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By employing recent results (Lopez-Pamies, O., 2014, “Elastic Dielectric Composites:
Theory and Application to Particle-Filled Ideal Dielectrics,” J. Mech. Phys. Solids, 64, p.
6182 and Spinelli, S. A., Lefèvre, V., and Lopez-Pamies, O., “Dielectric Elastomer Compo-
sites: A General Closed-Form Solution in the Small-Deformation Limit,” J. Mech. Phys.
Solids, 83, pp. 263–284.) on the homogenization problem of dielectric elastomer compo-
sites, an approximate solution is generated for the overall elastic dielectric response of
elastomers filled with a transversely isotropic distribution of aligned spheroidal particles in
the classical limit of small deformations and moderate electric fields. The solution for such
a type of dielectric elastomer composites is characterized by 13 (five elastic, two dielectric,
and six electrostrictive) effective constants. Explicit formulae are worked out for these con-
stants directly in terms of the elastic dielectric properties of the underlying elastomer and
the filler particles, as well as the volume fraction, orientation, and aspect ratio of the par-
ticles. As a first application of the solution, with the objective of gaining insight into the effect
that the addition of anisotropic fillers can have on the electromechanical properties of elasto-
mers, sample results are presented for the case of elastomers filled with aligned cylindrical
fibers. These results are confronted to a separate exact analytical solution for an assemblage
of differential coated cylinders (DCC), wherein the fibers are polydisperse in size, and to full-
field simulations of dielectric elastomer composites with cylindrical fibers of monodisperse
size. These results serve to shed light on the recent experimental findings concerning the
dielectric elastomers filled with mechanically stiff fibers. Moreover, they serve to reveal that
high-permittivity liquid-like or vacuous fibers—two classes of filler materials yet to be
explored experimentally—have the potential to significantly enhance the electrostriction
capabilities of dielectric elastomers. [DOI: 10.1115/1.4031187]

Keywords: electrostriction, electroactive materials, microstructures, iterated
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1 Introduction and Problem Setting

Through a certain asymptotic analysis within the context of the
homogenization theory of Lopez-Pamies [1] in finite electroelas-
tostatics, Spinelli et al. [2] have recently derived an exact closed-
form solution for the overall electromechanical response of
two-phase dielectric elastomer composites with specific yet fairly
general types of (random or periodic) particulate microstructures1

in the classical limit of small deformations and moderate electric
fields. The solution is given explicitly in terms of the electrome-
chanical properties of the underlying matrix and fillers, and the
one- and two-point correlation functions describing the microstruc-
ture. Opere citato, Spinelli et al. employed the solution to work out
specific results for dielectric elastomers filled with isotropic distri-
butions of spherical particles, a microstructure for which the
required two-point correlation function takes on a particularly sim-
ple form. The purpose of this paper is to place on record corre-
sponding analytical results for dielectric elastomers filled with
transversely isotropic distributions of aligned spheroidal particles.

Microscopic description of dielectric elastomer composites. A
dielectric elastomer composite is taken here to consist of a statisti-
cally uniform distribution of disconnected fillers that are perfectly
bonded to a matrix. The domain occupied by the entire composite

in its ground state is denoted by X and its boundary by @X. Both
phases, the matrix (r ¼ 1) and the fillers (r ¼ 2), are taken to be
elastic dielectrics. Their constitutive behaviors are characterized
by “total” free energies WðrÞ that are objective, isotropic functions
of the deformation gradient F, and objective, isotropic, and
even functions of the Lagrangian electric field E, i.e.,
WðrÞðQFK;EKÞ ¼ WðrÞðF;�EÞ ¼ WðrÞðF;EÞ for all Q; K
2 Orthþ. At a given material point X, the first Piola-Kirchhoff
stress S and the Lagrangian electric displacement D are then given
in terms of F and E simply by Dorfmann and Ogden [3]

S ¼ @W

@F
X;F;Eð Þ and D ¼ � @W

@E
X;F;Eð Þ (1)

with

WðX;F;EÞ ¼ ½1� hðXÞ�Wð1ÞðF;EÞ þ hðXÞWð2ÞðF;EÞ (2)

where h stands for the indicator function of the regions occupied
by the fillers: hðXÞ ¼ 1 if X is inside a filler and 0 otherwise.

The macroscopic response. Granted the statistical uniformity of
the distribution of the fillers and assuming that their characteristic
size is much smaller than the length scale of X, the macroscopic
length scale, the above-defined dielectric elastomer composite is
expected to behave macroscopically as a homogeneous material.
Its overall or macroscopic constitutive response is characterized
by the relationship between the volume averages of the first Piola-

Kirchhoff stress S¼:
Ð
XSðXÞdX and electric displacement

D¼:
Ð
XDðXÞdX and the volume averages of the deformation gradi-

ent F¼:
Ð
XFðXÞdX and electric field E¼:

Ð
XEðXÞdX over X when

the composite is subjected to affine boundary conditions [1]. The
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1The microstructures for which the solution of Spinelli et al. [2] are exact
correspond to a class of two-phase polydisperse particulate microstructures
constructed via an iterated homogenization procedure. The interested reader is
referred to Section Sec. 3 in Ref. [1] and Section Sec. 4 in Ref. [2] for further details.
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relation can be conveniently written in terms of the total electroelas-
tic free energy (per unit undeformed volume) of the composite

W F;E
� �

¼ min
F2K

max
E2E

1

jXj

ð
X

W X;F;Eð ÞdX (3)

as

S ¼ @W

@F
F;E
� �

and D ¼ � @W

@E
F;E
� �

(4)

where K and E in expression (3) denote sufficiently large sets of
admissible deformation gradients F and curl-free electric fields E
with prescribed volume averages F and E. We note that the effec-
tive free energy function (3) is, by definition, an objective in F
and even in E so that WðQ F;EÞ ¼ WðF;�EÞ ¼ WðF;EÞ for all
Q 2 Orthþ, similar to the local free energy functions WðrÞ of the
matrix and the fillers.

The classical limit of small deformations and moderate electric
fields. The focus of this paper is on the classical asymptotic limit
of small macroscopic deformations and moderate macroscopic
electric fields. That is, letting f denote a vanishingly small param-
eter, the deformation measure H¼: F � I, with I denoting
the identity in the space of second-order tensors, is taken to be
of OðfÞ while the electric field E is of Oðf1=2Þ (see, e.g.,
Refs. [4–6]). In this limit, the effective free energy function (3)
takes the asymptotic form (in indicial notation)

W F;E
� �

¼ 1

2
Hij
eLijkl Hkl �

1

2
Eie�ij Ej þ Hij

eMijkl EkEl

�EiEjesijkl EkEl þ O f3
� �

(5)

while the macroscopic constitutive relations (4) reduce to

Sij ¼
@W

@Fij

F;E
� �

¼ eLijklHkl þ eMijkl EkEl þ O f2
� �

(6)

and

Di ¼ �
@W

@Ei

F;E
� �

¼ e�ij Ej þ O f3=2
� �

(7)

Here, eL stands for the effective modulus of elasticity, e� denotes
the effective permittivity, fM is the effective electrostrictive ten-
sor, and es represents the effective permittivity of second order.
Note that es is absent from both asymptotic macroscopic constitu-
tive relations (6) and (7). That is, in this classical limit of small
macroscopic deformations and moderate macroscopic electric
fields, the overall electromechanical response of dielectric elasto-
mer composites is characterized by three effective tensors: the
fourth-order tensor eL describing their elasticity, the second-order
tensor e� describing their permittivity, and the fourth-order tensorfM describing their electrostrictive response. Because of the afore-
mentioned objectivity of W and its energy nature, these tensors
are endowed with the following symmetries:eLijkl ¼ eLklij ¼ eLjikl ¼ eLijlk;e�ij ¼ e�jieMijkl ¼ eMjikl ¼ eMijlk

(8)

1.1 The Case of Transversely Isotropic Dielectric
Elastomer Composites. The focus of this paper is furthermore on
dielectric elastomer composites wherein the fillers are distributed
with transverse isotropy in the undeformed configuration X. Due
to their microstructure, this type of composites exhibits an overall
electromechanical behavior that is transversely isotropic. We shall
denote their initial axis of symmetry by the unit vector N; as an
illustrative example, Fig. 1 shows a schematic of a transversely
isotropic dielectric elastomer composite with a distribution of axi-
symmetric fillers aligned in the direction of the axis of symmetry
N. For this class of anisotropic dielectric elastomers, the effective
free energy function (3) satisfies the material symmetry

requirement WðF K;E KÞ ¼ WðF;EÞ for all K 2 Symm with
Symm ¼ fQ;Q ¼ RNðhÞg, where RNðhÞ denotes a rotation of
angle h about the vector N. By means of standard calculations, it is
not difficult to show that this requirement implies that the effective
tensors eL; e�; fM in the macroscopic constitutive relations (6) and
(7) are transversely isotropic tensors, as expected. With help of the
Walpole notation [7], they can then be expediently written as

eL ¼ ecLEð1Þ þ edLEð2Þ þ eeLEð3Þ þ ef LEð4Þ þ egL

�
Eð5Þ þ Eð6Þ

�
e� ¼ eetðI� N� NÞ þeelN� NfM ¼ ecMEð1Þ þ edMEð2Þ þ eeMEð3Þ þef MEð4Þ þ egMEð5Þ þ ehMEð6Þ

(9)

with

E 1ð Þ
ijkl ¼

1

2
dij � NiNj

� �
dkl � NkNlð Þ

E 2ð Þ
ijkl ¼ NiNjNkNl

E 3ð Þ
ijkl ¼ E

1ð Þ
ikjl þ E

1ð Þ
jkil � E

1ð Þ
ijkl

E 4ð Þ
ijkl ¼

1

2
E 5ð Þ

ikjl þ E
5ð Þ

jlik þ E
5ð Þ

iljk þ E
5ð Þ

jkil

� �
E 5ð Þ

ijkl ¼ NiNj dkl � NkNlð Þ

E 6ð Þ
ijkl ¼ E

5ð Þ
klij

(10)

where dij denotes the Kronecker delta. From these expressions, it is
trivial to deduce that, in the limit of small deformations and moder-
ate electric fields, the overall electromechanical response of trans-
versely isotropic dielectric elastomers is characterized by 13 (five
elastic2, two dielectric, and six electrostrictive) effective constants.

The purpose of this paper reduces hence to working out results
for the 13 effective constants ecL; edL; eeL; efL; egL; eet,eel; ecM; edM; eeM; efM; egM; ehM in Eq. (9) directly in terms of the
electromechanical properties of the matrix and fillers, as character-
ized by the free energy functions Wð1Þ and Wð2Þ, and the micro-
structure, as characterized by the indicator function h, for the case

Fig. 1 Schematic of the microstructure of a transversely isotropic
dielectric elastomer composite with initial axis of symmetry N

2In the literature, there are several sets of five constants that are utilized to
characterize the linear elastic response of transversely isotropic materials. Perhaps
the more standard set is that comprised of the transverse (or in-plane) bulk modulusej t and shear modulus el t, and the longitudinal shear modulus el l, Young’s moduluseEl, and Poisson’s ratio e� l. These are given in terms of the five elastic constantsecL; edL; eeL; efL, egL that appear in the Walpole notation (9)1 by the following
relations:

ej t ¼
ecL

2
; el t ¼

eeL

2
; el l ¼

efL

2
; eEl ¼ edL � 2

egL
2ecL

; e� l ¼
egLecL

(11)
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when the fillers are spheroidal particles that are aligned and whose
centers are distributed with transversely isotropic symmetry. To
this end, we will employ the solution recently derived by Spinelli
et al. [2] from the homogenization theory of Lopez-Pamies [1].

We begin in Sec. 2 by recalling the solution of Spinelli et al. [2]
and spell out its specialization to transversely isotropic dielectric
elastomers. In Sec. 3, we employ the latter to work out specific
results for dielectric elastomers filled with transversely isotropic
distributions of aligned spheroidal particles. Section 3 includes a
discussion of the key features of the results and their specialization
to limiting cases of practical interest. To shed light on recent exper-
imental findings, we utilize in Sec. 4 the formulae worked out in
Sec. 3 to examine the electrostriction response of the dielectric elas-
tomers filled with cylindrical fibers that are mechanically stiff.
With the aim of identifying what other type of fillers not yet utilized
in experiments may potentially lead to enhanced behaviors, we also
present corresponding sample results for dielectric elastomer com-
posites with cylindrical fibers that are liquid-like and vacuous in
mechanical behavior. Section 4 includes comparisons with a sepa-
rate exact analytical solution and with full-field simulations, the
details of which are presented in Appendices A and B.

2 The Solution of Spinelli et al.

For the physically relevant case when the matrix and the fillers
are isotropic ideal elastic dielectrics, so that the free energy func-
tions for the matrix and fillers are such that (see, e.g., Refs. [8,9])

W rð Þ F;Eð Þ ¼ 1

2
Fij � dij

� �
L

rð Þ
ijkl Fkl � dklð Þ � 1

2
Ei �

rð Þ
ij Ej

þ Fij � dij

� �
M

rð Þ
ijkl EkEl þ HOT (12)

with

L 1ð Þ¼: @
2W 1ð Þ

@F2
I; 0ð Þ ¼ 2lKþ 3kþ 2lð ÞJ

� 1ð Þ¼: � @
2W 1ð Þ

@E2
I; 0ð Þ ¼ eI

M 1ð Þ¼: 1

2

@3W 1ð Þ

@F@E2
I; 0ð Þ ¼ eK� e

2
J

L 2ð Þ¼: @
2W 2ð Þ

@F2
I; 0ð Þ ¼ 2lfKþ 3kf þ 2lfð ÞJ

� 2ð Þ¼: � @
2W 2ð Þ

@E2
I; 0ð Þ ¼ efI

M 2ð Þ¼: 1

2

@3W 2ð Þ

@F@E2
I; 0ð Þ ¼ efK�

ef

2
J

(13)

where k, l, e, kf, lf, ef stand, respectively, for the Lam�e constants
and the permittivities of the matrix and fillers, and the tensors
K; J are given by

Kijkl ¼
1

2
dikdjl þ dildjk �

2

3
dijdkl

� �
J ijkl ¼

1

3
dijdkl

(14)

the solution for the effective tensors eL; e�; fM generated in Ref.
[2] reads as

eLijkl ¼ l dikdjl þ dildjk

� �
þ kdijdkl þ c 1� cð ÞPL þ 1

2Dl
Kþ 1

3Dkþ 2Dl
J

� 	�1
( )

ijkl

e�ij ¼ edij þ c 1� cð ÞP� þ 1

De
I

� 	�1
( )

ijeMijkl ¼
e
2

dikdjl þ dildjk � dijdkl

� �
þ 1

2 c2 DlDe
DeLijpqDe�kpDe�lq

� Dkþ Dl
2 c2 DeDl 3Dkþ 2Dlð ÞD

eLijmmDe�krDe�rl �
1� cð Þ Dkþ Dlð Þ

4c2eDl 3Dkþ 2Dlð ÞD
eLijppDe�krDe�lshnrnsi

� 1

2 c2

c2 � 1

2e 2lþ kð Þ �
1� c

2eDl
þ kþ lð Þ 1� cð Þ

l 2lþ kð ÞDe

" #
DeLijpqDe�krDe�lshnpnqnrnsi

þ 1� c

2 c2lD�
DeLijpqDe�pkDe�lshnsnqi






klð Þ
þ 1� c

2 c e
De�krDe�lshninjnrnsi �

1� c

4 c e
De�krDe�lsdijhnrnsi

� 1� cð Þ kþ lð Þ
2 c l 2lþ kð Þ DeLijpqDe�lshnpnqnknsi






klð Þ
þ 1� c

2cl
DeLijkqDe�lshnsnqi






klð Þ

(15)

Here, use has been made of the notation DeL ¼ eL � Lð1Þ,
De� ¼ e� � �ð1Þ; DL ¼ Lð2Þ � Lð1Þ; D� ¼ �ð2Þ � �ð1Þ, DM ¼Mð2Þ

�Mð1Þ; Dk ¼ kf � k; Dl ¼ lf � l; De ¼ ef � e, c stands for the
one-point correlation function, namely, the initial volume fraction
of the fillers

c ¼ p 2ð Þ ¼ 1

jXj

ð
X
h Xð ÞdX (16)

and

PL
ijkl ¼

1

l
dikhnjnli






ijð Þ; klð Þ

� lþ k
l 2lþ kð Þ hninjnknli (17)

P�ij ¼
1

e
hninji (18)

where the bracketed subscripts denote symmetrization and the tri-
angular brackets stand for the weighted average

h�i¼:
ð
jnj¼1

� �ðnÞdn (19)

For random microstructures, the weight function �ðnÞ in Eq. (19)
is given directly in terms of the two-point correlation function
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p 22ð Þ Yð Þ ¼ 1

jXj

ð
X
h Yþ Xð Þh Xð ÞdX (20)

by

� nð Þ ¼ � 1

8p2jXj

ð
X

p 22ð Þ Xð Þ � c2

1� cð Þc
d00 n � Xð ÞdX (21)

where d00 denotes the second derivative of the Dirac delta function
with respect to its argument. For periodic microstructures, �ðnÞ is
given in terms of pð22Þ by expression (13) in Ref. [2].

2.1 The Case of Transversely Isotropic Dielectric
Elastomer Composites. The solution (15) is valid for any choice
of the one- and two-point correlation functions pð2Þ ¼ c and pð22Þ

describing the microstructure. The latter enters expressions (15)
through the microstructural tensors hninjnknli and hninji. For later
use, it is expedient to recognize that for transversely isotropic
microstructures these tensors admit the spectral form

hninjnknli ¼ a1 E 1ð Þ
ijkl þ

1

2
E 3ð Þ

ijkl

� �
þ a2E 2ð Þ

ijkl

þ a3 E 4ð Þ
ijkl þ

1

2
E 5ð Þ

ijkl þ
1

2
E 6ð Þ

ijkl

� �
hninji ¼ b1 dij � NiNj

� �
þ b2NiNj

(22)

Here

a1 ¼
1

2
hE 1ð Þ

mmijninjnknlE 1ð Þ
klnni

a2 ¼ hE 2ð Þ
mmijninjnknlE 2ð Þ

klnni

a3 ¼
1

2
hE 4ð Þ

mnijninjnknlE 4ð Þ
klmni

b1 ¼
1

2
h1� niNinjNji; b2 ¼ hniNinjNji

(23)

where it is recalled that the tensors Eð1Þ through Eð6Þ are given in
terms of the axis of symmetry N by relation (10), and that the tri-
angular brackets stand for the weighted average (19) with the
weight �ðnÞ being given by expression (21) in terms of the two-
point correlation function pð22Þ.

For transversely isotropic microstructures, in view of the rela-
tions (22) and (23), the solution (15) for the effective electrome-
chanical tensors eL; e�; fM reduces indeed to the form (9) with the
13 effective electromechanical constants given by

ecL ¼ 2kþ 2lþ 2 Dkþ Dlð Þc
Dl 3Dkþ 2Dlð Þ!�

2c 1� cð Þ a2 kþ lð Þ � b2 kþ 2lð Þ½ �
l kþ 2lð Þ!

edL ¼ kþ 2lþ Dkþ 2Dlð Þc
Dl 3Dkþ 2Dlð Þ!�

2c 1� cð Þ a1 kþ lð Þ � b1 kþ 2lð Þ½ �
l kþ 2lð Þ!

eeL ¼ 2lþ 2lDl kþ 2lð Þc
kþ 2lð Þ lþ 2 1� cð Þb1Dl

� �
� 1� cð Þa1Dl kþ lð Þ

efL ¼ 2lþ 2lDl kþ 2lð Þc
kþ 2lð Þ lþ 1� cð ÞDl b1 þ b2ð Þ

� �
� 2 1� cð Þa3Dl kþ lð Þ

egL ¼ kþ cDk
Dl 3Dkþ 2Dlð Þ!þ

c 1� cð Þ kþ lð Þa3

l kþ 2lð Þ!

eet ¼ eþ ceDe

eþ 1� cð Þb1De
; eel ¼ eþ ceDe

eþ 1� cð Þb2De

ecM ¼
1� cð ÞDeet

2ða1 � b1Þ
2ce

þ
Deet

2 ecL � 2k� 2lð ÞDk� 2 egL � kð Þ Dkþ Dlð Þ
� �

2c2DlDe 3Dkþ 2Dlð Þ

þ a1 ecL � 2k� 2lð Þ þ a3 egL � kð Þ
� � 1� cð ÞDeet

2

4c2eDl
1þ 1þ cð ÞDl

kþ 2l
� 2eDl kþ lð Þ Deet þ cDeð Þ

lDeDeet kþ 2lð Þ

" #

� b1 1� cð ÞDeet
2 Dkþ Dlð Þ

2c2eDl 3Dkþ 2Dlð Þ egL � kþ ecL � 2k� 2lð Þ 1� eDl Deet þ cDeð Þ 3Dkþ 2Dlð Þ
lDeDeet Dkþ Dlð Þ

 !" #

edM ¼
e
2
þ 1� cð ÞDeel

2 2a2 � b2ð Þ
4ce

þ
Deel

2 edL � k� 2l
� �

2Dkþ Dlð Þ � 2 egL � kð Þ Dkþ Dlð Þ
h i

2c2DlDe 3Dkþ 2Dlð Þ

þ a2
edL � k� 2l
� �

þ a3 egL � kð Þ
h i

1� cð ÞDeel
2

4c2eDl
1þ 1þ cð ÞDl

kþ 2l
� 2eDl kþ lð Þ Deel þ cDeð Þ

lDeDeel kþ 2lð Þ

" #

� b2 1� cð ÞDeel
2 Dkþ Dlð Þ

4c2eDl 3Dkþ 2Dlð Þ 2egL � 2kþ edL � k� 2l
� �

1� 2eDl Deel þ cDeð Þ 3Dkþ 2Dlð Þ
lDeDeel Dkþ Dlð Þ

 !" #
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eeM ¼ eþ a1 1� cð ÞDeet
2

4ce
þ Deet

2 eeL � 2lð Þ
2c2DlDe

1þ a1 1� cð ÞDe
4e

1þ 1þ cð ÞDl
kþ 2l

� 	(

þ 2b1 �
a1 kþ lð Þ
kþ 2l

� 	
1� cð ÞDl Deet þ cDeð Þ

2lDeet



efM ¼ eþ a3 1� cð ÞDeelDeet

2ce
þ DeelDeet efL � 2l

� �
2c2DlDe

1þ b1 1� cð ÞDl Deel þ cDeð Þ
2lDeel

þ b2 1� cð ÞDl Deet þ cDeð Þ
2lDeet

þ a3 1� cð ÞDe
2e

(

� 1þ 1þ cð ÞDl
kþ 2l

1� e kþ lð Þ 2DeelDeet þ cDe Deel þ Deetð Þ½ �
1þ cð ÞlDeDeelDeet

� �� 	


egM ¼ �
e
2
þ 1� cð ÞDeet

2 a3 � b1ð Þ
4ce

�
Deet

2 edL � k� 2l
� �

Dkþ Dlð Þ � Dk egL � kð Þ
h i

2c2DlDe 3Dkþ 2Dlð Þ

þ a3
edL � k� 2l
� �

þ 2a1 egL � kð Þ
h i

1� cð ÞDeet
2

4c2 kþ 2lð Þ
kþ 2lþ 1þ cð ÞDl

2eDl
� kþ lð Þ Deet þ cDeð Þ

lDeDeet

� 	
� b1 1� cð ÞDeet

2 Dkþ Dlð Þ
4c2eDl 3Dkþ 2Dlð Þ

edL � k� 2lþ 2 egL � kð Þ 1� eDl 3Dkþ 2Dlð Þ Deet þ cDeð Þ
lDeDeet Dkþ Dlð Þ

 !" #

ehM ¼ �
e
2
þ 1� cð ÞDeel

2 a3 � b2ð Þ
4ce

�
Deel

2 ecL � 2k� 2lð Þ Dkþ Dlð Þ � egL � kð Þ 2Dkþ Dlð Þ
� �

2c2DlDe 3Dkþ 2Dlð Þ

þ a3 ecL � 2k� 2lð Þ þ 2a2 egL � kð Þ
� � 1� cð ÞDeel

2

4c2 kþ 2lð Þ
kþ 2lþ 1þ cð ÞDl

2eDl
� kþ lð Þ Deel þ cDeð Þ

lDeDeel

� 	
� b2 1� cð ÞDeel

2 Dkþ Dlð Þ
4c2eDl 3Dkþ 2Dlð Þ ecL � 2k� 2lþ egL � kð Þ 1� 2eDl 3Dkþ 2Dlð Þ Deel þ cDeð Þ

lDeDeel Dkþ Dlð Þ

 !" #

(24)

where the notation Deel ¼ eel � e; Deet ¼ eet � e

! ¼ Dkþ Dl
Dl 3Dkþ 2Dlð Þ �

1� cð Þ a2 kþ lð Þ � b2 kþ 2lð Þ½ �
l kþ 2lð Þ

 !
Dkþ 2Dl

Dl 3Dkþ 2Dlð Þ �
2 1� cð Þ a1 kþ lð Þ � b1 kþ 2lð Þ½ �

l kþ 2lð Þ

 !

� Dk
Dl 3Dkþ 2Dlð Þ þ

a3 1� cð Þ kþ lð Þ
l kþ 2lð Þ

 !2

(25)

has been introduced for simplicity.
While specific for transversely isotropic dielectric elastomer com-

posites, expressions (24) are still admittedly general as they apply to
arbitrary types of transversely isotropic microstructures. Again, the
dependence on the microstructure enters via the volume fraction of
the fillers c and the five parameters a1, a2, a3, b1, b2 defined in terms
of the two-point correlation function (20) by relations (23).

In the sequel, we specialize the result (24) to dielectric elasto-
mer composites wherein the fillers are aligned spheroidal particles
whose centers are distributed with the so-called “spheroidal” sym-
metry introduced by Willis [10]. The two-point correlation func-
tion for such a type of microstructures, as characterized by the
weight function (21), can be determined in closed form. This
allows to determine simple formulas for the parameters a1, a2, a3,
b1, b2, and ultimately to write down fully explicit expressions for
all the 13 effective constants ecL; edL; eeL; efL; egL; eet; eel;ecM; edM; eeM; efM; egM; ehM.

3 Application to Dielectric Elastomers Filled With

Aligned Spheroidal Particles

The majority of experimental studies on dielectric elastomer
composites to date have been concerned with fillers that are
roughly spherical in shape (see, e.g., Refs. [11–13]). There are,
however, a number of studies (see, e.g., Refs. [14–16]) that have
indicated that anisotropic fillers in the form of short (needle-like)
and long (cylindrical) fibers can potentially lead to even larger

enhancements than those endowed by spherical fillers. In this sec-
tion, motivated in part to shed light on these findings, we work out
the specialization of the effective electromechanical constants
(24) to the case of dielectric elastomer composites wherein the
underlying fillers are spheroidal in shape and are all aligned in the
same direction. In order to favor analytical tractability, we con-
sider that the centers of the particles are distributed with
“spheroidal” symmetry and that the “aspect ratio” of this spheroi-
dal distribution is the same as the aspect ratio of the particles3

[10]. For this class of microstructures, the weight function (21)
reduces rather simply to [1,10]

� nð Þ ¼ det Z

4pjZnj3
with Z ¼ Iþ x� 1ð ÞN� N (26)

Here, the unit vector N, again, denotes the initial orientation of
the particles and the non-negative parameter x has been intro-
duced to denote their aspect ratio; it is defined so that the particles
are prolate (oblate) for x > 1 (x < 1). The parameter x also
serves to characterize the spatial distribution of the centers of the
particles. Figure 2 shows a schematic representation of this class
of microstructures, including two of the limits that contain: an iso-
tropic distribution of spherical particles (corresponding to x¼ 1)

3Approximations (based on classical linear estimates) for the overall
electromechanical response of dielectric elastomer composites with this type of
microstructures had been proposed earlier by Li and Rao [17] and by Siboni and Ponte
Casta~neda [18], the latter being specific for particles that are mechanically rigid.
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and a transversely isotropic distribution of aligned cylindrical
fibers with circular cross section (corresponding to x ¼ 1).

Now, given the weight function (26), it is straightforward to
determine the corresponding parameters (23) needed in the evalu-
ation of the effective constants (24). They read as follows:

a1 ¼
x2 2x2 þ 1ð Þ � q xð Þ 4x2 � 1ð Þ

4 x2 � 1ð Þ2
; a2 ¼

2þ x2 � 3q xð Þ
2 x2 � 1ð Þ2

a3 ¼
q xð Þ 2x2 þ 1ð Þ � 3x2

2 x2 � 1ð Þ2

b1 ¼
x2 � q xð Þ
2 x2 � 1ð Þ ; b2 ¼

q xð Þ � 1

x2 � 1
(27)

where

q xð Þ ¼ xsinh�1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 1
p� �ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p ¼ x sin�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2
p� �ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
p (28)

To ease notation, the explicit dependence of the function q—writ-
ten here in two different equivalent forms for convenience—on x
is dropped in the sequel.

Substitution of relations (27) in expressions (24) renders the
main result of this paper, namely, the 13 effective constantsecL; edL; eeL; efL; egL; eet; eel; ecM; edM; eeM; efM; egM; ehM in the
three effective tensors (9) that characterize the overall electrome-
chanical response of dielectric elastomers filled with a trans-
versely isotropic distribution of aligned spheroidal particles:

ecL ¼ 2kþ 2lþ 2 Dkþ Dlð Þc
Dl 3Dkþ 2Dlð Þ!þ

c 1� cð Þ 2l� 3kþ 5lð Þx2 þ 2x2 kþ 2lð Þ þ k� l
� �

q
� �

l kþ 2lð Þ x2 � 1ð Þ2!

edL ¼ kþ 2lþ Dkþ 2Dlð Þc
Dl 3Dkþ 2Dlð Þ!þ

c 1� cð Þ 2lx4 � 3kþ 5lð Þx2 þ kþ 3lþ 2kx2
� �

q
� �

2l kþ 2lð Þ x2 � 1ð Þ2!

eeL ¼ 2lþ 8clDl kþ 2lð Þ x2 � 1ð Þ2

4l kþ 2lð Þ x2 � 1ð Þ2 þ 1� cð ÞDl k 3qþ 2x4 � 5x2ð Þ þ l 7q� 4qþ 9ð Þx2 þ 6x4
� �� �

efL ¼ 2lþ 4clDl kþ 2lð Þ x2 � 1ð Þ2

2l kþ 2lð Þ x2 � 1ð Þ2 � 1� cð ÞDl k x2 þ 1ð Þ 3q� x2 � 2ð Þ þ 2l q x2 þ 2ð Þ � x4 � 2
� �� �

egL ¼ kþ cDk
Dl 3Dkþ 2Dlð Þ!þ

c 1� cð Þ kþ lð Þ qþ 2q� 3ð Þx2
� �

2l kþ 2lð Þ x2 � 1ð Þ2!

eet ¼ eþ 2ceDe x2 � 1ð Þ
2 x2 � 1ð Þeþ 1� cð Þ x2 � qð ÞDe

; eel ¼ eþ ceDe x2 � 1ð Þ
x2 � 1ð Þeþ 1� cð Þ q� 1ð ÞDe

ecM ¼
Deet

2 ecL � 2k� 2lð ÞDk� 2 egL � kð Þ Dkþ Dlð Þ
� �

2c2DlDe 3Dkþ 2Dlð Þ � 1� cð ÞDeet
2

4ce x2 � 1ð Þ
2q� 3ð Þx2 þ q

2 x2 � 1ð Þ þ Dkþ Dlð Þ x2 � q
� �

cDl 3Dkþ 2Dlð Þ

(

� egL � kþ ecL � 2k� 2lð Þ 1� eDl 3Dkþ 2Dlð Þ Deet þ cDeð Þ
lDeDeet Dkþ Dlð Þ

 !" #
� x2 2x2 þ 1ð Þ � q 4x2 � 1ð Þ

4cDl x2 � 1ð Þ

� 1þ 1þ cð ÞDl
kþ 2l

1� 2e kþ lð Þ Deet þ cDeð Þ
1þ cð ÞlDeDeet

� �� 	 ecL � 2k� 2lþ 2 egL � kð Þ q 2x2 þ 1ð Þ � 3x2
� �

x2 2x2 þ 1ð Þ � q 4x2 � 1ð Þ

" #)

edM ¼
e
2
þ

Deel
2 edL � k� 2l
� �

2Dkþ Dlð Þ � 2 egL � kð Þ Dkþ Dlð Þ
h i

2c2DlDe 3Dkþ 2Dlð Þ þ 1� cð ÞDeel
2

4ce x2 � 1ð Þ
2x2 þ 1� q x2 þ 2ð Þ

x2 � 1

�

� q� 1ð Þ Dkþ Dlð Þ
cDl 3Dkþ 2Dlð Þ 2egL � 2kþ edL � k� 2l

� �
1� 2eDl 3Dkþ 2Dlð Þ Deel þ cDeð Þ

lDeDeel Dkþ Dlð Þ

 !" #
þ x2 � 3qþ 2

2cDl x2 � 1ð Þ

� 1þ 1þ cð ÞDl
kþ 2l

1� 2e kþ lð Þ Deel þ cDeð Þ
1þ cð ÞlDeDeel

� �� 	 edL � k� 2lþ egL � kð Þ q 2x2 þ 1ð Þ � 3x2
� �
x2 � 3qþ 2

" #)

Fig. 2 Schematic of the microstructure of a dielectric elasto-
mer filled with aligned spheroidal particles of aspect ratio x dis-
tributed with spheroidal symmetry of the same aspect ratio x.
The lower half of the figure shows the limiting cases of (a) an
isotropic distribution of spherical particles (corresponding to
x 5 1) and (b) a transversely isotropic distribution of aligned cy-
lindrical fibers with circular cross section (corresponding to
x5‘).
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eeM ¼ eþ 1� cð ÞDeet
2 x2 2x2 þ 1ð Þ � q 4x2 � 1ð Þ
� �

16ce x2 � 1ð Þ2
1þ eeL � 2lð Þ

2cDl
1þ 1þ cð ÞDl

kþ 2l

� �� 	
þDeet

2 eeL � 2lð Þ
2c2DlDe

1þ 1� cð ÞDl kþ 3lð Þ Deet þ cDeð Þ
4lDeet kþ 2lð Þ 1� k 2þ x2 � 3q

� �
þ l 6þ 4q� 3ð Þx2 � 7q
� �

2 x2 � 1ð Þ2 kþ 3lð Þ

" #( )

efM ¼ eþ DeelDeet efL � 2l
� �

2c2DlDe
1� 1� cð ÞDl

4l x2 � 1ð Þ
q� x2
� �

Deel þ cDeð Þ
Deel

� 2 q� 1ð Þ Deet þ cDeð Þ
Deet

" #( )

þ 1� cð ÞDeelDeet q 2x2 þ 1ð Þ � 3x2
� �

4ce x2 � 1ð Þ2
1þ

efL � 2l
� �

2cDl
1þ Dl

kþ 2l
1þ c� e kþ lð Þ 2DeelDeet þ cDe Deel þ Deetð Þ½ �

lDeDeelDeet

� �� 	( )

egM ¼ �
e
2
�

Deet
2 edL � k� 2l
� �

Dkþ Dlð Þ � Dk egL � kð Þ
h i

2c2DlDe 3Dkþ 2Dlð Þ � 1� cð ÞDeet
2

8c x2 � 1ð Þ
x2 2þ x2 � 3q
� �

x2 � 1ð Þe
� q 2x2 þ 1ð Þ � 3x2

c x2 � 1ð Þ kþ 2lð Þ

(

� kþ 2lþ 1þ cð ÞDl
2eDl

� kþ lð Þ Deet þ cDeð Þ
lDeDeet

� 	 edL � k� 2lþ egL � kð Þ x2 2x2 þ 1ð Þ � q 4x2 � 1ð Þ
� �
q 2x2 þ 1ð Þ � 3x2

" #

� Dkþ Dlð Þ q� x2
� �

ceDl 3Dkþ 2Dlð Þ
edL � k� 2lþ 2 egL � kð Þ 1� eDl 3Dkþ 2Dlð Þ Deet þ cDeð Þ

lDeDeet Dkþ Dlð Þ

 !" #)

ehM ¼ �
e
2
�

Deel
2 ecL � 2k� 2lð Þ Dkþ Dlð Þ � egL � kð Þ 2Dkþ Dlð Þ
� �

2c2DlDe 3Dkþ 2Dlð Þ � 1� cð ÞDeel
2

8ce x2 � 1ð Þ
2 q� 1ð Þ Dkþ Dlð Þ
cDl 3Dkþ 2Dlð Þ

�
� ecL � 2k� 2lþ egL � kð Þ 1� 2eDl 3Dkþ 2Dlð Þ Deel þ cDeð Þ

lDeDeel Dkþ Dlð Þ

 !" #
� e q 2x2 þ 1ð Þ � 3x2
� �
c x2 � 1ð Þ kþ 2lð Þ

� kþ 2lþ 1þ cð ÞDl
2eDl

� kþ lð Þ Deel þ cDeð Þ
lDeDeel

� 	 ecL � 2k� 2lþ 2 egL � kð Þ 2þ x2 � 3q
� �

q 2x2 þ 1ð Þ � 3x2

" #
þ 2þ x2 � 3q

x2 � 1

)

(29)

where now

! ¼ Dkþ Dl
Dl 3Dkþ 2Dlð Þ þ

1� cð Þ q 2x2 kþ 2lð Þ þ k� l
� �

� 3kþ 5lð Þx2 þ 2l
� �

2l kþ 2lð Þ x2 � 1ð Þ2

 !

� Dkþ 2Dl
Dl 3Dkþ 2Dlð Þþ

1� cð Þ 2lx4 � 3kþ 5lð Þx2 þ q 2kx2 þ kþ 3l
� �� �

2l kþ 2lð Þ x2 � 1ð Þ2

 !

� Dk
Dl 3Dkþ 2Dlð Þ þ

1� cð Þ kþ lð Þ q 2x2 þ 1ð Þ � 3x2
� �

2l kþ 2lð Þ x2 � 1ð Þ2

 !2

(30)

and it is recalled that Dk ¼ kf � k; Dl ¼ lf � l; De ¼ ef � e, Deel ¼ eel � e, and Deet ¼ eet � e.

3.1 Some Limiting Cases of Practical Interest. There are several limiting cases contained in the result (29) that are worth record-
ing explicitly.

� Rigid particles and incompressible elastomers. In the limit of rigid particles when lf ¼ kf ¼ 1 and incompressible elastomers
when k ¼ 1, the effective electromechanical constants (29) reduce to

ecL ¼ edL ¼ 1; eeL ¼ 2lþ 8cl x2 � 1ð Þ2

1� cð Þ 3qþ 2x4 � 5x2ð Þ ;
efL ¼ 2lþ 4cl x2 � 1ð Þ2

1� cð Þ x2 þ 1ð Þ 2þ x2 � 3qð Þ ; egL ¼ 1

eet ¼ eþ 2ceDe x2 � 1ð Þ
2 x2 � 1ð Þeþ 1� cð Þ x2 � qð ÞDe

; eel ¼ eþ ceDe x2 � 1ð Þ
x2 � 1ð Þeþ 1� cð Þ q� 1ð ÞDe

ecM ¼
Deet

2

4ce
1þ cþ 2e Deet þ cDeð Þ

DeDeet
þ 1þ 3cð Þq� x2 4qþ c� 5ð Þ � 2 1þ cð Þ

2 x2 � 1ð Þ2

" #

edM ¼
e
2
þ Deel

2

2c

Deel þ cDe
DeDeel

þ c 2q� 3ð Þx2 � 3� cð Þqþ x2 þ 2

2e x2 � 1ð Þ2

" #

eeM ¼ eþ Deet
2

2c

Deet þ cDe
DeDeet

þ 1� cð Þ x2 2x2 þ 1ð Þ � q 4x2 � 1ð Þ
� �

8e x2 � 1ð Þ2

" #

efM ¼ eþ 1

2

Deel þ x2Deet

x2 þ 1
þ DeelDeet

cDe

� �
þ 1� cð ÞDeelDeet q 2x2 þ 1ð Þ � 3x2

� �
4ce x2 � 1ð Þ2
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egM ¼ �
e
2
þ Deet

2 x2 2q� 4cqþ c� 3ð Þ þ 1þ cð Þqþ 2cx4
� �

8ce x2 � 1ð Þ2

ehM ¼ �
e
2
þ Deel

2 x2 2qþ 2cq� c� 3ð Þ þ 1� 5cð Þqþ 4c
� �

8ce x2 � 1ð Þ2

(31)

These results are relevant for standard dielectric elastomers, which are typically nearly incompressible, filled with ceramic or metallic particles.

� Liquid-like particles and incompressible elastomers. The limiting values lf ¼ 0; kf ¼ 1, and k ¼ 1 correspond to particles that
are liquid-like (incompressible with vanishingly small shear resistance) and elastomers that are incompressible. Granted these val-
ues, the effective electromechanical constants (29) reduce to

ecL ¼ edL ¼ 1; eeL ¼ 2l� 8cl x2 � 1ð Þ2

2 1þ cð Þx4 � 3þ 5cð Þx2 � 3 1� cð Þqþ 4

efL ¼ 2l� 4cl x2 � 1ð Þ2

3 1� cð Þq x2 þ 1ð Þ þ 1þ cð Þx4 � 7� 3cð Þx2 þ 2c
; egL ¼ 1

eet ¼ eþ 2ceDe x2 � 1ð Þ
2 x2 � 1ð Þeþ 1� cð Þ x2 � qð ÞDe

; eel ¼ eþ ceDe x2 � 1ð Þ
x2 � 1ð Þeþ 1� cð Þ q� 1ð ÞDe

ecM ¼
Deet

2 q� 1ð Þ
2ce

1þ c

2 q� 1ð Þ �
x2 cþ 2q� 3ð Þ þ 1� 3cð Þqþ 2c

4 q� 1ð Þ x2 � 1ð Þ2

(

þ e Deet þ cDeð Þ
DeDeet q� 1ð Þ þ

2e x2 � 1ð Þ Deet � cDeð Þ þ DeDeet 1� 1� cð Þq� cx2
� �

DeDeet 2þ 5� 9cð Þx2 þ 2x4 � 3q 1� cð Þ 2x2 þ 1ð Þ
� �)

edM ¼
e
2
þ Deel

2

cDe
þ Deel

2 1þ x2 c 2q� 3ð Þ � qþ 2½ � � 2� cð Þq
� �

4ce x2 � 1ð Þ2
þ ceDe2 x2 � 1ð Þ 3þ c 2q� 5ð Þ½ �

8 1� cð ÞDe q� 1ð Þ þ x2 � 1ð Þe
� �2

� 1þ 3 1� cð Þ 2 3c� 2ð Þ 2x2 þ 1ð Þq2 þ 13� 9c 4x2 þ 1ð Þ þ 20x2ð Þqþ 3 9c� 5ð Þx2 � 6
� �

3þ c 2q� 5ð Þ½ � 2þ 5� 9cð Þx2 þ 2x4 � 3q 1� cð Þ 2x2 þ 1ð Þ
� �( )

eeM ¼ eþ 4Deet
2 x2 � 1ð Þ2

cDe 4 x2 � 1ð Þ2 � 1� cð Þ 3qþ 2x4 � 5x2ð Þ
h i 1� 1þ cDe

Deet

� �
1� cð Þ 3qþ 2x4 � 5x2

� �
8 x2 � 1ð Þ2

" #

þ 1� cð ÞDeet
2 1� 4qð Þx2 þ qþ 2x4
� �

8� 3 1� cð Þqþ 2 3þ cð Þx4 � 5cþ 11ð Þx2
� �

16ce x2 � 1ð Þ2 4� 3 1� cð Þqþ 2 1þ cð Þx4 � 3þ 5cð Þx2
� �

efM ¼ e� 1� cð ÞDeet

2 1þ cð Þ þ
3þ cð ÞDeelDeet

2c 1þ cð ÞDe
þ 1� cð ÞDeelDeet q 2x2 þ 1ð Þ � 3x2

� �
4ce x2 � 1ð Þ2

� c 1� cð ÞeDe2 x2 � 1ð Þ 7� c� 4qð Þ
2 1þ cð Þ x2 � 1ð Þeþ 1� cð ÞDe q� 1ð Þ

� �
2e x2 � 1ð Þ þ 1� cð ÞDe x2 � qð Þ
� �

� 1þ 9 1� c2ð Þq2 � 3q 7x2 � c 2þ cð Þ x2 þ 3ð Þ þ 5
� �

þ 27� c 14þ cð Þ½ �x2 � 2c 5þ cð Þ
7� c� 4qð Þ 1þ cð Þx4 þ 2c� x2 4� 3 1� cð Þq

� �
� 3 1� cð Þ x2 � qð Þ

� �( )

egM ¼ �
e
2
þ Deet

4
� ceDe2 x2 � 1ð Þ 9þ c 8q� 11ð Þ � 6q½ �

4 1� cð ÞDe x2 � qð Þ þ 2 x2 � 1ð Þe
� �2

� 1þ 3 1� cð Þ 2 3c� 2ð Þ 2x2 þ 1ð Þq2 þ q 13� 9c 4x2 þ 1ð Þ þ 20x2ð Þ þ 3 9c� 5ð Þx2 � 6
� �
9þ c 8q� 11ð Þ � 6q½ � 2þ 5� 9cð Þx2 þ 2x4 � 3q 1� cð Þ 2x2 þ 1ð Þ

� �( )

� Deet
2

4cDe
1þ De x2 4cqþ c� 3qþ 2ð Þ � c qþ 1ð Þ þ 1� 3cð Þx4

� �
2e x2 � 1ð Þ2

( )

ehM ¼ �
e
2
þ Deel

2 q� 1ð Þ
2ce

x2 c 2q� 1ð Þ � 1½ � þ 3� 5cð Þqþ 4c� 2

4 q� 1ð Þ x2 � 1ð Þ2
þDeDeel 2c q� 1ð Þ � 2qþ x2 þ 1

� �
� 2e x2 � 1ð Þ Deel � cDeð Þ

DeDeel 2þ 5� 9cð Þx2 þ 2x4 � 3q 1� cð Þ 2x2 þ 1ð Þ
� �( )

(32)

The results (32) are relevant for standard dielectric elastomers filled with common fluids, such as water, or eutectic alloys, such as
Galinstan.

� Porous dielectric elastomers. Another limit of practical relevance contained in the result (29) is that of porous dielectric elasto-
mers. This corresponds to setting lf ¼ kf ¼ 0 and ef ¼ e0, with e0 ¼ 8:85� 10�12 F/m denoting the permittivity of vacuum.
Assuming that the underlying elastomer is incompressible, so that k ¼ 1, the effective electromechanical constants (29) in this
context reduce to
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ecL ¼
2 1� cð Þl

c
1þ 2q� 1ð Þ 3q� x2 � 2
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� 6c q� 1ð Þ2
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(33)

The sets of expressions (31), (32), (33) correspond to dielectric elastomer composites with particles and elastomers that exhibit limiting
constitutive behaviors. The result (29) also contains special cases associated with limiting geometries of the particles and their spatial
distribution. Below, we spell out two of them.
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� Isotropic distribution of spherical particles. When the aspect ratio x¼ 1, the underlying microstructure reduces to an isotropic dis-
tribution of spherical particles (see Fig. 2(a)), and the 13 effective constants (29) reduce to just five (two elastic, one dielectric, and
two electrostrictive) independent effective constants. This problem was addressed in Sec. 5 of Ref. [2] and the interested reader is
referred to that reference for a detailed discussion. For completeness, we record here the specialization of the effective electrome-
chanical constants (29)

ecL ¼ 2ek þ 2el; edL ¼ ek þ 2eleeL ¼ efL ¼ 2el; egL ¼ ekeet ¼ eel ¼ ee
ecM ¼

1

3
emK þ

2

3
emJ ; edM ¼

2

3
emK þ

1

3
emJ

eeM ¼ efM ¼ emK ; egM ¼ ehM ¼
1

3
emJ � emKð Þ

(34)

where

el ¼ lþ 15cl kþ 2lð ÞDl

15l kþ 2lð Þ þ 2 1� cð Þ 3kþ 8lð ÞDl

ek ¼ kþ cDk� c 1� cð Þ 3Dkþ 2Dlð Þ2

9 kþ 2lð Þ þ 3 1� cð Þ 3Dkþ 2Dlð Þ

þ 4c 1� cð Þ 3kþ 8lð ÞDl2

45l kþ 2lð Þ þ 6 1� cð Þ 3kþ 8lð ÞDl

ee ¼ eþ 3ceDe

3eþ 1� cð ÞDe

emK ¼ eþ 3ceDe 15eþ 2 1� cð ÞDe½ �
5 3eþ 1� cð ÞDe½ �2

þ 9c 1� cð ÞeDlDe2

5 3eþ 1� cð ÞDe½ �2

� 3 1� cð Þkþ 13� 3cð Þl
15l kþ 2lð Þ þ 2 1� cð ÞDl 3kþ 8lð Þ

emJ ¼ �
e
2
� 3ceDe
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c 1� cð ÞeDe

3eþ 1� cð ÞDe½ �2

� 9 3Dkþ 2Dlð Þ 3eþ Deð Þ
6 kþ 2lð Þ þ 2 1� cð Þ 3Dkþ 2Dlð Þ

(35)

� Transversely isotropic distribution of cylindrical fibers with circular cross section. When the aspect ratio x ¼ 1, the underlying
microstructure reduces to a transversely isotropic distribution of cylindrical fibers with circular cross section (see Fig. 2(b)). In this
limiting case, expressions (29) simplify to

ecL ¼ 2kþ 2lþ 2c kþ 2lð Þ Dkþ Dlð Þ
kþ 2lþ 1� cð Þ Dkþ Dlð Þ ;
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(36)
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3.2 Electrostriction. A common approach to characterize the
electromechanical properties of dielectric elastomers (filled or
unfilled) is to measure their deformation while they are subjected
to a uniaxial electric field in the absence of stress (see, e.g., Sec.
2.25 in Refs. [4,19]). Such an electrically induced deformation is
usually referred to as electrostriction.

From the constitute relation (6), it follows that, in the absence
of stress when S ¼ 0, the macroscopic electrostriction H induced
in a dielectric elastomer composite by a uniform macroscopic
electric field E is formally given by

H ¼ �eL�1fM E � E (37)

Now, exploiting the fact that the effective modulus of elasticity

here is of the transversely isotropic form (9)1, its inverse eL�1
can

be conveniently written as [7]

eL�1 ¼
edLecL

edL � 2eg2
L

E 1ð Þ þ ecLecL
edL � 2eg2

L

E 2ð Þ þ 1eeL

E 3ð Þ

þ 1efL

E 4ð Þ � egLecL
edL � 2eg2

L

E 5ð Þ þ E 6ð Þ
� �

(38)

where it is recalled that the tensors Eð1Þ through Eð6Þ are defined
by relations (10). Upon direct use of this expression, the expres-
sion (9)3 for the effective electrostrictive tensor fM, and some
algebraic manipulation, the electrostriction (37) can be written
more explicitly as

H ¼ �
edLecM � 2egLegMecL

edL � 2eg2
L

 !
E 1ð Þ þ ecL

edM � 2egL
ehMecL

edL � 2eg2
L

 !
E 2ð Þ

"

þ eeMeeL

E 3ð Þ þ
efMefL

E 4ð Þ þ ecLegM � egLecMecL
edL � 2eg2

L

 !
E 5ð Þ

þ
edL
ehM � egL

edMecL
edL � 2eg2

L

 !
E 6ð Þ

#
E � E (39)

It is of note that this relation depends on all five effective elastic
constants (ecL; edL; eeL; efL; egL) and all six effective electrostric-
tive constants (ecM; edM; eeM; efM; egM; ehM). It is also worth
remarking that when the applied electric field E is aligned with
the axis of symmetry N (E ¼ E N) or orthogonal to it (N � E ¼ 0),
the electrostriction (39) reduces to

H ¼ �
edL
ehM � egL

edMecL
edL � 2eg2

L

 !
jEj2 I� N� Nð Þ

� ecL
edM � 2egL

ehMecL
edL � 2eg2

L

 !
jEj2N� N (40)

for the former and to

H ¼ 1

2

eeMeeL

�
edLecM � 2egLegMecL

edL � 2eg2
L

 !
jEj2 I� N� Nð Þ

� ecLegM � egLecMecL
edL � 2eg2

L

 !
jEj2N� N� eeMeeL

E � E (41)

for the latter. As opposed to the general result (39), the “aligned”
electrostriction (40) depends only on three effective elastic con-
stants (ecL; edL; egL) and two effective electrostrictive constants
(edM; ehM). Similarly, the “orthogonal” electrostriction (41)
depends only on four effective elastic constants (ecL; edL; eeL; egL)
and three effective electrostrictive constants (ecM; eeM; egM).

4 Sample Results

In addition to their theoretical value in providing a rigorous
analytical solution for a fundamental nonlinear coupled problem,

the 13 effective electromechanical constants (29) provide a formi-
dable tool to gain insight into how the addition of anisotropic par-
ticles may enhance the electromechanical properties of dielectric
elastomers. In this section, for illustration purposes, we seek to
gain some of that insight via sample results.

We restrict ourselves to examining dielectric elastomer compo-
sites wherein the fillers are aligned cylindrical fibers with circular
cross section; in this case, x ¼ 1 and the general formulae (29)
reduce to expressions (36). The practical motivation to consider
such a type of composites stems from the fact that they can be
readily fabricated by means of modern synthesis/manufacturing
processes (see, e.g., Refs. [16,20,21]). With the objective of pre-
senting results that are directly relatable to standard experimental
measurements, we further restrict our attention to examining the
electrostriction of these composites when subjected to an electric
field that is orthogonal to the fibers (this involves only a subset of the
thirteen effective electromechanical constants that characterize their
electromechanical behavior). As shown schematically by Fig. 3, we
choose the e3 axis of the laboratory frame of reference to coincide
with the direction of the fibers N, while the e2 axis is chosen to coin-
cide with the direction of the applied electric field E ¼ E e2. Given
this choice of frame of reference, the electrostriction H in the com-
posite takes the simple diagonal form (cf. Eq. (41))

H ¼ H11e1 � e1 þ H22e2 � e2 þ H33e3 � e3 (42)

with

H11 ¼
eeMeeL

�
edLecM � 2egLegMecL

edL � 2eg2
L

 !
E

2

2
;

H22 ¼ �
eeMeeL

þ
edLecM � 2egLegMecL

edL � 2eg2
L

 !
E

2

2
;

H33 ¼
egLecM � ecLegMecL

edL � 2eg2
L

E
2

(43)

where it is recalled that, for the case of cylindrical fibers of inter-
est here, the effective electromechanical constants ecL; edL; eeL,egL; ecM; eeM; egM are given explicitly by expressions (36).

Fig. 3 Schematic of (a) the undeformed and (b) the deformed
configurations of a dielectric elastomer filled with a trans-
versely isotropic distribution of cylindrical fibers (N5e3) with
circular cross section subjected to a Lagrangian electric field of
magnitude E5U=L2 in the orthogonal direction to the fibers e2.
The electrostriction H undergone by the composite is
described by Eqs. (42) and (43) with Eq. (36).
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In the next three subsections, we present and discuss numerical
results for the electrostriction components (43) for dielectric
elastomer composites wherein the elastomer.4 has permittivity
e ¼ 3:2e0 and Lam�e constant k ¼ 1, while the fibers exhibit var-
ious permittivities and mechanical behaviors ranging from stiff,
to liquid-like, to vacuous. To better illustrate the effect that the
addition of fibers has on the electrostriction performance of elas-
tomers, the results are presented in terms of the ratios
H11=Hm

11; H22=Hm
22; H33=Hm

33, where

Hm
11 ¼ Hm

33 ¼
e

6l
E

2
and Hm

22 ¼ �
e

3l
E

2
(44)

stand for the components of the electrostriction that the underly-
ing elastomer would undergo in the absence of fibers.

To aid the discussion in all of the results that follow, we include
comparisons with a separate exact analytical solution, as well as
with full-field solutions constructed by means of the finite-
element (FE) method. The analytical solution corresponds to a
dielectric elastomer filled with a special type of transversely iso-
tropic distribution of cylindrical fibers—the so-called differential
coated cylinder (DCC) assemblage—with circular cross sections
that are polydisperse in size. On the other hand, the full-field sim-
ulations correspond to a microstructure with monodisperse fibers.
The derivation of the analytical DCC solution and the computa-
tional details of the FE simulations are presented in Appendices A
and B, respectively.

4.1 Stiff Fibers. We begin by examining dielectric elastomer
composites with fibers that are mechanically stiff. For definiteness,
given that most materials commonly utilized as fibers (e.g., carbon)
are much stiffer than elastomers, we take the fibers to be rigid,
lf ¼ kf ¼ 1. Due to the overall rigidity in the direction of the
fibers and the overall incompressibility of the resulting composite,
the electrostriction components (43), normalized by the matrix
electrostriction components (44), take the particularly simple form

H11

Hm
11

¼
3 1� cð Þ 8eef þ 2� c2 � cð Þ ef � eð Þ2

h i
4 1þ cð Þ 1þ cð Þeþ 1� cð Þef

� �2 ;

H22

Hm
22

¼ 1

2

H11

Hm
11

;

H33

Hm
33

¼ 0

(45)

Figure 4 shows plots of the electrostriction ratio H11=Hm
11 for

fibers with two different permittivities: ef ¼ 4e0 and 104e0. The
former value corresponds to the permittivity of Nylon, while the
latter can be viewed as the permittivity of carbon. Both of these
materials have been widely utilized as reinforcing fibers in elasto-
mers (see, e.g., Refs. [16,21]). The results are plotted as functions
of the volume fraction of fibers c. In this and subsequent figures,
the solid line, referred to as theory, stands for the ratio of electro-
strictions based on the effective electromechanical constants (36).
On the other hand, the dashed line stands for the response of
dielectric elastomer composites with the polydisperse DCC micro-
structure discussed in Appendix A, while the solid circles corre-
spond to the FE simulations of dielectric elastomer composites
with the monodisperse microstructure discussed in Appendix B.

A key observation from Fig. 4 is that an infinitesimal addition
of rigid fibers generates a 50% enhancement in electrostriction in
the transverse direction to the fibers, namely, H11 ¼ 3=2Hm

11 for
c ¼ 0þ. This abrupt enhancement is independent of the permittiv-
ity of the fibers, ef, and solely due to their rigidity, which con-
strains the composite to deform only in the transverse e1-e2 plane
(see Fig. 3). As the content of fibers increases, the electrostriction

enhancement in the elastomer with the low-permittivity fibers
(ef ¼ 4e0) monotonically decreases, vanishing at a fiber volume
fraction of about c¼ 0.2. The further increase in the content of
fibers beyond that point leads to a reduction in electrostriction
(H11=Hm

11 < 1). The electrostriction of the elastomer with the
high-permittivity fibers (ef ¼ 104e0) exhibits similar trends, but
its reduction occurs at a much slower rate. In fact, even at the rela-
tively large volume fraction of c¼ 0.4, the electrostriction
enhancement remains about 30%.

To illustrate the particular mechanical and anisotropic nature of
the above-described enhancement, it proves helpful to consider
the ratios H11=Ĥ

m

11 and H22=Ĥ
m

22, where

Ĥ
m

11 ¼ �Ĥ
m

22 ¼
e

4l
E

2
and Ĥ

m

33 ¼ 0 (46)

stand for the components of the electrostriction that the unfilled
elastomer would undergo under e1-e2 plane-strain conditions.
These ratios read explicitly as

H11

Ĥ
m

11

¼ H22

Ĥ
m

22

¼ 1� c½ 3þ cð Þeþ 1� cð Þef�2

2 1þ cð Þ 1þ cð Þeþ 1� cð Þef
� �2 (47)

Similar to Fig. 4, Fig. 5 shows plots of the ratio H11=Ĥ
m

11 for fibers
with the two different permittivities ef ¼ 4e0 and 104e0 in terms
of the volume fraction of fibers c. Contrary to Fig. 4, as expected
on physical grounds, an infinitesimal addition of rigid fibers does
not yield any enhancement of the plane-strain electrostriction as
H11=Ĥ

m

11 ¼ 1 for c ¼ 0þ. Further addition of fibers leads to a sig-
nificant reduction in the plane-strain electrostriction for the case
of low-permittivity (ef ¼ 4e0) fibers, and to a tenuous reduction
for the case of high-permittivity (ef ¼ 104e0) fibers, at least for
the range of volume fractions considered. This behavior of a 2D
isotropic distribution of rigid circular disks is analogous to the
response of its 3D counterpart, an isotropic distribution of rigid
spherical particles, presented in Ref. [2].

Fig. 4 Electrostriction ratio H 11=H
m
11 of an incompressible

(k 5 ‘) dielectric elastomer with permittivity e 5 3:2e0 filled with
a transversely isotropic distribution of rigid (lf5kf5‘) cylindri-
cal fibers with circular cross section; see Fig. 3. Results are
shown for fibers with permittivities ef 5 4e0 and 104e0, as func-
tions of the volume fraction of fibers c. The solid line corre-
sponds to the theoretical result (45)1. The dashed line
corresponds to the response of a DCC assemblage of polydis-
perse fibers (see Appendix A), while the solid circles corre-
spond to FE simulations of a dielectric elastomer composite
with monodisperse fibers (see Appendix B).

4These values are representative of silicone rubber.
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Another key observation from Figs. 4 and 5 is the close agree-
ment between the theoretical predictions (45)1, (47), and the DCC
and FE results. This agreement among three different exact results
for three different microstructures suggests that the electrostric-
tion capabilities of dielectric elastomers filled with transversely
isotropic distributions of cylindrical fibers is fairly insensitive to
“higher-order” microstructural details such as the cross-sectional
shape and the size of the fibers, so long as the microstructure is
sufficiently far away from its percolation limit.

4.2 Liquid-Like Fibers. Next, we consider dielectric elasto-
mer composites with fibers that are liquid-like, in the sense that
they are incompressible, kf ¼ 1, and exhibit vanishingly small
shear resistance, lf ¼ 0. Fibers with such properties could be
made, for instance, by filling manufactured cylindrical cavities in
the dielectric elastomer of interest with common fluids such as
water or with eutectic alloys such as Galinstan [20,22,23]. As
already alluded to in Ref. [2], an attractive feature of this type of
dielectric elastomer composites is that increasing their content of
fibers can increase their overall permittivity (if ef > e) at the same
time that it also increases their overall deformability (since
lf < l) and thus has the potential to bestow the resulting compo-
sites with exceptionally enhanced electrostriction capabilities.
The electrostriction components (43), when normalized by the
matrix electrostriction components (44), reduce in this case to

H11

H
m

11

¼ 1þ c 9� cð Þ
4 1� cð Þ2

þ ce

1� cð Þ2

� eþ 3c2 þ 5ð Þðef � eÞ � cðeþ 8efÞ
1þ cð Þeþ 1� cð Þef

� �2 ;

H22

Hm
22

¼ 1

2

H11

Hm
11

þ H33

Hm
33

 !
;

H33

Hm
33

¼ 1þ c 3� cð Þef � 1� cð Þe½ �
1� cð Þ 1þ cð Þeþ 1� cð Þef

� �

(48)

Figure 6 shows the results for the electrostriction ratios
H11=Hm

11 and H33=Hm
33 for fibers with permittivity ef ¼ 102e0, a

value representative of the permittivity of water, as functions of
the volume fraction of fibers c. As expected, the enhancement in
both the electrostriction ratios with the addition of such liquid-like
fibers is very significant, exceeding 200% for fiber volume frac-
tions c> 0.3. Consistent with the previous case of stiff fibers, the
theoretical results (48) are seen to be in fairly good agreement
with the DCC and FE results.

4.3 Vacuous Cylindrical Pores. As a final set of sample
results, we consider the electrostriction of dielectric elastomer
composites containing aligned cylindrical vacuous cavities or
pores, kf ¼ lf ¼ 0; ef ¼ e0. For this choice of “fillers”, expres-
sions (43), again, when normalized by (44), specialize to

H11

Hm
11

¼ 1þ 21� cð Þc
4 1� cð Þ2

� ce

1� cð Þ2

�
e0 þ 10þ 9cð Þeþ c 8� 9cð Þ e0 � eð Þ

1þ cð Þeþ 1� cð Þe0

� �2 ;

H22

Hm
22

¼ 1þ 9� 5cð Þc
8 1� cð Þ2

þ ce

2 1� cð Þ2

� 1� cð Þ 3cþ 7ð Þe0 � 2� cð Þ 1þ 3cð Þe
1þ cð Þeþ 1� cð Þe0

� �2 ;

H33

Hm
33

¼ 1� c 1� cð Þe� 3� cð Þe0½ �
1� cð Þ 1þ cð Þeþ 1� cð Þe0

� � (49)

Figure 7 shows the plots of these three electrostriction ratios as
functions of the volume fraction of pores c. While the electrostric-
tion ratio H22=Hm

22 associated with the direction of the applied

Fig. 6 Electrostriction ratios H 11=H
m
11 and H 33=H

m
33 of an incom-

pressible (k5‘) dielectric elastomer with permittivity e 5 3:2e0

filled with a transversely isotropic distribution of liquid-like
(lf5kf5‘) cylindrical fibers with circular cross section, see Fig.
3. Results are shown for fibers with permittivity ef5102e0, as
functions of the volume fraction of fibers c. The solid line corre-
sponds to the theoretical results (48). The dashed line corre-
sponds to the response of a DCC assemblage of polydisperse
fibers, while the solid circles correspond to FE simulations of a
dielectric elastomer composite with monodisperse fibers.

Fig. 5 Electrostriction ratio H 11=Ĥ
m

11 under e1-e2 plane-strain
conditions of an incompressible (k5‘) dielectric elastomer
with permittivity e 5 3:2e0 filled with a transversely isotropic dis-
tribution of rigid (lf5kf5‘) cylindrical fibers with circular cross
section, see Fig. 3. Results are shown for fibers with permittiv-
ities ef 5 4e0 and 104e0, as functions of the volume fraction of
fibers c. The solid line corresponds to the theoretical result
(47). The dashed line corresponds to the response of a DCC
assemblage of polydisperse fibers (see Appendix A), while the
solid circles correspond to FE simulations of a dielectric elasto-
mer composite with monodisperse fibers (see Appendix B).
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electric field (see Fig. 3) increases rather significantly with the
addition of pores, the electrostriction ratio H33=Hm

33 slowly departs
from unity, and H11=Hm

11 slightly reduces before increasing and
reaching an enhancement for fiber volume fraction c> 0.25.
These results reveal that the addition of cylindrical pores to
dielectric elastomers introduces a strong anisotropy in their elec-
trostriction response, with enhanced performance in the transverse
direction to the pores. Similar to the two previous cases of stiff
and liquid-like fibers, Fig. 7 shows that the theoretical results (49)
for cylindrical pores agree quite closely with the DCC and FE
results sufficiently away from percolation.

In summary, the above sample theoretical results indicate that
the addition of anisotropic fillers—in this case, aligned cylindrical
fibers—to dielectric elastomers can lead to substantial enhance-
ments in the electrostriction capabilities of this emerging class of
soft active materials. More specifically, the results indicate that
liquid-like and even porous anisotropic fillers have the potential
to lead to significantly more pronounced enhancements than those
endowed by mechanically stiff anisotropic fillers. It would be
interesting to explore these findings experimentally.
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Appendix A: The Overall Electromechanical Response

of a Differential Coated Cylinder (DCC) Assemblage

In this Appendix, we derive the analytical solution for the elec-
tromechanical response of a DCC assemblage in the limit of small
deformations and moderate electric fields. The derivation follows
the ideas introduced in Ref. [24], where the solution for the elec-
tromechanical response of a differential coated spherical assem-
blage was derived.

We begin by introducing the notation

LðXÞ ¼ ½1� hðXÞ�Lð1Þ þ hðXÞLð2Þ;
�ðXÞ ¼ ½1� hðXÞ��ð1Þ þ hðXÞ�ð2Þ;

MðXÞ ¼ ½1� hðXÞ�Mð1Þ þ hðXÞMð2Þ

(A1)

to denote the local modulus of elasticity, permittivity, and electro-
strictive tensors of two-phase dielectric elastomer composites
with matrix material r ¼ 1 and filler material r ¼ 2. For any heter-
ogeneity of choice, that is, for any dependence of the local electro-
mechanical tensors (A1) on X, the effective tensors eL; e�; fM
characterizing the overall or macroscopic response of the compos-
ite can be determined, rather remarkably, solely in terms of a
purely elastic problem and an uncoupled purely dielectric problem
[6]. Formulae for these effective tensors can be written as

eLijkl ¼
1

jXj

ð
X

LijpqCpkl;q dX;

e�ij ¼
1

jXj

ð
X
�iqcq;j dX;

eMijkl ¼
1

jXj

ð
X
Cpij;qMpqrscr;kcs;l dX

(A2)

where the third- and first-order tensor fields C and c are the solu-
tions of the boundary-value problems

½LijrsCrkl;s�;j ¼ 0;X 2 X with Cikl ¼ dikdjlXj; X 2 @X (A3)

and

½�iscs;j�;i ¼ 0;X 2 X with ci ¼ dijXj; X 2 @X (A4)

Here and subsequently, the notation i represents partial differen-
tiation with respect to the material point coordinate Xi. These
boundary-value problems, in general, do not admit analytical solu-
tions because of the highly oscillating and discontinuous nature of
the indicator function h. As recognized in Ref. [24], however,
there are special classes of microstructures for which they do
allow for analytical solutions. In the sequel, we derive such a solu-
tion for an assemblage of the DCCs.

A.1 DCC Assemblages

A coated cylinder assemblage is a two-phase particulate micro-
structure wherein aligned homothetic coated cylinders—comprising
a cylindrical core of circular cross section made up of the fiber mate-
rial that is surrounded by a cylindrical shell made up of the matrix
material—of infinitely many sizes are assembled together to fill the
entire domain X occupied by the composite [25]. The particular man-
ner in which the coated cylinders are assembled is arbitrary. Assemb-
lages where coated cylinders of comparable radius are placed far
apart from each other and surrounded by coated cylinders of much
smaller radius, in such a way that the microstructure is fractal-like
comprising a hierarchy of well-separated coated cylinders, are
referred to as DCC assemblages [26].

One of the two defining features of a DCC assemblage is that,
by construction, any coated cylinder in the assemblage can be
regarded to be surrounded by a homogeneous medium of infinite
extent with the effective properties of the entire assemblage. The
other defining feature being that the average response of any
coated cylinder is the same as the average response of the entire
assemblage (or, equivalently, that the so-called average
“polarizability” of each coated cylinder vanishes); see Ref. [27]
and Sec. 10.5 in the monograph by Milton [28]. These two defin-
ing features of such microstructures entail that the gradients of the
tensor fields C and c needed in expressions (A2) to compute the
effective tensors eL; e�; fM are the same in each of the coated cylin-
ders. This allows to simplify expressions (A2) to

Fig. 7 Electrostriction ratios H 11=H
m
11; H 22=H

m
22; H 33=H

m
33 of an

incompressible (k5‘) dielectric elastomer with permittivity
e 5 3:2e0 containing a transversely isotropic distribution of vac-
uous (lf5kf5‘; ef5e0) cylindrical pores with circular cross sec-
tion, as functions of the volume fraction of pores c, see Fig. 3.
The solid line corresponds to the theoretical results (49). The
dashed line corresponds to the response of a DCC assemblage
of polydisperse cylindrical pores, while the solid circles corre-
spond to the FE simulations of a dielectric elastomer composite
with monodisperse cylindrical pores.
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eLijkl ¼
1

jCj

ð
C
LijpqCpkl;q dX

e�ij ¼
1

jCj

ð
C
�iqcq;j dX

eMijkl ¼
1

jCj

ð
C
Cpij;qMpqrscr;kcs;l dX

(A5)

where the integrals are now over the domain C occupied by a sin-
gle coated cylinder, as opposed to over the entire domain X.
Moreover, these gradients can be expediently computed by taking
the domain X in their defining boundary-value problems (A3) and
(A4) to be an infinite body comprised of a single coated cylinder,
occupying the domain C ¼ fX : jX� ðX � NÞNj � 1g say, embed-
ded in a homogeneous medium with the effective properties of the
entire assemblage. More specifically, when solving the boundary-
value problem (A3) and (A4), it suffices to consider X ¼ R3, the
local modulus of elasticity

L ¼
Lð2Þ if jX� ðX � NÞNj � Rf

Lð1Þ if Rf � jX� ðX � NÞNj � 1eL if jX� ðX � NÞNj 	 1

8>><>>: (A6)

the local permittivity tensor

� ¼
�ð2Þ if jX� ðX � NÞNj � Rf

�ð1Þ if Rf � jX� ðX � NÞNj � 1e� if jX� ðX � NÞNj 	 1

8>><>>: (A7)

and the local electrostrictive tensor

M ¼
Mð2Þ if jX� ðX � NÞNj � Rf

Mð1Þ if Rf � jX� ðX � NÞNj � 1fM if jX� ðX � NÞNj 	 1

8>><>>: (A8)

where Rf stands for the radius of the fiber within a coated cylinder
of radius 1. For the class of dielectric elastomer composites of in-
terest in Sec. 4, wherein the matrix and the fibers are isotropic
ideal elastic dielectrics, the moduli of elasticity LðrÞ, permittivity
tensors �ðrÞ, and electrostrictive tensors MðrÞ are given by
expressions (13).

Given the local electromechanical tensors (A6)–(A8), the solu-
tions to the PDEs (A3) and (A4) can be worked out in terms of
solid harmonics (see, e.g., Ref. [29]). To simplify the calculations
involved, it proves helpful to choose the direction of the fibers N to
coincide with one of the laboratory axis. For N ¼ e3 say (see
Fig. 3), the 13 effective electromechanical constants (9) specialize to

ecL ¼ eL1111 þ eL1122

¼ 1

jCj

ð
C
L11pq Cp11;q þ Cp22;q½ �dX;

edL ¼ eL3333 ¼
1

jCj

ð
C
L33pqCp33;q dX;

eeL ¼ 2eL1212 ¼
2

jCj

ð
C
L12pqCp12;q dX;

efL ¼ 2eL1313 ¼
2

jCj

ð
C
L13pqCp13;q dX;

egL ¼ eL1133 ¼
1

jCj

ð
C
L11pqCp33;q dX;

eet ¼ e�11 ¼
1

jCj

ð
C
ec1;1 dX;

eel ¼ e�33 ¼
1

jCj

ð
C
ec3;3 dX;

ecM ¼ eM1111 þ eM2211

¼ 1

jCj

ð
C

Cp11;q þ Cp22;q½ �Mpqrscr;1cs;1 dX;

edM ¼ eM3333 ¼
1

jCj

ð
C
Cp33;qMpqrscr;3cs;3 dX;

eeM ¼ 2 eM1212 ¼
2

jCj

ð
C
Cp12;qMpqrscr;1cs;2 dX;

efM ¼ 2 eM1313 ¼
2

jCj

ð
C
Cp13;qMpqrscr;1cs;3 dX;

egM ¼ eM3311 ¼
1

jCj

ð
C
Cp33;qMpqrscr;1cs;1 dX;

ehM ¼
1

2
eM1133 þ eM2233

� �
¼ 1

2jCj

ð
C

Cp11;q þ Cp22;q½ �Mpqrscr;3cs;3 dX

(A9)

revealing that only certain combinations of the components of the
gradients of the fields C and c are needed in the computation of
these effective constants. In the sequel, for conciseness, we pro-
vide solutions only for these combinations.

A.2 The Solution for C

We begin by presenting the solution for the components Ci12;j,
which are needed in the computation of the effective elastic con-
stant (A9)3 and the effective electrostrictive constant (A9)10. They
read as

C112;1 ¼
g0

R
þ 2h

� 	
X1X2 þ

h0

R
X3

1X2

C212;2 ¼
g0

R
þ 2h

� 	
X1X2 þ

h0

R
X1X3

2

C112;2 ¼ C212;1 ¼
1

2

g0

R
þ h

� 	
R2 þ gþ h0

R
X2

1X2
2

C312;3 ¼ C112;3 ¼ C312;1 ¼ C212;3 ¼ C312;2 ¼ 0

(A10)

where g and h are functions of R¼:
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2

1 þ X2
2

p
given by

g ¼
A1 þ A3R2 if 0 � R � Rf

B1 þ
B2

R4
þ B3R2 þ B4

R2
if Rf � R � 1

8><>: (A11)

and

h ¼

� 2ðkf þ 3lfÞ
2kf þ 3lf

A3 if 0 � R � Rf

�4
B2

R6
� 2 kþ 3lð Þ

2kþ 3l
B3

þ2 1þ k
l

� 	
B4

R 4
if Rf � R � 1

8>>>>>>>>>><>>>>>>>>>>:
(A12)

In these expressions, use has been made of the notation
g0ðRÞ¼: dg=dR; h0ðRÞ¼: dh=dR, and A1, A3, B1, B2, B3, B4 are con-
stants that depend on the volume fraction of fibers c ¼ R2

f, on the
elastic properties of the matrix and the fibers, and on the effective
elastic coefficients ecL and eeL of the entire assemblage. Because
of their bulkiness, the explicit form of these constants is deferred
to Sec. A.5.

We proceed with the solution for the combination of compo-
nents Ci11;j þ Ci22;j. This combination is needed in the computa-
tion of the effective elastic constant (A9)1, and the effective
electrostrictive constants (A9)8 and (A9)13. It can be written as
follows:
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C111;1 þ C122;1 ¼ d þ e

R2

� 	
� 2e

R4
X2

1

C211;2 þ C222;2 ¼ d þ e

R2

� 	
� 2e

R4
X2

2

C111;2 þ C122;2 ¼ C211;1 þ C222;1 ¼ �
2e

R4
X1X2

C111;3 þ C122;3 ¼ C311;1 þ C322;1 ¼ 0

C211;3 þ C222;3 ¼ C311;2 þ C322;2 ¼ 0

C311;3 þ C322;3 ¼ 0

(A13)

where d and e are given by

d ¼
df if 0 � R � Rf

dm if Rf � R � 1

(
(A14)

and

e ¼
0 if 0 � R � Rf

em if Rf � R � 1

(
(A15)

with

df ¼
kþ 2lð ÞðecL þ eeLÞ

ðkf þ lþ lfÞ½eeL þ 2 kþ lð Þ� � cðkf � kþ lf � lÞ eeL � 2lð Þ

dm ¼
ðkf þ lþ lfÞðecL þ eeLÞ

ðkf þ lþ lfÞ½eeL þ 2 kþ lÞð � � cðkf � kþ lf � lÞðeeL � 2lÞ

em ¼
�cðkf � kþ lf � lÞðecL þ eeLÞ

ðkf þ lþ lfÞ½eeL þ 2ðkþ lÞ� � cðkf � kþ lf � lÞðeeL � 2lÞ

(A16)

Next, we record the solution for the components Ci13;j required
in the computation of the effective elastic constant (A9)4 and the
effective electrostrictive constant (A9)11. These components read
as

C113;3 ¼ C313;1 ¼ tþ u

R2
1� 2

X2
1

R2

� 	
C213;3 ¼ C313;2 ¼ �2u

X1X2

R4

C113;1 ¼ C213;2 ¼ C313;3 ¼ C113;2 ¼ C213;1 ¼ 0

(A17)

where

t ¼
tf if 0 � R � Rf

tm if Rf � R � 1

(
(A18)

with

tf ¼
2lefL

lþ lfð Þ efL þ 2l
� �

� c lf � lð Þ efL � 2l
� �

tm ¼
lþ lfð ÞefL

lþ lfð Þ efL þ 2l
� �

� c lf � lð Þ efL � 2l
� � (A19)

and

u ¼
0 if 0 � R � Rf

um if Rf � R � 1

(
(A20)

with

um ¼
�cðlf � lÞefL

lþ lfð Þ efL þ 2l
� �

� c lf � lð Þ efL � 2l
� � (A21)

Finally, we present the solution for the components Ci33;j,
which are needed in the computation of the effective elastic con-
stants (A9)2 and (A9)5, as well as of the effective electrostrictive
constants (A9)9 and (A9)12. They read as

C133;1 ¼ vþ w

R2
1� 2

X2
1

R2

� 	
C233;2 ¼ vþ w

R2
1� 2

X2
2

R2

� 	
C133;2 ¼ C233;1 ¼ �2w

X1X2

R4

C333;3 ¼ 1

C133;3 ¼ C333;1 ¼ C233;3 ¼ C333;2 ¼ 0

(A22)

where

v ¼
vf if 0 � R � Rf

vm if Rf � R � 1

(
(A23)

and

w ¼
0 if 0 � R � Rf

wm if Rf � R � 1

(
(A24)

with

vf ¼ �
2fk kf þ 1� cð Þl
� �

þ 1þ cð Þkfl� kþ 2lð ÞegLg þ 1� cð Þ kf � kð ÞeeL

2 kf þ lþ lfð Þ eeL þ 2 kþ lð Þ½ � � 2c kf � kþ lf � lð Þ eeL � 2l½ �

vm ¼
2 kf þ lþ lfð Þ egL � kð Þ þ c kf � kð Þ eeL � 2lð Þ

2 kf þ lþ lfð Þ eeL þ 2 kþ lð Þ½ � � 2c kf � kþ lf � lð Þ eeL � 2l½ �

wm ¼ �
2c kfl� klf þ kf � kþ lf � lð ÞegL½ � þ c kf � kð ÞeeL

2 kf þ lþ lfð Þ eeL þ 2 kþ lð Þ½ � � 2c kf � kþ lf � lð Þ eeL � 2l½ �

(A25)
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A.3 The Solution for c

Having established the solution for the required components of
the gradient of C, we now turn to present the solution for the com-
ponents of the gradient of c, which are needed in the computation
of the two effective permittivity coefficients (A9)6 and (A9)7, as
well as of the six effective electrostrictive coefficients (A9)8�13.
They read as follows:

c1;1 ¼ � aþ b

R2

� 	
þ 2b

R4
X2

1

c2;2 ¼ � aþ b

R2

� 	
þ 2b

R4
X2

2

c1;2 ¼ c2;1 ¼
2b

R4
X1X2

c3;3 ¼ 1

c1;3 ¼ c2;3 ¼ c3;1 ¼ c3;2 ¼ 0

(A26)

where

a ¼ af if 0 � R � Rf

am if Rf � R � 1

�
(A27)

with

af ¼
�4eeeteet þ eð Þ ef þ eð Þ � c eet � eð Þ ef � eð Þ

(A28)

am ¼
�2 ef þ eð Þeeteet þ eð Þ ef þ eð Þ � c eet � eð Þ ef � eð Þ

(A29)

and

b ¼ 0 if 0 � R � Rf

bm if Rf � R � 1

�
(A30)

with

bm ¼
2c ef � eð Þeeteet þ eð Þ ef þ eð Þ � c eet � eð Þ ef � eð Þ

(A31)

A.4 The Effective Electromechanical Constants

We are now equipped to determine the thirteen effective con-
stants that characterize the overall electromechanical response of
the assemblage of coated cylinders. The integrals over a single
coated cylinder in Eq. (A9) can be readily carried out by making
use of the explicit solutions (A10), (A13), (A17), (A22) for the
combinations of components Ci12;j, Ci11;j þ Ci22;j; Ci13;j; Ci33;j of
the gradient of C, as well as the components (A26) of the gradient
of c. Expressions (A9)1�5 yield a system of coupled polynomial
equations for the five effective elastic constantsecL; edL; eeL; efL; egL, from which a unique solution can be
extracted based on physical arguments. Expression (A9)6 also
yields a polynomial equation for the effective permittivity coeffi-
cient eet from which a unique solution can be deduced. On the
other hand, expressions (A9)7�13 render explicit solutions for the
effective permittivity coefficient eel and the effective electrostric-
tive constants ecM; edM; eeM; efM; egM; ehM. After some algebraic
manipulation, the result for all the 13 effective electromechanical
constants can be written as

ecDCC
L ¼ 2kþ 2lþ 2c kþ 2lð Þ Dkþ Dlð Þ

kþ 2lþ 1� cð Þ Dkþ Dlð Þ ;
edDCC

L ¼ kþ 2lþ c Dkþ 2Dlð Þ � c 1� cð ÞDk2

kþ 2lþ 1� cð Þ Dkþ Dlð Þ

eeDCC
L ¼ 2

q2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2

2 þ q1q3

p
q1

l; efDCC

L ¼ 2lþ 4clDl

2lþ 1� cð ÞDl

egDCC
L ¼ kþ cDk kþ 2lð Þ

kþ 2lþ 1� cð Þ Dkþ Dlð Þ

eeDCC
t ¼ eþ 2ceDe

2eþ 1� cð ÞDe
; eeDCC

l ¼ eþ cDe

ecDCC
M ¼ 2c 1� cð ÞeDe 2eþ Deð Þ Dkþ Dlð Þ

2eþ 1� cð ÞDe½ �2 kþ 2lþ 1� cð Þ Dkþ Dlð Þ
� � ; edDCC

M ¼ e
2
þ cDe

2
1þ 1� cð ÞDk

kþ 2lþ 1� cð Þ Dkþ Dlð Þ

" #

eeDCC
M ¼ 2A1a2

fcef þ
3a2

fc2ef kf þ lfð Þ
2kf þ 3lf

A3 þ 2a2
m 1� cð ÞeB1 � 2b2

me 1� 1

c3

� �
B2

þ 3ea2
m 1� c2ð Þ kþ lð Þ

2kþ 3l
B3 �

eb2
m 1� c2ð Þ kþ lð Þ

c2l
B4

efDCC

M ¼ eþ 2ceDe

2eþ 1� cð ÞDe
; egDCC

M ¼ � e
2
� ceDe

2eþ 1� cð ÞDe
þ c 1� cð ÞeDe 2eþ Deð ÞDk

2eþ 1� cð ÞDe½ �2 kþ 2lþ 1� cð Þ Dkþ Dlð Þ
� �

ehDCC

M ¼ � e
2
� cDe kþ 2lð Þ

2 kþ 2lþ 1� cð Þ Dkþ Dlð Þ
� �

(A32)

where the superscript “DCC” has been appended for clarity. In
these expressions, it is recalled that Dk ¼ kf � k,
Dl ¼ lf � l; De ¼ ef � e, the constants af; am; bm are given by
expressions (A28), (A29), (A31), the constants A1, A3, B1, B2, B3,
B4 are defined in Sec. A.5, and the final set of constants q1, q2, q3,
which depend explicitly on the volume fraction of fibers c and the

elastic properties of the matrix and the fibers, are given by expres-
sions (A34) in Sec. A.6. A few comments are in order:

(1) With the exception of the effective elastic constant eeDCC
L

and the effective electrostrictive constant eeDCC
M , all of the

remaining 11 effective electromechanical constants (A32)
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agree identically with the result (36) in the main body of
the text. This agreement is admittedly remarkable since the
two sets of results pertain to two different microstructures.
These microstructures, however, do have the same one- and
two-point correlations functions. Furthermore, these micro-
structures are similar in that the fibers in both of them can
act as “neutral inclusions” under the same type of loading
conditions (see Appendix B in Ref. [1]).

(2) We recall here that the five effective elastic constantsecDCC
L ; edDCC

L ; eeDCC
L ; efDCC

L , egDCC
L can be recast into the five

more conventional elastic parameters, elDCC
t ,ejDCC

t ; elDCC
l ; eEDCC

l ; e�DCC
l , utilized to characterize the elastic

response of transversely isotropic materials, via relations
(11). In this connection, it is not difficult to verify that the

effective transverse shear modulus elDCC
t agrees identically

with the result originally derived by Christensen and Lo
[30], and later proved to be realizable by Avellaneda [26],
for a DCC assemblage. Further, the remaining four effective

elastic constants ejDCC
t ; elDCC

l , eEDCC

l ; e�DCC
l agree identically

with the classical results of Hashin and Rosen [25] and Hill
[31] for arbitrary (not necessarily differential) coated cylin-
der assemblages. Similarly, the two effective permittivitieseeDCC

t and eeDCC
l agree identically with the classical results

(see Ref. [32] and references therein) for arbitrary (not nec-
essarily differential) coated cylinder assemblages.

(3) Via a neutral inclusion argument, the effective electrostric-

tive coefficients ecDCC
M ; edDCC

M ; efDCC

M , egDCC
M ; ehDCC

M can be
shown to be exact for arbitrary (not necessarily differential)
coated cylinder assemblages. By contrast, this is not true

for the effective electrostrictive coefficient eeDCC
M , which is

only valid for DCC assemblages.

A.5 The Constants A1, A3, B1, B2, B3, B4

The six constants A1, A3, B1, B2, B3, B4 in the functions (A11)
and (A12) are defined by the solution of the following system of
six linear algebraic equations:

E1 ¼ A1 þ A3c� B1 �
B2

c2
� B3c� B4

c
¼ 0; E2 ¼ A3

kf þ 3lf
2kf þ 3lf

� 2B2

c3
� B3

kþ 3l
2kþ 3l

þ B4

kþ l
c2l

¼ 0

E3 ¼ A1c2lf � B1c2l� 3B2lþ 2B4c kþ lð Þ ¼ 0; E4 ¼ A3

c3lf kf þ lfð Þ
2kf þ 3lf

þ 2B2l� B3

c3l kþ lð Þ
2kþ 3l

� B4c kþ lð Þ ¼ 0

E5 ¼ B1 1þ 4lecL

þ 2leeL

� �
þ B2 1� 2leeL

� �
þ B3 1þ 2l 2ecL þ 3eeLð Þ kþ lð ÞecLeeL 2kþ 3lð Þ

 !
þ B4 1� 2 kþ lð ÞecL

� �
� 1þ eeLecL

� �
¼ 0

E6 ¼ 2B2 1� 2leeL

� �
þ B3

2kþ 3l
kþ 3lþ 2l kþ lð ÞeeL

� �
� B4 1� 2leeL

� �
1þ k

l

� �
¼ 0

(A33)

These equations stem from the continuity of the fields Crkl and
LijrsCrkl;sXj across the two material interfaces at R ¼ Rf; 1, and
from the boundary condition at infinity where Cikl ¼ dikdjlXj.
While it is a simple matter to compute the unique solution to this
system of equations, we do not report it here because of the bulki-
ness of the final expressions.

A.6 Expressions for q1, q2, q3

The expressions for q1, q2, q3 in the result (A9)3 for the effec-

tive elastic constant eeDCC
L are given by

q1 ¼ ðkþ 3lÞs1c4 � 4s2c3 þ ðkþ 3lÞs3s4

þ 2cs3ðlf � lÞ 3cðkþ lÞ2 � 2ðk2 þ 3klþ 3l2Þ
h i

;

q2 ¼ ls1c4 � 4s2c3 þ ls3s4

þ 2cs3ðlf � lÞðkþ lÞ½3cðkþ lÞ � k�;
q3 ¼ ðkþ lÞs1c4 þ 4s2c3 þ ðkþ lÞs3s4

þ 2cð2� 3cÞðlf � lÞðkþ lÞ2s3

(A34)

where

s1 ¼ ðlf � lÞflf½kðkf � 3lÞ þ 3lðkf � lÞ�
� kflðkþ lÞ þ l2

fðkþ 3lÞg
s2 ¼ l2

f½k
2ðkf þ lÞ þ klð3kf þ lÞ þ 3kfl

2�
þ l3

fðk2 þ 3klþ 3l2Þ � ðkf þ 3lfÞðkþ lÞ2l2

s3 ¼ kfðlþ lfÞ þ lfð3lþ lfÞ
s4 ¼ kðlþ lfÞ þ lðlþ 3lfÞ (A35)

Appendix B: FE Calculations of the Overall Elastic

Dielectric Response of Elastomers Strengthened/

Weakened by Aligned Cylindrical Fibers

In this Appendix, we provide details of the FE results presented
in Sec. 4 for the overall electromechanical response of dielectric
elastomers filled with a random distribution of aligned fibers with
monodisperse circular cross section. We follow the formulation
presented in Appendix A of Spinelli et al. [2], where the FE
results for the electromechanical response of isotropic suspensions
of spherical particles in rubber were established.

Problem setting. We recall that the general formulae (A2) pre-
sented in Appendix A for the effective electromechanical tensorseL, e�; fM of dielectric elastomer composites with arbitrary hetero-
geneous local modulus of elasticity, L ¼ LðXÞ, permittivity,
� ¼ �ðXÞ, and electrostrictive tensor, M ¼MðXÞ, require solving
the three-dimensional boundary-value problems (A3) and (A4) for
the tensor fields C and c. Now, for microstrutures comprising
aligned cylindrical fibers, the heterogeneity is two-dimensional.
By choosing—as in the forgoing and without loss of generality—
the direction of the fibers N to coincide with the laboratory axis e3

(see Fig. 3), the local electromechanical tensors for the problem
of interest here read as

L Xð Þ ¼ 3k X1;X2ð Þ þ 2l X1;X2ð Þ½ �J þ 2l X1;X2ð ÞK
� Xð Þ ¼ e X1;X2ð ÞI

M Xð Þ ¼ e X1;X2ð Þ K�J
2

� � (B1)

Because of the isotropy of these tensors and their independence of
the X3 coordinate, it follows that the three-dimensional boundary-
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value problems (A3) and (A4) can actually be recast as two-
dimensional boundary-value problems:

The isotropy of the local modulus of elasticity (B1)1 and its in-
dependence from X3 imply that

Cg11;i ¼ Cg11;iðX1;X2Þ; Cg22;i ¼ Cg22;iðX1;X2Þ
Cg12;i ¼ Cg12;iðX1;X2Þ; Cg21;i ¼ Cg21;iðX1;X2Þ
Cg33;i ¼ Cg33;iðX1;X2Þ
Cg11;3 ¼ C311;r ¼ Cg22;3 ¼ C322;r ¼ 0

Cg12;3 ¼ C312;r ¼ Cg21;3 ¼ C321;r ¼ 0

Cg33;3 ¼ C333;i ¼ 0; C333;3 ¼ 1

(B2)

and that Cg11; Cg22; Cg12; Cg21; Cg33 are solutions to

½kðX1;X2ÞCrkl;rdgi þ 2lðX1;X2ÞCgkl;i�;i ¼ 0;X 2 X (B3)

with Cgkl ¼ dgkXl; X 2 @X
where the pair of indices (kl) are to be evaluated as 11, 22, 12, 21,
33. They further imply that

C3g3;i ¼ Cig3;3 ¼ C3g3;iðX1;X2Þ
C33g;i ¼ Ci3g;3 ¼ C33g;iðX1;X2Þ
Cg13;i ¼ C313;3 ¼ Cg31;i ¼ C331;3 ¼ 0

Cg23;i ¼ C323;3 ¼ Cg32;i ¼ C332;3 ¼ 0

(B4)

and C3g3; C33g are solutions to

½lðX1;X2ÞC3kl;i�;i ¼ 0;X 2 X (B5)

with C3kl ¼ d3kXl; X 2 @X
where now the pair of indices (kl) are to be evaluated as 13, 31,
23, 31. In expressions (B2)–(B5) and subsequently, Greek indices
range from 1 to 2.

Similarly, the isotropy of the local permittivity (B1)2 and its
independence from X3 imply that

cg;i ¼ cg;iðX1;X2Þ; cg;r ¼ cr;i ¼ 0; c3;3 ¼ 1 (B6)

and cg are solutions to

½eðX1;X2Þcg;i�;g ¼ 0;X 2 X; with cg ¼ Xg; X 2 @X (B7)

It is plain that the boundary-value problems, (B3), (B5), (B7),
do not admit explicit solutions other than for special cases (see,
e.g., Appendix A). However, the underlying PDEs being second-
order linear elliptic, it is straightforward to solve them numeri-
cally by means of the FE method, as outlined next.

FE formulation. The focus of Sec. 4 is on dielectric elastomers
strengthened/weakened by transversely isotropic distributions of
aligned cylindrical fibers with circular cross section. To approxi-
mate the transverse isotropic of this class of microstructures, and
in view of the two dimensionality of the boundary-value problems
(B3), (B5), (B7), we consider an infinite two-dimensional periodic
medium described by the periodic repetition of a square unit cell,
S ¼ fX : Xi 2 ½0; 1� i ¼ 1; 2g, that comprises a large but finite
number N of randomly distributed circles. Previous results based
on this approach (see, e.g., Ref. [33]) have indicated that N¼ 60
circles is, in general, sufficient to approximate the transverse
isotropy of the microstructure. Figure 8 depicts representative
examples of such unit cells with N¼ 60 circles for various volume
fractions of fibers: (a) c¼ 0.05, (b) c¼ 0.15, and (c) c¼ 0.25.

For the above-described repeating unit cells S, the boundary
value problems (B3), (B5), and (B7) specialize to

½kðX1;X2ÞCrkl;rdgi þ 2lðX1;X2ÞCgkl;i�;i ¼ 0;X 2 S

with
Cgklð1;X2Þ � Cgklð0;X2Þ ¼ dgkdl1

CgklðX1; 1Þ � CgklðX1; 0Þ ¼ dgkdl2

; X 2 @S

(
(B8)

½lðX1;X2ÞC3kl;i�;i ¼ 0;X 2 S

with
C3klð1;X2Þ � C3klð0;X2Þ ¼ d3kdl1

C3klðX1; 1Þ � C3klðX1; 0Þ ¼ d3kdl2

; X 2 @S

(
(B9)

and

½�imcm;j�;i ¼ 0; X 2 S

with
cgð1;X2Þ � cgð0;X2Þ ¼ dg1

cgðX1; 1Þ � cgðX1; 0Þ ¼ dg2

; X 2 @S

(
(B10)

In the above expressions, @S stands for the boundary of S and it
is recalled that the pair of indices (kl) are to be evaluated as 11,
22, 12, 21, 33 in Eq. (B8) and as 13, 31, 23, 31 in Eq. (B9).

Fig. 8 Unit cells with N 5 60 circles randomly distributed for three volume frac-
tions of fibers: (a) c 5 0.05, (b) c 5 0.15, and (c) c 5 0.25. Parts (d), (e), and (f) show
three progressively refined meshes, with approximately (d) 8,000, (e) 40,000, and (f)
200,000 elements, of a unit cell containing a random distribution of N 5 60 circles
at volume fraction c 5 0.15.
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We carry out the discretization of these problems with help of
the scripting and meshing capabilities of the FE package ABAQUS

(see ABAQUS Version 6.11 Documentation, 2011 [34]). Hybrid iso-
parametric eight-node quadrilateral elements with linearly varying
pressure were selected to solve the PDE (B8), while isoparametric
eight-node quadrilateral elements were utilized for the PDEs (B9)
and (B10). Figures 8(d)–8(f) display three meshes of increasing
refinement for volume fraction of fibers c¼ 0.15. Mesh sensitivity
analyses revealed that meshes containing about 200,000 elements
(
 600,000 nodes), such as the one shown in Fig. 8(f), are refined
enough to deliver accurate results. The discretized equations
resulting from Eqs. (B8), (B9), and (B10) are formulated and
solved via a vectorized FE code written in the technical comput-
ing environment MATLAB (see MATLAB Version 8.3 Documentation,
2014 [35]). The computed FE solutions for the components of the
tensor fields C and c are then utilized to finally compute the three
sought after effective electromechanical tensors via

eLFE

ijkl ¼
ð

S

LijpqC
FE
pkl;q dX;

e�FE
ij ¼

ð
S

�iqc
FE
q;j dX;

eMFE

ijkl ¼
ð

S

CFE
pij;qMpqvwcFE

v;kc
FE
w;l dX

(B11)

where the superscript “FE” has been appended to these expres-
sions for clarity.

Assessment of the simulated microstructures. Because of the
finite number of fibers (N¼ 60) included per unit cell, the micro-
structures simulated here are transversely isotropic only in an ap-
proximate sense. In order to assess the transverse isotropy of each
realization that is constructed, we monitor the following
measures:

d
Le ¼ kecFE

L E 1ð Þ þ edFE

L E 2ð Þ þ eeFE
L E 3ð Þ þ efFE

L E 4ð Þ þ egFE
L E 5ð Þ þ E 6ð Þ
� �

� eLFEk1
keLFEk1

d�e ¼ keeFE
t I� N� Nð Þ þeeFE

l N� N� e�FEk1
ke�FEk1

d
Me ¼ kecFE

M E 1ð Þ þ edFE

M E 2ð Þ þ eeFE
M E 3ð Þ þ efFE

M E 4ð Þ þ egFE
M E 5ð Þ þ ehFE

M E 6ð Þ � eMFEk1
k eMFEk1

(B12)

where the effective electromechanical coefficientsecFE
L ; edFE

L ; eeFE
L ; efFE

L ; egFE
L ; eeFE

t , eeFE
l ; ecFE

M ; edFE

M ; eeFE
M ; efFE

M ; egFE
M ; ehFE

M

are defined by the projections

ecFE
L ¼

1

2
E 1ð Þ

ppij
eLFE

ijklE
1ð Þ

klqq; edFE

L ¼ E
2ð Þ

ppij
eLFE

ijklE
2ð Þ

klqq

eeFE
L ¼

1

2
E 3ð Þ

pqij
eLFE

ijklE
3ð Þ

klpq; efFE

L ¼
1

2
E 4ð Þ

pqij
eLFE

ijklE
4ð Þ

klpq

egFE
L ¼

1

2
E 2ð Þ

ppij
eLFE

ijklE
1ð Þ

klqq

eeFE
t ¼

1

2
dij � NiNj

� �e�FE
jk dki � NkNið Þ; eeFE

l ¼ Nie�FE
ij Nj

ecFE
M ¼

1

2
E 1ð Þ

ppij
eMFE

ijklE
1ð Þ

klqq; edFE

M ¼ E
2ð Þ

ppij
eMFE

ijklE
2ð Þ

klqq

eeFE
M ¼

1

2
E 3ð Þ

pqij
eMFE

ijklE
3ð Þ

klpq; efFE

M ¼
1

2
E 4ð Þ

pqij
eMFE

ijklE
4ð Þ

klpq

egFE
M ¼

1

2
E 2ð Þ

ppij
eMFE

ijklE
1ð Þ

klqq; ehFE

M ¼
1

2
E 1ð Þ

ppij
eMFE

ijklE
2ð Þ

klqq

(B13)

Here, we remark the fourth order tensors EðiÞ defined in Eq. (10)
are to be evaluated with N ¼ e3. For the class of dielectric elasto-
mer composites of interest in Sec. 4, wherein the matrix and
particles are both isotropic elastic dielectrics, a perfectly trans-
versely isotropic microstructure would result in measures
d

Le ¼ d�e ¼ d
Me ¼ 0. In this work, only realizations with

maxfd
Le; d�e; dMeg � 10�2 (B14)

are admitted as approximately transversely isotropic.
We conclude by noting that all the FE results presented in

Sec. 4 correspond to the average of three different realizations (all
satisfying the above definition of approximate isotropy). The per-
tinent components of the electrostriction H displayed in the plots
in that section are based on the formulae

H11 ¼
eeFE

MeeFE
L

�
edFE

L ecFE
M � 2egFE

L egFE
MecFE

L
edFE

L � 2egFE2

L

0@ 1AE
2

2

H22 ¼ �
eeFE

MeeFE
L

þ
edFE

L ecFE
M � 2egFE

L egFE
MecFE

L
edFE

L � 2egFE2

L

0@ 1AE
2

2

H33 ¼
egFE

L ecFE
M � ecFE

L egFE
MecFE

L
edFE

L � 2egFE 2

L

E
2

(B15)

References
[1] Lopez-Pamies, O., 2014, “Elastic Dielectric Composites: Theory and Applica-

tion to Particle-Filled Ideal Dielectrics,” J. Mech. Phys. Solids, 64, pp. 61–82.
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