24 2B+ Awe el ) [2u = (344 5p)e’ + ( Ot 24) + 1ol
Ap(3A%+2Au)Y u(h+2p) (@2 = 1)°Y
L — i+ 24 AAE280)c c(1 = o) [2u0* — (32 + 500’ + (22+ 3u+ 240?)p]
Ap(3A%L+2Ap)Y 2u(2+2p) (@2 = 1)°Y
L= 2ut ScuAu( + 2p)(0? — 1)
L=
ap(i+2u)(w? — 1)* + (1 - )AR[2(B3p +2w* = 502) + u(7p — (4p + 9)w? + 6w*)]
- e 2 1)
FL=2u+ depAp(l +2p)(w? — 1)

202+ 2) (0?2 — 1)* — (1 — ) Au[2(?
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~
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ceAe(w? — 1)
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oM = 22 ApAe(3A7 + 2A0)

B dee(w? — 1)
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2(w?2 —1)
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x [§L1+(5Lzzzu)<1

[ et )

eAU(BAL + 2AW) (AE; + cAe)
UAeNE (AL + Ap)

cL — 24 —2u+

deAp(w? — 1)

2(G, — A)[p2e? + 1) = 30?]
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}

. 8+Azﬂ{(aL—z—zu)<2M+Au)—2<§L—z><M+Au>] (1 - c)AG?

du = 2 22 AuAe(3AL + 2Ap)

(o= 1)(AL+ A
cAu(3A% + 2Ap)

1 + c)uAeAe,
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S (1= )A&2 [0?(20? + 1) — pl4e? — 1)] {1 L G- (1 N (1 +C)Ay>}

eMm =
M 16ce(w? — 1)2 2cAu A42u
Ag2(er, —2u) | (1 = c)Ap(2 + 3p) (A, + cAe) - 224 @ —3p) + u[6 + (4p — 3)w? — 7p]
2c2AuAe AuNe (A + 2u) 2(e? — 1)2(,1 +3p)
Fo—en A& Az (£L, — 2u) - (1 —c)Au |(p — ?)(AZ; + cAe) ~2(p — 1)(AE, + cAe)
M= 202ApAe au(e? — 1) A% Az,
(1 — O)AGAE [p(20? + 1) — 30 (L —2u) { Au ( e(4 + W2A8A%, + cAe(Ag; + A’Et)})}
1+ + 1+c¢— —
dce(w? — 1)° 2cAp A+2u UAeAe Ae,
e A2 (A A - MG - D] (1 82 [P @t P - 3)  pl2a? 1 1) — 302
ImM="3 22 ApAe(3A + 2Ap) 8clw? —1) (w2 =1)e clw? = 1)(2+2p) (29)
{/H-Z;H-(l +o)Au (i+u)(A§,+cAs)} 3 -2 +(§L - )0 w? +1) — pl4w? —1)]
2eAp HAEAE, L=A=H p(2w? +1) — 3w?
AM+A)(p—0?) |~ | S eAU(3AL + 2Ap) (AZ, + cAe)
ceAu(3A + 28 |Sr T4 222G = A 1AeAE (A2 + Ap)
s AeP[(CL =24 =20 (A2 + Ap) — (G — HRAZ+AR)] (1= c)AZ? [2(p — 1)(AL+ Ap)
M= 22 ApAe(3A7 + 2Ap) 8ce(w? — 1) | cAu(3AL+ 2Ap)
N N 2eAu(3AL + 2A0) (A% + cAe) e[p2w? +1) — 30?]
X —2.-2 - 1-= — —
|:CL 1+ (9L )< 1AeAE (A + Ap) c(@? —1)(4+2p)
. ) ~ . 5 2 2
" {i+2u+ +C)AN7(A—|—#)(A81~+6A8):| 6L72i72y+2(gL N2+a?=3p)| 24+a*-3p
2eAp UAEAE, p(2w? +1) — 3w? w?—1
where now
Y A+ Ap (1—c)[pa? (2 +2u) + A —p) — (32 + 5p)* + 24]
Ap(3A%+2Ap) 2000+ 2p) (2 — 1)
A+ 2Au (1 —¢)[2u0* — (32 + 50)0* + p(220* + 2+ 3u)]
Au(3AZ +2Ap) 2u(3 + 2p)(w? — 1)
- Iy L (1=0G+n[pCe? + 1)~ 307] ? 0
Ap(3A2 + 2Ap) 2000+ 2p) (w2 — 1)

and it is recalled that AL = As — A, Apu = pte — u, Ae = ¢ — ¢, Ag; =7¢; — ¢, and Ag, =&, — ¢.
3.1 Some Limiting Cases of Practical Interest. There are several limiting cases contained in the result (29) that are worth record-
ing explicitly.

e Rigid particles and incompressible elastomers. In the limit of rigid particles when us = As = oo and incompressible elastomers
when A = oo, the effective electromechanical constants (29) reduce to

IO _ 8eulw? — 1)’ ~ dep(e? — 1)’ _
=d; = =2 frL=2 =
ST ST OGp20f 5w T T g s D@ eR ) T
- 2ceAe(w? — 1) ~ ceAe(w? — 1)
&g =&+ ; =&+
2(@? — e+ (1 —c)(w? — p)Ae (@ = 1De+ (1 —c)(p—1)Ae
o Az? | 2&(A%; + cAs) N (14+3¢)p—*(@p+c—5)—2(1+¢)
M 4 AeAg, 2w —1)°
g0 ¢ &,2 Ag+che  c(2p—3)? —(3—c)p +w?+2
M= 2 2¢ AeAg, 28(0)2 _ 1)2
~ AG2 A%+ cAe (1 —c)[0?(20? + 1) — p4e? —1)]
eMm =&+ — — 3
2c AeAe, 8e(w?2 — 1)
- 1 (A% + 0®Az,  AEAE (1 —)AGAE [p(20? + 1) — 30?]
fM =&+ = + 5]
2\ w?+1 cAe dee(a? — 1)
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£, Ae2[0?(2p —dcp+ ¢ —3) + (1 +¢)p + 2ca*]

Iy = —=
M 8ce(w? —1)° 31)
5 8+A512[w2(2p+2cp7673)+(175C)p+4C}
M=—5
2 8ce(w? — 1)°

These results are relevant for standard dielectric elastomers, which are typically nearly incompressible, filled with ceramic or metallic particles.

e Liquid-like particles and incompressible elastomers. The limiting values y; = 0, 1 = oo, and 4 = oo correspond to particles that
are liquid-like (incompressible with vanishingly small shear resistance) and elastomers that are incompressible. Granted these val-
ues, the effective electromechanical constants (29) reduce to

2
_ ~ - Sculw? — 1)
=4y, = oo, — 2 —
R 2(1 +c)o* — (34 5¢)w? —3(1 —c)p +4
o depulw? — 1)? 5 — oo
L= 0 0p @+ D1 (I + )t — (1-30a? +2¢7 V7
5 — et 2ceAe(w? — 1) F—et ceAe(w? — 1)
T 2(0? = De+ (1 —c)(@? — p)Ae’ ' (@2 = 1De4+ (1 —c)(p—1Ae
- Ae2(p—1) [ 1l+c  o*c+2p-3)+(1-3c)p+2¢
CM — — B}
2ce 2(p—1) 4(p — 1)(w? = 1)

e(AZ, 4 cAe)  2e(@® — 1)(AE, — cAe) + AeAE,[1 — (1 — ¢)p — ca?]
AeAe(p— 1) AeAZ,[2 + (5 — 9¢)w? + 20* — 3p(1 — ¢) (202 + 1)]

~ e AP A1+ 0?e(2p—3)—p+2]—(2—c)p} ceAe(? — 1[3 +c(2p — 5)]
dw =3+ -+ : 5 + _ >
4ee(w? — 1) 8[(1 —c)Ae(p — 1) + (@? — 1)e]
[2(3¢ —2)(2w* + 1)p* + (13 — 9c(4w? + 1) + 200?) p 4 3(9¢ — 5)w” — 6]
[B4c(2p—35)][24 (5 —9c)@? 4 2w* —3p(1 — )22 + 1)]
. 4852 (0 — 1)* {1 - (1 +£~8) (1- C)(3p+2w —50?) }
LAS[ (017 —(1— c)(3p + 2% — Swz)] Az 8(w? —

(1 —c)Ag? [(1 —4p)a’ + p + 2w4] 8 —3(1—c)p+203 +)w* — (5¢+ 11)w? }
16ce(w? — 1)2[4 —3(1 —¢)p+2(1 +c)o* — (3 +5¢)0?]
~ (1—c)A%,  (B+c)A5AE, (1 —c)AE Az [p(2w? +1) — 30?]

Fw=e- 2(1+c¢)  2c(1+c)Ac dcelw? —1)°
B c(1— L)PAFZ((L)Z —1)(7—c— 4p)
2(1+¢) [(w2 — e+ (1=¢) JAe(p ] [2&((1)2 — 1)+ (1 —c)Ae(w? — p)]
9(1 —2)p* = 3p[T? — c(2+¢)(w

- 2+3)+5} [27c(l4+c)]w220(5+c)}

(7 —c—4p){(1 +c)o* +2c — 2[4 = 3(1 —¢)p] —=3(1 = c)(w? —p)}
NG cehe(0? — 19+ c(8p — 11) — 6p)]

e +T 4[(1 = ) Ae(w? — p) +2(w? — 1)8]2
wh 3(1 —¢)[2(3¢ — 2)(20% + 1)p* + p(13 — 9c(4w? + 1) + 200?) + 3(9¢ — 5)w?* — 6] }
[9+c(8p — 11) — 6p][2 + (5 — 9c)w? + 20* — 3p(1 — ¢)(20* + 1)]
L AE? {1 N Ae[@?(dcp+c—3p+2) —c(p+1)+ (1 — 3(')w4]}
4cAe 2e(w? — 1)°
by AeP(p—1) {a)z[c(Zp 1) —1+B=5c)p+4c—2  AeA§[2c(p—1) —2p + &* + 1] — 2e(w® — 1)(AZ, — L-Ag)}
2 2ce 4(p — D2 — 1) AeAE[2 + (5 — 9¢)a? + 2% — 3p(1 — ¢)(2w? + 1)]

(32)

The results (32) are relevant for standard dielectric elastomers filled with common fluids, such as water, or eutectic alloys, such as
Galinstan.

e Porous dielectric elastomers. Another limit of practical relevance contained in the result (29) is that of porous dielectric elasto-
mers. This corresponds to setting i = A = 0 and & = &y, with & = 8.85 x 1072 F/m denoting the permittivity of vacuum.
Assuming that the underlying elastomer is incompressible, so that 4 = oo, the effective electromechanical constants (29) in this

context reduce to
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Lo c[3(1 — ) 262 + 1)p — (5 — 90)a? — 200* — 2]
~ 8cplw? —1)°
SL=20F 3(1 —c)p—2(1 i(c)w“ +)(3 +5¢)w? — 4
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—c—4p){(1 +c)o* +2¢ — 2[4 = 3(1 — ¢)p] = 3(1 —c)(w? —p)}
& (140A5* (1 —c)eAd(w® — 1[5 +3¢(8p — 11) — 2p]
M= CZA& 12[26(w? — 1) + (1 — ) Ae(w? — p)]°
{ 1 +3¢2(3 —2p)* — 4c(6 4 p(3p — 8))] +9[2 =301 —c)p][1 +c(2p - 3)]}
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)AZ, {] As,[l +(1+3¢)(p+3w* +1) = (5+p+3c(dp + 1))w2]}
4c 6ce(w? — 1)
hy = 72 - ﬁzgig - 222;(2??21) {(2 +3¢)(2p— 1) —2p — %}
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_24[(0)2_1)8+<1_C)Ag(p_l)]z{ _(4p—1)[2+<5—9c>w2+2w4—3p(1—c)(2w2+1)]}

The sets of expressions (31), (32), (33) correspond to dielectric elastomer composites with particles and elastomers that exhibit limiting
constitutive behaviors. The result (29) also contains special cases associated with limiting geometries of the particles and their spatial
distribution. Below, we spell out two of them.
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e [sotropic distribution of spherical particles. When the aspect ratio @ = 1, the underlying microstructure reduces to an isotropic dis-
tribution of spherical particles (see Fig. 2(a)), and the 13 effective constants (29) reduce to just five (two elastic, one dielectric, and
two electrostrictive) independent effective constants. This problem was addressed in Sec. 5 of Ref. [2] and the interested reader is
referred to that reference for a detailed discussion. For completeness, we record here the specialization of the effective electrome-
chanical constants (29)

61‘:2}:-‘-2’;1, aL:I-FZﬁ
SL=fL=20, gL =4,
G=T=% L o
6M :gﬁl[( +§ﬁj7 dm :gﬁk +§ﬁj

. ~ . - ~ 1, .
em = fm =mg, gu=hm :g(m./—mK)

where
15cu(A + 2u)Ap
15u(/ 4 2u) +2(1 — ¢) (34 + 8u)Au
c(1 = ¢)(3AL + 2Ap)?
9(2+2u) +3(1 — ¢)(BAL+ 2Aw)
N 4e(1 — ) (32 + 8u)A?
45u(7 4 2u) +6(1 — ¢)(34 + 8u)Au
3ceAe
3¢+ (1 —c)Ae
3ceAe[15e + 2(1 — ¢)Ag]
5[3c+ (1 —c)Ad’
9¢(1 — c)eAuAe?
53e 4 (1 — ¢)Ad)
" 3(1 —¢)A+ (13 =3c)u
15u(A 4 2u) +2(1 — ¢)Au(37 + 8u)

o= p+

7= 4 cAi—

t=c+

mg = ¢+ (35)

s B 3cele N c(1 — c)eAe
T2 2Be+ (1-0)Ad T Be+ (1— o)A’
9(3A/ +2Au) (3¢ + Ag)

“ 607+ 21) + 2(1 — ) (3A4 1 2An)

e Transversely isotropic distribution of cylindrical fibers with circular cross section. When the aspect ratio @ = oo, the underlying
microstructure reduces to a transversely isotropic distribution of cylindrical fibers with circular cross section (see Fig. 2(b)). In this
limiting case, expressions (29) simplify to

20(2 +2u) (AL + Ap) c(1 —c)AX?

CL =24 +2u+ - . AL = A4 2+ (AL +2Ap) —
L T 2ur -t An) F H (A2 20 = e T oA+ A
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=2u+ . fL=2ut+-—— R
B Y R ) Y GRS W TR Y e R R YR § Ry y
S a4 cAL(2+2u)
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E—s+72C8A8 e =¢e+cAe

T T —oAs T
- 2¢(1 — ¢)eAe(2e + Ae) (AL + Ap) 3. & N C_AE, 1+ (1 —c)AL (36)
M et (1 —0AP i+ 2u+ (- )(Ai+Ap)] 22 S 20+ (1= ) (AZ+ Ap)
Sy et 4ce?Ag . (1 —c)Ae[4p(2 +2p) +3(1 — ¢)2Ap + (11 = Te) uAy]
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3.2 Electrostriction. A common approach to characterize the
electromechanical properties of dielectric elastomers (filled or
unfilled) is to measure their deformation while they are subjected
to a uniaxial electric field in the absence of stress (see, e.g., Sec.
2.25 in Refs. [4,19]). Such an electrically induced deformation is
usually referred to as electrostriction.

From the constitute relation (6), it follows that, in the absence
of stress when S = 0, the macroscopic electrostriction H induced
in a dielectric elastomer composite by a uniform macroscopic
electric field E is formally given by

H=-L MEGE 37)
Now, exploiting the fact that the effective modulus of elasticity

1
can

here is of the transversely isotropic form (9), its inverse L
be conveniently written as [7]
o d e, L o e
SLdL — 2§L SLdL — 25% eL
| ~
bW I (04 £0) (38)
fL crdL — 29y,
where it is recalled that the tensors £ through £©) are defined

by relations (10). Upon direct use of this expression, the expres-
sion (9); for the effective electrostrictive tensor M, and some
algebraic manipulation, the electrostriction (37) can be written
more explicitly as

e dl;altqv — 2§I;§M g ELNdNi — 2§1;];1M £
CLdL — sz cLdL - 29L

Swge | Emgw (55554 - §L§M) £
eL fi

N <d£h£/l - gLiM)g(s)
CLdL - 29 L

It is of note that this relation depends on all five effective elastic
constants (Cp,, dL7 eL, fL7 gL) and all six effective electrostric-
tive constants (Cm, dm, €m, £M, Im, hM) It is also worth
remarking that when the applied electric field E is aligned with
the axis of symmetry N (E = E N) or orthogonal to it (N - E = 0),
the electrostriction (39) reduces to

. dibm — grdm ) —
H—(LE“ gL M>|E|2(I—N®N)

crLdL — 29%,

E®E (39)

cLdL — 25%

(40)

B Srdm — 25Lhm
cLdL — 29;,

) ENe®N
for the former and to

_ 1/&e dr v — 231 Gn | —
H=l(SM dLem=29u9m e NgN)
2 \eL CLdL—ZgL
(MM EPNeN-MEQE @)
CLdL—ZgL eL

for the latter. As opposed to the general result (39), the “aligned”
electrostriction (40) depends only on three effective elastic con-
stants (Cp,, dr,, gp,) and two effective electrostrictive constants
(dm, hm). Similarly, the “orthogonal” electrostriction (41)
depends only on four effective elastic constants (cL dL, €L, 9L)
and three effective electrostrictive constants (Cnyi, €m, Gum)-

4 Sample Results
In addition to their theoretical value in providing a rigorous

analytical solution for a fundamental nonlinear coupled problem,

Journal of Applied Mechanics

(a)

dielectric
compliant fibers elastomer
electrodes \

.| Le < L1, L3
.o.\.:: ..:-‘: : :‘:. :..:0 : :.-.?’A‘"Z"U L3 €
Ly
€

(b) e

Fig. 3 Schematic of (a) the undeformed and (b) the deformed
configurations of a dielectric elastomer filled with a trans-
versely isotropic distribution of cylindrical fibers (N=e3) with
circular cross section subjected to a Lagrangian electric field of
magnitude E=®/L, in the orthogonal direction to the fibers e,.
The electrostriction H undergone by the composite is
described by Eqgs. (42) and (43) with Eq. (36).

the 13 effective electromechanical constants (29) provide a formi-
dable tool to gain insight into how the addition of anisotropic par-
ticles may enhance the electromechanical properties of dielectric
elastomers. In this section, for illustration purposes, we seek to
gain some of that insight via sample results.

We restrict ourselves to examining dielectric elastomer compo-
sites wherein the fillers are aligned cylindrical fibers with circular
cross section; in this case, @ = oo and the general formulae (29)
reduce to expressions (36). The practical motivation to consider
such a type of composites stems from the fact that they can be
readily fabricated by means of modern synthesis/manufacturing
processes (see, e.g., Refs. [16,20,21]). With the objective of pre-
senting results that are directly relatable to standard experimental
measurements, we further restrict our attention to examining the
electrostriction of these composites when subjected to an electric
field that is orthogonal to the fibers (this involves only a subset of the
thirteen effective electromechanical constants that characterize their
electromechanical behavior). As shown schematically by Fig. 3, we
choose the e axis of the laboratory frame of reference to coincide
with the direction of the fibers N, while the e, axis is chosen to coin-
cide with the direction of the applied electric field E = E e,. Given
this choice of frame of reference, the electrostriction H in the com-
posite takes the simple diagonal form (cf. Eq. (41))

H=Hie ®e +Hxne @er +Hies @e; (42)
with
- ~ o\ =2
= [SM- drcm —291.9um | £~
é/L GLdL — 2§i 2 ’
- ~ o~ \ =2
— e drcm — 2 E
eL crdL — 29L 2
Hy = 795(:34 — CILgQMEZ
CLdL — ZgL

where it is recalled that, for the case of cylindrical fibers of inter-
est here, the effective electromechanical constants ¢y, d,, €L,
JdL, CM, €M, 9y are given explicitly by expressions (36).
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In the next three subsections, we present and discuss numerical
results for the electrostriction components (43) for dielectric
elastomer composites wherein the elastomer.* has permittivity
& = 3.2¢9 and Lamé constant A = oo, while the fibers exhibit var-
ious permittivities and mechanical behaviors ranging from stiff,
to liquid-like, to vacuous. To better illustrate the effect that the
addition of fibers has on the electrostriction performance of elas-
tomers, the results are presented in terms of the ratios
]‘I]]/[‘Illnl7 [122/1‘15“27 H3;/H§Q;, where

& =2
HY, =H} =—E

5 (44)

& =2
and H), = — @E
stand for the components of the electrostriction that the underly-
ing elastomer would undergo in the absence of fibers.

To aid the discussion in all of the results that follow, we include
comparisons with a separate exact analytical solution, as well as
with full-field solutions constructed by means of the finite-
element (FE) method. The analytical solution corresponds to a
dielectric elastomer filled with a special type of transversely iso-
tropic distribution of cylindrical fibers—the so-called differential
coated cylinder (DCC) assemblage—with circular cross sections
that are polydisperse in size. On the other hand, the full-field sim-
ulations correspond to a microstructure with monodisperse fibers.
The derivation of the analytical DCC solution and the computa-
tional details of the FE simulations are presented in Appendices A
and B, respectively.

4.1 Stiff Fibers. We begin by examining dielectric elastomer
composites with fibers that are mechanically stiff. For definiteness,
given that most materials commonly utilized as fibers (e.g., carbon)
are much stiffer than elastomers, we take the fibers to be rigid,
s = g = oo. Due to the overall rigidity in the direction of the
fibers and the overall incompressibility of the resulting composite,
the electrostriction components (43), normalized by the matrix
electrostriction components (44), take the particularly simple form

3(1 = 0)ss + 2= = e — ]

Hu _

HY 4(1+C)|:(1+C)8+(17C)8f]2 ’

Hp _1Hu (45)
HY, 2[’1?17

@:0

H3;

Figure 4 shows plots of the electrostriction ratio H, 1/H for
fibers with two different permittivities: ¢ = 4¢y and 10%gy. The
former value corresponds to the permittivity of Nylon, while the
latter can be viewed as the permittivity of carbon. Both of these
materials have been widely utilized as reinforcing fibers in elasto-
mers (see, e.g., Refs. [16,21]). The results are plotted as functions
of the volume fraction of fibers c. In this and subsequent figures,
the solid line, referred to as theory, stands for the ratio of electro-
strictions based on the effective electromechanical constants (36).
On the other hand, the dashed line stands for the response of
dielectric elastomer composites with the polydisperse DCC micro-
structure discussed in Appendix A, while the solid circles corre-
spond to the FE simulations of dielectric elastomer composites
with the monodisperse microstructure discussed in Appendix B.

A key observation from Fig. 4 is that an infinitesimal addition
of rigid fibers generates a 50% enhancement in electrostriction in
the transverse direction to the fibers, namely, H, =3 /2HT, for
¢ = 0+. This abrupt enhancement is independent of the permittiv-
ity of the fibers, ¢¢, and solely due to their rigidity, which con-
strains the composite to deform only in the transverse e;-e, plane
(see Fig. 3). As the content of fibers increases, the electrostriction

“These values are representative of silicone rubber.
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Fig. 4 Electrostriction ratio Hii/Hj; of an incompressible
(4 = =) dielectric elastomer with permittivity ¢ = 3.2¢, filled with
a transversely isotropic distribution of rigid (u;=4;=) cylindri-
cal fibers with circular cross section; see Fig. 3. Results are
shown for fibers with permittivities ¢ = 4¢, and 10%¢, as func-
tions of the volume fraction of fibers c. The solid line corre-
sponds to the theoretical result (45);. The dashed line
corresponds to the response of a DCC assemblage of polydis-
perse fibers (see Appendix A), while the solid circles corre-
spond to FE simulations of a dielectric elastomer composite
with monodisperse fibers (see Appendix B).

enhancement in the elastomer with the low-permittivity fibers
(e = 4¢p) monotonically decreases, vanishing at a fiber volume
fraction of about ¢ =0.2. The further increase in the content of
fibers beyond that point leads to a reduction in electrostriction
H 11/H}} < 1). The electrostriction of the elastomer with the
high-permittivity fibers (s = 10%&)) exhibits similar trends, but
its reduction occurs at a much slower rate. In fact, even at the rela-
tively large volume fraction of ¢=0.4, the electrostriction
enhancement remains about 30%.

To illustrate the particular mechanical and anisotropic nature of
the above- descrlbed enhancement it proves helpful to consider
the ratios H“/H 1, and sz/sz, where

Am Am & =2 ~m
H,=-Hy,=—E and H;;=0 (46)
4u
stand for the components of the electrostriction that the unfilled
elastomer would undergo under e;-e, plane-strain conditions.
These ratios read explicitly as

ﬁn:@: _ C[(3+C)€+(1*C)Ef]2 7
HY, H 201+ ) [(1+c)e + (1 — c)ee]”

Similar to Fig. 4, Fig. 5 shows plots of the ratio H 1, /H11 for fibers
with the two different permittivities ¢ = 4¢y and 10%¢, in terms
of the volume fraction of fibers c. Contrary to Fig. 4, as expected
on physical grounds, an infinitesimal addition of rigid fibers does
not y1e1d any enhancement of the plane-strain electrostriction as
Hiy /H 11 = 1 for ¢ = 0+. Further addition of fibers leads to a sig-
nificant reduction in the plane-strain electrostriction for the case
of low-permittivity (e¢ = 4¢p) fibers, and to a tenuous reduction
for the case of high-permittivity (¢ = 10%¢) fibers, at least for
the range of volume fractions considered. This behavior of a 2D
isotropic distribution of rigid circular disks is analogous to the
response of its 3D counterpart, an isotropic distribution of rigid
spherical particles, presented in Ref. [2].
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Fig. 5 Electrostriction ratio ﬁn/l:I;“1 under eq-e, plane-strain
conditions of an incompressible (1=«) dielectric elastomer
with permittivity ¢ = 3.2¢, filled with a transversely isotropic dis-
tribution of rigid (u,= ;=) cylindrical fibers with circular cross
section, see Fig. 3. Results are shown for fibers with permittiv-
ities & =4gy and 10%, as functions of the volume fraction of
fibers c. The solid line corresponds to the theoretical result
(47). The dashed line corresponds to the response of a DCC
assemblage of polydisperse fibers (see Appendix A), while the
solid circles correspond to FE simulations of a dielectric elasto-
mer composite with monodisperse fibers (see Appendix B).

Another key observation from Figs. 4 and 5 is the close agree-
ment between the theoretical predictions (45),, (47), and the DCC
and FE results. This agreement among three different exact results
for three different microstructures suggests that the electrostric-
tion capabilities of dielectric elastomers filled with transversely
isotropic distributions of cylindrical fibers is fairly insensitive to
“higher-order” microstructural details such as the cross-sectional
shape and the size of the fibers, so long as the microstructure is
sufficiently far away from its percolation limit.

4.2 Liquid-Like Fibers. Next, we consider dielectric elasto-
mer composites with fibers that are liquid-like, in the sense that
they are incompressible, 2 = oo, and exhibit vanishingly small
shear resistance, pu = 0. Fibers with such properties could be
made, for instance, by filling manufactured cylindrical cavities in
the dielectric elastomer of interest with common fluids such as
water or with eutectic alloys such as Galinstan [20,22,23]. As
already alluded to in Ref. [2], an attractive feature of this type of
dielectric elastomer composites is that increasing their content of
fibers can increase their overall permittivity (if ¢ > ¢) at the same
time that it also increases their overall deformability (since
He < ) and thus has the potential to bestow the resulting compo-
sites with exceptionally enhanced electrostriction capabilities.
The electrostriction components (43), when normalized by the
matrix electrostriction components (44), reduce in this case to

c(9—¢) ce

4(1—¢)’ " (1—c¢)

Let (3¢2 4+ 5)(es — &) — c(e + 8e¢)
[(1+c)e+(1— c)sf]z

Hy
7 m

Hll

=1+

I

_ _ (48)
@_1<@+Hsz>,

Hy,  2\HY, Hj

y | cdG-cs—(1-0

H3 (176)[(1+C)8+(176)8f}

Journal of Applied Mechanics

Figure 6 shows the results for the electrostriction ratios
H i /HY, and Hs3/HY, for fibers with permittivity &r = 10%¢, a
value representative of the permittivity of water, as functions of
the volume fraction of fibers c¢. As expected, the enhancement in
both the electrostriction ratios with the addition of such liquid-like
fibers is very significant, exceeding 200% for fiber volume frac-
tions ¢ > (.3. Consistent with the previous case of stiff fibers, the
theoretical results (48) are seen to be in fairly good agreement
with the DCC and FE results.

4.3 Vacuous Cylindrical Pores. As a final set of sample
results, we consider the electrostriction of dielectric elastomer
composites containing aligned cylindrical vacuous cavities or

pores, 4s = iy = 0, ¢ = . For this choice of “fillers”, expres-
sions (43), again, when normalized by (44), specialize to
Iﬁ _ (21 —¢)e e
HYy 41-¢ (1—c)f
L + (10 +9¢)e 4 ¢(8 — 9¢) (g0 — &)
[(l—i-c)g—i—(l—c)eo]2 ’
H —5c g
%:1+(9 5c)§+ ce !
H3, 8(1—c¢) 2(1 —¢)
(1 =c)Bc+T)eg — (2 —1¢)(1+3c)e
X 5 ,
[(1+c)e+ (1 —c)eo]
ITI_:: 1 c[(1=c)e— (3 —c)ey) 49)
H3; (1=o)[(1+c)e+ (1 —c)e

Figure 7 shows the plots of these three electrostriction ratios as
functions of the volume fraction of pores c¢. While the electrostric-
tion ratio Hx /H % associated with the direction of the applied

35 0

[ Theory

L DCC—--

r FE e
3 i
2 L
e L
CG L
= L
g 2.5 - _ y
'45 Hy, 7 |
ot F n /
£ - Hiy, /
2 2f o
£ [ d
R L
Hoast - ]

L e~ H1m1

I = -* - H,,

1 == 0, 1 P L .
0 0.1 0.2 0.3 0.4
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Fig. 6 Electrostriction ratios H41/Hy] and H33/Hg; of an incom-
pressible (A=) dielectric elastomer with permittivity ¢ =3.2¢9
filled with a transversely isotropic distribution of liquid-like
(u;=4s=) cylindrical fibers with circular cross section, see Fig.
3. Results are shown for fibers with permittivity &=10%¢, as
functions of the volume fraction of fibers c. The solid line corre-
sponds to the theoretical results (48). The dashed line corre-
sponds to the response of a DCC assemblage of polydisperse
fibers, while the solid circles correspond to FE simulations of a
dielectric elastomer composite with monodisperse fibers.
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Electrostriction ratios

Fig. 7 Electrostriction ratios Hq1/H®, Ha/H, Hss/H) of an
incompressible (1=«) dielectric elastomer with permittivity
¢ = 3.2¢9 containing a transversely isotropic distribution of vac-
uous (u;=ir=%, g=¢g) cylindrical pores with circular cross sec-
tion, as functions of the volume fraction of pores c, see Fig. 3.
The solid line corresponds to the theoretical results (49). The
dashed line corresponds to the response of a DCC assemblage
of polydisperse cylindrical pores, while the solid circles corre-
spond to the FE simulations of a dielectric elastomer composite
with monodisperse cylindrical pores.

electric field (see Fig. 3) increases rather significantly with the
addition of pores, the electrostriction ratio H 33 /HY, slowly departs
from unity, and H,,/HT, slightly reduces before increasing and
reaching an enhancement for fiber volume fraction c¢ > 0.25.
These results reveal that the addition of cylindrical pores to
dielectric elastomers introduces a strong anisotropy in their elec-
trostriction response, with enhanced performance in the transverse
direction to the pores. Similar to the two previous cases of stiff
and liquid-like fibers, Fig. 7 shows that the theoretical results (49)
for cylindrical pores agree quite closely with the DCC and FE
results sufficiently away from percolation.

In summary, the above sample theoretical results indicate that
the addition of anisotropic fillers—in this case, aligned cylindrical
fibers—to dielectric elastomers can lead to substantial enhance-
ments in the electrostriction capabilities of this emerging class of
soft active materials. More specifically, the results indicate that
liquid-like and even porous anisotropic fillers have the potential
to lead to significantly more pronounced enhancements than those
endowed by mechanically stiff anisotropic fillers. It would be
interesting to explore these findings experimentally.
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Appendix A: The Overall Electromechanical Response
of a Differential Coated Cylinder (DCC) Assemblage

In this Appendix, we derive the analytical solution for the elec-
tromechanical response of a DCC assemblage in the limit of small
deformations and moderate electric fields. The derivation follows
the ideas introduced in Ref. [24], where the solution for the elec-
tromechanical response of a differential coated spherical assem-
blage was derived.

111009-14 / Vol. 82, NOVEMBER 2015

We begin by introducing the notation

L(X) = [1 - 0X)]LY + 0(X)L?,
e(X) = [1 - 0(X)eV 4 0(X)e?, (A1)
M(X) = [1 - 0X)IMD + (x)M®

to denote the local modulus of elasticity, permittivity, and electro-
strictive tensors of two-phase dielectric elastomer composites
with matrix material r = 1 and filler material r = 2. For any heter-
ogeneity of choice, that is, for any dependence of the local electro-
mechanical tensors (Al) on X, the effective tensors L, €, M
characterizing the overall or macroscopic response of the compos-
ite can be determined, rather remarkably, solely in terms of a
purely elastic problem and an uncoupled purely dielectric problem
[6]. Formulae for these effective tensors can be written as

~ 1
L = @ [QLUI?QFPHH dX,

- 1
€;j = @JQEquqJ dX7 (A2)

~ 1
M = @ JQ F”"I',qM/?ql'»‘yr,kV&,/ aX

where the third- and first-order tensor fields I' and y are the solu-
tions of the boundary-value problems

[L,-J-,.S,F,»k,,s]_j =0,X¢€ Q with Iy = 5ik5j1Xj7 X € 0Q (A3)

and

[Eisys.j]‘i =0,X¢€ Q with Vi = (Sl'jX]', X € 0Q (A4)

1
Here and subsequently, the notation i represents partial differen-
tiation with respect to the material point coordinate X;. These
boundary-value problems, in general, do not admit analytical solu-
tions because of the highly oscillating and discontinuous nature of
the indicator function 0. As recognized in Ref. [24], however,
there are special classes of microstructures for which they do
allow for analytical solutions. In the sequel, we derive such a solu-
tion for an assemblage of the DCCs.

A.1 DCC Assemblages

A coated cylinder assemblage is a two-phase particulate micro-
structure wherein aligned homothetic coated cylinders—comprising
a cylindrical core of circular cross section made up of the fiber mate-
rial that is surrounded by a cylindrical shell made up of the matrix
material—of infinitely many sizes are assembled together to fill the
entire domain Q occupied by the composite [25]. The particular man-
ner in which the coated cylinders are assembled is arbitrary. Assemb-
lages where coated cylinders of comparable radius are placed far
apart from each other and surrounded by coated cylinders of much
smaller radius, in such a way that the microstructure is fractal-like
comprising a hierarchy of well-separated coated cylinders, are
referred to as DCC assemblages [26].

One of the two defining features of a DCC assemblage is that,
by construction, any coated cylinder in the assemblage can be
regarded to be surrounded by a homogeneous medium of infinite
extent with the effective properties of the entire assemblage. The
other defining feature being that the average response of any
coated cylinder is the same as the average response of the entire
assemblage (or, equivalently, that the so-called average
“polarizability” of each coated cylinder vanishes); see Ref. [27]
and Sec. 10.5 in the monograph by Milton [28]. These two defin-
ing features of such microstructures entail that the gradients of the
tensor fields I' and y needed in expressions (A2) to compute the
effective tensors L, €, M are the same in each of the coated cylin-
ders. This allows to simplify expressions (A2) to
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Liju = \C|J Lijpglprig dX

61:/' = @J Eiquj dax

J Fpt/ quqH/z kyvldX

(A5)

M i

ijkl = ‘ C|
where the integrals are now over the domain C occupied by a sin-
gle coated cylinder, as opposed to over the entire domain €.
Moreover, these gradients can be expediently computed by taking
the domain Q in their defining boundary-value problems (A3) and
(A4) to be an infinite body comprised of a single coated cylinder,
occupying the domain C = {X : X — (X - N)N| < 1} say, embed-
ded in a homogeneous medium with the effective properties of the
entire assemblage. More specifically, when solving the boundary—
value problem (A3) and (A4), it suffices to consider Q = R the
local modulus of elasticity

L® if |X—(X-N)N| <R
L=<LY if R: <|X—(X-N)N|<1 (A6)
L if [X—(X-N)N|>1
the local permittivity tensor
e? if |X —(X-N)N| <R:
e=<¢ el if R:<|X—(X-N)N|<1 (A7)
€ if [X—(X-N)N|>1
and the local electrostrictive tensor
M® if X — (X N)N| <R:
M={ MY if R:<|X—(X-NN|<1 (A8)
M if [X—(X-N)N|>1

where R¢ stands for the radius of the fiber within a coated cylinder
of radius 1. For the class of dielectric elastomer composites of in-
terest in Sec. 4, wherein the matrix and the fibers are isotropic
ideal elastic dielectrics, the moduli of elasticity L, permittivity
tensors €, and electrostrictive tensors M are given by
expressions (13).

Given the local electromechanical tensors (A6)—(AS8), the solu-
tions to the PDEs (A3) and (A4) can be worked out in terms of
solid harmonics (see, e.g., Ref. [29]). To simplify the calculations
involved, it proves helpful to choose the direction of the fibers N to
coincide with one of the laboratory axis. For N = e3 say (see
Fig. 3), the 13 effective electromechanical constants (9) specialize to

S =Lin+Lix
\C|J Lllpq[rpll a7t Fﬁ22 q] )

1
L =Ly = @J L33pgLp33.4 dX,

&L =2Lpn = \C\ J Liopglp12,4 AX,

fL=2L;3 = J Li3pglp13.4 dX,

C|
L=Lun= \C|J Lipglp33,4 dX,

& = €11 = [FylldX

el

~ 1
£ = €33 = HJ £33 dX,
c

Journal of Applied Mechanics

cm = My +Mann

1
— @,[C [rl)ll,q + F[)ZZ-,‘I}Mqus“/,;lVS‘l dX,

dm = M3z = HJ p33.¢MpgrsVr 375 3 AX,

&M =2Mpp = 4 [ Dp12.4Mpgrsyy 1752 AX,

~ - (A9)
fm=2M 313 = ﬁJcrpIS,quqrsyr,lys& ax,

- ~ 1
9m = M3311 = EJ L33 qMpgrsyr17s1 AX,

By = = (M 1133 + Ma33)

= [ Tpi1q + rpzz,q]MpqursVs,S dX
2ICl Je

revealing that only certain combinations of the components of the
gradients of the fields I' and y are needed in the computation of
these effective constants. In the sequel, for conciseness, we pro-
vide solutions only for these combinations.

A.2 The Solution for I

We begin by presenting the solution for the components I';12,
which are needed in the computation of the effective elastic con-
stant (A9); and the effective electrostrictive constant (A9)o. They
read as

/

W
1"112,1 = |:gE + 2]1:| X1 X, + EX?XZ

g/ h/
Ton = {E + 24 X1X> + EXIXS

(A10)
1|g } 2 H s
r =T =—|=+h|R —X:X
12,2 212,1 Z{RJF +8+R 142
03 = T3 = 31010 = Too3 =310 =0
where g and / are functions of R = /X7 + X3 given by
A + AsR? if 0<R<R:
§= B, 7 (A1D)
B|+R4+33R +ﬁ if Re<R<I1
and
2(Ae +3
,MI% if 0<R<R:
2){ +3ﬂf
h=<{ —4——-————-B Al2
RS 2/ +3u ° (A12)
] B
+2[1+f} : it Re<R<1
u| R

In these expressions, use has been made of the notation
g (R)=dg/dR, W'(R)=dh/dR, and A, A3, By, By, B3, B, are con-
stants that depend on the volume fraction of fibers ¢ = R%., on the
elastic properties of the matrix and the fibers, and on the effective
elastic coefficients ¢, and €y, of the entire assemblage. Because
of their bulkiness, the explicit form of these constants is deferred
to Sec. A.S.

We proceed with the solution for the combination of compo-
nents I';j1; 4 I'ippj. This combination is needed in the computa-
tion of the effective elastic constant (A9),, and the effective
electrostrictive constants (A9)g and (A9);5. It can be written as
follows:

NOVEMBER 2015, Vol. 82 / 111009-15

Downloaded From: http://appliedmechanics.asmedigitalcollection.asme.or g/ on 09/10/2015 Terms of Use: http://www.asme.or g/about-asme/ter ms-of-use



e 2, where d and e are given by
g+ Ty = {dﬂLﬁ} *ﬁxl
5 Je ds if 0 <R<R: (Al4)
Dogip +Tomp = {d‘f']%} —R—iX% | da if Re <R<Z1
Qe Al3 and
i +Tinp =Tong + T = _IFXIXZ (A13)
0 if 0O<R<R
s +Tis =151 + 13221 =0 e = { £ R _< R_< i (A15)
e i
Do +Toxns =310+ 322 =0 " e
5113 + 1523 =0 with
_ (2+2) (3 + B1)
(e + 1+ pe)EL +2(A+ )] — (e — A+ pe — p)(eL — 21)
_ (As +p+pe)(CL+eL) (A16)
(e + 1+ pe)en +2(A+ )] — c(de = A+ pe — p)(eL — 2p)
_ —c(s = 2+ e — W)@ + B1)
(e + 1+ pe)len +2(A + )] — c(de = A+ pe — p)(er — 2p)
Next, we record the solution for the components I';;3; required with _
in the computation of the effective elastic constant (A9), and the T —c(pe — W)EL (A21)

effective electrostrictive constant (A9);;. These components read
as

u X?
Iz =151 = H_ﬁ {1 -2 1]

(n+ pe) (EL +2p) — e(pe — ) (EL — 21

Finally, we present the solution for the components I3,
which are needed in the computation of the effective elastic con-

R stants (A9), and (A9)s, as well as of the effective electrostrictive
o33 = Daisp = _ZMXII;‘(Z (A7) constants (A9)o and (A9),,. They read as
_ _ _ _ _ w X?
=Ty =T33 =T132=T231=0 Tz =v +23 [1 - 216—;}
h ) X2
where 1"233‘2:1/-!—1[1 _2_2}
' R R? A22)
[ i 0<R<R L) . - pe (
= = = 2w
. i R <R<1 1332 2331 R
I333 =1
with D333 =T33 = Tosz3 =T3332 =0
. ZHEL where
£ = _ -
+ fy+2u) —c — fi,—2 if 0<R<R
(1t n1e) (Fr +200) = e(pe — p)(Er — 201) AL19) ,_{ve HOSR<R: (A2%)
C (u+pe)fL Vin if Re <R<1
m — ~ ~
(1 + ) (o + 20) — c(pe — py(FL — 2p) and
and 0 if 0O<R<R¢
v it Re <R<1 (24
0 if 0<R<R: wm if Re <R <
. ‘ (A20)
Um if Re<R<I1 with
e — 2 + (1= )] + (14 )dep— A+ 2T} + (1 — ) (e — AL
£f— P ~ =
2(%e + A+ pe)[eL + 207+ p)] — 2¢(de — A+ pe — p)[er — 2]
" 2(Ae + o+ pe) e +2(A+ w)] — 2¢(Ae — A+ e — p)[Er — 24
= 2chgp = Apte + (e — A+ pe — WG] + c(de — A)EL
" 20+t pe)[en +2(A+ )] — 2c(he — A+ pe — p)[eL — 24
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A.3 The Solution for y and
Having established the solution for the required components of 0 ifO<R<R
the gradient of I', we now turn to present the solution for the com- b= { 1 = =0f (A30)
ponents of the gradient of y, which are needed in the computation bm if Re <R<1
of the two effective permittivity coefficients (A9)s and (A9), as .
well as of the six effective electrostrictive coefficients (A9)g_13. with
They read as follows: _
b — 2c(es — &)&; (A31)
) b 26, " @A) (e +8) — (& —e)(er —¢)
== a+R2 +R4X
b 2b
Yan = [a +R2} +R4X2
2 (A26) A.4 The Effective Electromechanical Constants
Y12 =721 = ﬁX 1X2 We are now equipped to determine the thirteen effective con-
=1 stants that characterize the overall electromechanical response of
V33 = the assemblage of coated cylinders. The integrals over a single
Vi3 =723 =731 =732=0 coated cylinder in Eq. (A9) can be readily carried out by making
use of the explicit solutions (A10), (A13), (A17), (A22) for the
where combinations of components l"mJ, FillJ + r,'zzt/*, 1—‘“31/, 1—‘,*33‘/' of
the gradient of I', as well as the components (A26) of the gradient
ar if 0<R<R: of y. Expressions (A9);_s yield a system of coupled polynomial
“Nan ifR:<R<I (A27) equations for the five effective elastic  constants
- ¢L, AL, eL, L, 91, from which a unique solution can be
with extracted based on physical arguments. Expression (A9)s also
yields a polynomial equation for the effective permittivity coeffi-
— 462, cient ¢, from which a unique solution can be deduced. On the
as = G+ o) (e +0) — G, — ) (e —¢ (A28)  other hand, expressions (A9);_3 render explicit solutions for the
! £ ! Ca) effective permittivity coefficient &; and the effective electrostric-
- tive constants Sy, dm, €m, £m, 9y, hm. After some algebraic
p—— —2(ee + i)gf (A29) manipulation, the result for all the 13 effective electromechanical
(5t + b) (Ef + b) - C(St - b) (b'f - b) constants can be written as
_ 2¢(A42p) (AL + Ap) ~pCC c(1—c)A2?
DCC
c =2/+2u+- , a =A4+2u+ c(AL+2Au) — -
L T ur A —odirap L ot W s =0T A
gbcc _ 512 + V4 + 9193 u Fbec _ 2+ deuAp
b 1 bt 2u+ (1 —c)An
§PCC — ;4 cAA(4+2p)
L ,H—Z;H—(l—c)(A/H—Au)
2cele
~DCC ~DCC
3 =e+-—F— = A
p F+23+(1—C)A8’ ) =&+ cAe
Sbee _ 2¢(1 — c)eAe(2e + Ae) (AL + Ap) af{cc _Ey che 4 (1 —c)AL . (A32)
[28+(1*C)A8] [/1+2/1+(lfc)(A)t+A/4)} 2 2 At 2u+ (1 =) (AL + Ap)
- 3 A
&DCC — 04,42 c&—t—%gtﬂf)z%—i-%l (1—c)eB; — 202, < )
3ea2 (1 — ) (A + ) b2 (1 — )2+ p)
- B3 — By
244 3u u
Foce _ 2cele ghee _ & cele c(1 — ¢)eAe(2e + Ag)AJ
M 2te+(1—c)Ae” "M 2 24+ (1—-c)Ae e+ (1 fc)Az]2[/l+2u+(1fc)(A)tJrA,u)]
~pcC & cAe(A+2u)
M 2 2[4 2u+ (1 —c)(AL+ Ap)]

where the superscript “DCC” has been appended for clarity. In
these expressions, it is recalled that ALl=1lf— 4,
Au = ps — u, Ae = e — ¢, the constants as, an, by, are given by
expressions (A28), (A29), (A31), the constants Ay, A3, By, By, B3,
B, are defined in Sec. A.5, and the final set of constants ¢1, ¢», ¢,
which depend explicitly on the volume fraction of fibers ¢ and the
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elastic properties of the matrix and the fibers, are given by expres-
sions (A34) in Sec. A.6. A few comments are in order:

(1) With the exception of the effective elastic constant eDCC

and the effective electrostrictive constant &y <, all of the
remaining 11 effective electromechanical constants (A32)
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agree identically with the result (36) in the main body of
the text. This agreement is admittedly remarkable since the
two sets of results pertain to two different microstructures.
These microstructures, however, do have the same one- and
two-point correlations functions. Furthermore, these micro-
structures are similar in that the fibers in both of them can
act as “neutral inclusions” under the same type of loading
conditions (see Appendix B in Ref. [1]).

We recall here that the five effective elastic constants

~DCC ~bCC ~DCC =bCC ~pcc
Ay i, 9r

conventlonal elastic

B
- - ~DCC - . .
KPCC, ,u? < E . D €. utilized to characterize the elastic

response of transversely isotropic materials, via relations
(11). In this connection, it is not difficult to verify that the
effective transverse shear modulus m)cc agrees identically
with the result originally derived by Christensen and Lo
[30], and later proved to be realizable by Avellaneda [26],
for a DCC assemblage. Further, the remaining four effective

2
can be recast into the five

Di
more parameters, cC

elastic constants KDCC e, B¢ ., UPCC agree identically

with the classical results of Hashin and Rosen [25] and Hill
[31] for arbitrary (not necessarily differential) coated cylin-
der assemblages. Similarly, the two effective permittivities
E?CC and s})cc agree identically with the classical results
(see Ref. [32] and references therein) for arbitrary (not nec-
essarily differential) coated cylinder assemblages.

Via a neutral inclusion argument, the effective electrostric-

~pcc ~DCC ~DCC __pcc ~DCC
tive coefficients ¢y, dy , £y ,hy

, Im can be
shown to be exact for arbitrary (not necessarily differential)
coated cylinder assemblages. By contrast, this is not true
for the effective electrostrictive coefficient éll\),lcc, which is

only valid for DCC assemblages.

A.5 The Constants A, A3, By, B, B3, B4

The six constants Ay, Az, By, B>, B3, B4 in the functions (A11)
and (A12) are defined by the solution of the following system of
six linear algebraic equations:

3)

A A By~ 2By -0, By= Ayttt 2 g AT -0
1+ A5€ = 51 2 T o 32Af+3uf A 2+ 3 Tt
P e (s + pte) A+
Bs = Aycite — Brc i — 3Baji+ 2Bac(+ 1) = 0, Fy— Ay St ) op g CHUFW) g k) =0
3 =Aic"us — Bictp apt+2B4c(A+p) =0, Eq=Az Ve 30 + 2By — Bs 2+ 3 ac(A 4 1)
- (A33)
4 2 2u 2u(2 3 A 2
Es=Bl(1+~—“+~—”)+Bz(lf—) cp (1 HCL 3N (1 ¢ +“)> (Hf—L):O
cL eL eL cren(24+3u) L

(v

2 B 2u(A
E¢ =2B>( 1 — 'u + 3 +3N+M)—B4 1—
224+ 3u eL

These equations stem from the continuity of the fields I',;; and
LijrsT0 sX; across the two material interfaces at R = Rg, 1, and
from the boundary condition at infinity where I'yyy = ;10 X;.
While it is a simple matter to compute the unique solution to this
system of equations, we do not report it here because of the bulki-
ness of the final expressions.

A.6 Expressions for gy, ¢», q3
The expressions for g1, ¢, g5 in the result (A9); for the effec-

tive elastic constant éECC are given by
q1 = (j. + 3[1)’[1(‘4 — 4’C2C3 + () + 3ﬂ)T3T4
W) [3e(i+ 0 = 202 + 34+ 312,
g2 = /u:lc“ — 4rgc3 + Ut3T4
+2ct3(ue — W) (4 + w)Be(Z+ 1) = 4,
@3 = (A+ p1ict + 4 + (A4 w1314
+2¢(2 = 3¢) (e — ) (4 + 1’13

+2ct3(pe —

(A34)

where

T = (ue — W{pe[A(de = 3p) + 3p(2e — p)]
— A2+ ) + 12 (2 +30)}
= G [2 (A + 1) + 232 + ) + 3e44%)
(2 430+ 3) — (e 4 3pe) (2 + )y
T3 = Ae(p+ pe) + pe Bp+ )

Ta = A(p+ pe) + p(p + 3pg) (A35)
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Appendix B: FE Calculations of the Overall Elastic
Dielectric Response of Elastomers Strengthened/
Weakened by Aligned Cylindrical Fibers

In this Appendix, we provide details of the FE results presented
in Sec. 4 for the overall electromechanical response of dielectric
elastomers filled with a random distribution of aligned fibers with
monodisperse circular cross section. We follow the formulation
presented in Appendix A of Spinelli et al. [2], where the FE
results for the electromechanical response of isotropic suspensions
of spherical particles in rubber were established.

Problem setting. We recall that the general formulae (A2) pre-
sented in Appendix A for the effective electromechanical tensors
L, €, M of dielectric elastomer composites with arbitrary hetero-
geneous local modulus of elasticity, L = L(X), permittivity,
e = €(X), and electrostrictive tensor, M = M(X), require solving
the three-dimensional boundary-value problems (A3) and (A4) for
the tensor fields I' and y. Now, for microstrutures comprising
aligned cylindrical fibers, the heterogeneity is two-dimensional.
By choosing—as in the forgoing and without loss of generality—
the direction of the fibers N to coincide with the laboratory axis e3
(see Fig. 3), the local electromechanical tensors for the problem
of interest here read as

L(X) = [3/1(X1,X2) + Zﬂ(Xl,Xz)]j + 2‘u(X1,X2)’C
e(X) = &(X, X)1

M(X) = &(X1,X,) (rc - %)

(B1)

Because of the isotropy of these tensors and their independence of
the X3 coordinate, it follows that the three-dimensional boundary-

Transactions of the ASME

Downloaded From: http://appliedmechanics.asmedigitalcollection.asme.or g/ on 09/10/2015 Terms of Use: http://www.asme.or g/about-asme/ter ms-of-use



value problems (A3) and (A4) can actually be recast as two- It is plain that the boundary-value problems, (B3), (BS), (B7),

dimensional boundary-value problems: do not admit explicit solutions other than for special cases (see,

The isotropy of the local modulus of elasticity (B1); and its in-  e.g., Appendix A). However, the underlying PDEs being second-

dependence from X3 imply that order linear elliptic, it is straightforward to solve them numeri-
cally by means of the FE method, as outlined next.

Dy = Ty (X1, X2), Dipoy = D2, (X1, X0) FE formulation. The focus of Sec. 4 is on dielectric elastomers

Tyi2, = Dyina(X1,X2), Tpary = Dy, (X1, X2) strengthened/weakened by transversely isotropic distributions of

aligned cylindrical fibers with circular cross section. To approxi-

I =r X, X . . . .
1331 m3.(X1,X2) (B2) mate the transverse isotropic of this class of microstructures, and

Ly =Tan, =Tz =52, =0 in view of the two dimensionality of the boundary-value problems

Tyizs =10, = Tpois = Taop, =0 (B3), (BS5), (B7), we consider an infinite two-dimensional periodic

r -r 0T -1 medium described by the periodic repetition of a square unit cell,

1333 333 =) 13333 S={X:X,€10,1] i=1,2}, that comprises a large but finite

and that T'11, D22, Tyi2, a1, T3 are solutions to number N of randomly distributed circles. Previous results based
on this approach (see, e.g., Ref. [33]) have indicated that N =60

_ circles is, in general, sufficient to approximate the transverse

X0 X2) DO + 20X, X2) ], = 0,X € Q (B3) isotropy of the microstructure. Figur£p8 depicts representative

with Ty = 0, X;, X € 0Q examples of such unit cells with N = 60 circles for various volume

fractions of fibers: (a) ¢ =0.05, (b) ¢ =0.15, and (¢) ¢ =0.25.
For the above-described repeating unit cells S, the boundary
value problems (B3), (B5), and (B7) specialize to

where the pair of indices (k/) are to be evaluated as 11, 22, 12, 21,
33. They further imply that

[y, =Typs = 33,(X1,X0)

F33i],l = r1317,3 = r33)1,t(X17X2) M(Xl 7X2)rl'k/-,l‘5i]l + 2M(X1 7X2)FVIUJ]J = 07 Xes

(B4)
Fyizy =T33 =T, =333 =0 Tu(l,X) — Tou(0,X5) = 6,00
1“7 e - 1“” e o ith (1, X2) (0, X2) k011 X eos (BS)
3. = 1333 =13, =13323 = Ty (X1, 1) — Ty (X1,0) = S0
and I'3,3, I'33, are solutions to
(X1, %) T3], =0,X €8
(X1, X2) o], =0, X € Q (B5)
with T3y = 03X, X € 0Q with { [su(1,X2) — T3(0,X2) = d316n X eos (B9)
where now the pair of indices (k/) are to be evaluated as 13, 31, T3(X1, 1) = T30(X1, 0) = 93¢0
23, 31. In expressions (B2)—(B5) and subsequently, Greek indices  and
range from 1 to 2.
Similarly, the isotropy of the local permittivity (B1), and its [eimmyl; =0, X €S
independence from X3 imply that " 1y(1,X2) = 2,(0,X2) = 8y <o ®10
Yo = Vr].,t(XhXZ)v Yo = Vg = 07 733 = 1 (B6) “/"(Xl, 1) — yq(Xl,O) = 5,72 ’

and 7, are solutions to In the above expressions, S stands for the boundary of S and it

(B7) is recalled that the pair of indices (k/) are to be evaluated as 11,

(X1, X2),], = 0. X €0, with 3, =X, X € 0Q 22, 12,21, 33 in Eq. (B8) and as 13, 31, 23, 31 in Eq. (BY).

' e 9 ¢ -.. ° o®
e %o % ° ) e® o ©
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o ot ° 00® e’
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Fig. 8 Unit cells with N=60 circles randomly distributed for three volume frac-
tions of fibers: (a) c=0.05, (b) c=0.15, and (c) ¢ = 0.25. Parts (d), (e), and (f) show
three progressively refined meshes, with approximately (d) 8,000, (e) 40,000, and (f)
200,000 elements, of a unit cell containing a random distribution of N= 60 circles
at volume fraction ¢ =0.15.
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We carry out the discretization of these problems with help of
the scripting and meshing capabilities of the FE package ABAQus
(see aBAQus Version 6.11 Documentation, 2011 [34]). Hybrid iso-
parametric eight-node quadrilateral elements with linearly varying
pressure were selected to solve the PDE (B8), while isoparametric
eight-node quadrilateral elements were utilized for the PDEs (B9)
and (B10). Figures 8(d)-8(f) display three meshes of increasing
refinement for volume fraction of fibers ¢ = 0.15. Mesh sensitivity
analyses revealed that meshes containing about 200,000 elements
(~ 600,000 nodes), such as the one shown in Fig. 8(f), are refined
enough to deliver accurate results. The discretized equations
resulting from Egs. (BS), (B9), and (B10) are formulated and
solved via a vectorized FE code written in the technical comput-
ing environment MATLAB (see MATLAB Version 8.3 Documentation,
2014 [35]). The computed FE solutions for the components of the
tensor fields I' and y are then utilized to finally compute the three
sought after effective electromechanical tensors via

~FE FE

Lijkl = J L’]qupqu dX,

&r = Leiq«;jﬁ ax, (B11)
7 FE F FE, FE

Mijkl:JFpqu I’"I‘W)}tk/uldx

where the superscript “FE” has been appended to these expres-
sions for clarity.

Assessment of the simulated microstructures. Because of the
finite number of fibers (N = 60) included per unit cell, the micro-
structures simulated here are transversely isotropic only in an ap-
proximate sense. In order to assess the transverse isotropy of each
realization that is constructed, we monitor the following
measures:

~FE SFEL(2) | ~FEe(3) | FFEo(4) | ~FE(g(5) (6)) _ 7 FE
5 ICEEW 1+ &7 +aMFe® L £7eW 4 g (£D) +£9) — L7
L ~FE
L]
[o¢]
~FE ~FE ~FE
5 [&,"XI—N&N)+% NoN-€"| (B12)
€ ~FE
[[€ ]
~FE ~FE ~FE ~FE ~FE ~FE FE
S = ||CMS +dy £? tem gv JFfM‘g(4> +9m £v) +hy £Y - lloo
M ~ FE
M|
. . . ~FE  3FE~fFE ~FE~FE \ 72
where the effectlve electromechanical coefficients H. = ey dp CM —29, 9y | E
~FE __pg GFE HFE FE <FE §FE <FE ZFE —pp pFE =\ zE" SFEg ~FE2 | 2
CL7dL7eL7vagLa.8[98[7 MadMaevaMngahM eL LdL — 2 2
are defined by the projections
SFE dFEaFE - 2~FE§FE o
1 Hy = - ~Il¥%5 NFE{\V/IFE l,:,FEZM 7 (BIS)
S = gl el =R e L SLdy —29;
o "y l/k/ Klgq> ppij uk/ klgq
~FE~FE ~FE ~FE
e _ L o) 7FE o0) 1 gla) 7B Hay =L °M — °L IM 52
L 2 Ppqij I/kl klpq? L 2 Pqij ljk[ klpq h EFEaFE — 2§FE2
L YL
1 ~FE
SFE _ 1 002 (1)
L — Egppljl‘ijklgquq
. 1 - .
B = (0 NN) FE((Sk’ NN, BF = NEEN;  (BI3) References
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