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Abstract In this work, we derive a closed-form criterion for the onset of cavitation in com-
pressible, isotropic, hyperelastic solids subjected to non-symmetric loading conditions. The
criterion is based on the solution of a boundary value problem where a hyperelastic solid,
which is infinite in extent and contains a single vacuous inhomogeneity, is subjected to uni-
form displacement boundary conditions. By making use of the “linear-comparison” varia-
tional procedure of Lopez-Pamies and Ponte Castañeda (J. Mech. Phys. Solids 54:807–830,
2006), we solve this problem approximately and generate variational estimates for the crit-
ical stretches applied on the boundary at which the cavity suddenly starts growing. The
accuracy of the proposed analytical result is assessed by comparisons with exact solutions
available from the literature for radially symmetric cavitation, as well as with finite element
simulations. In addition, applications are presented for a variety of materials of practical
and theoretical interest, including the harmonic, Blatz-Ko, and compressible Neo-Hookean
materials.
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1 Introduction

Under tensile loading conditions, solids—much like fluids—may exhibit cavitation. In elas-
tomers, the occurrence of this phenomenon was first reported by Busse [2], Yerzley [3], and
Gent and Lindley [4]. In particular, these authors conducted tension experiments on thin
disks of rubber bonded to plane metal end-pieces in such a way that the stress at the center
of their specimens was approximately hydrostatic. They observed that flaws in the form of
roughly spherical cavities consistently appeared in the rubber disks at well defined values
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of the applied tensile load. Similar observations were later reported by Lindsey [5]. More
recently, the occurrence of cavitation has also been observed in the vicinity of inclusions
in particle-reinforced elastomers [6, 7], as well as in the rubber phase of rubber-toughened
glassy polymers (see, e.g., [8–10]).

In a pioneering contribution, Gent and Lindley [4] proposed a criterion for the onset of
cavitation in rubber. In essence—making use of the work of Green and Zerna [11] for thick
spherical shells—they considered the problem of a spherical cavity of finite size embedded
in an infinite matrix subjected to uniform hydrostatic pressure on its boundary, i.e., at in-
finity. Assuming the matrix to be made out of incompressible Neo-Hookean material, they
found that as the applied pressure approaches the critical value Pcrit = 5/2μ—with μ de-
noting the classical shear modulus of the matrix material—the size of the cavity becomes
unbounded. In view of this result, they effectively proposed that cavitation occurs at any
place in a rubbery solid where the hydrostatic part of the stress reaches the critical value
Pcrit = 5/2μ. Quite remarkably, this criterion turned out to be in very good agreement with
their experimental observations.

In a different effort, Ball [12] examined a class of non-smooth bifurcation problems for
the equations of nonlinear elastostatics which model the creation of a cavity in the interior of
a nonlinearly elastic solid once a critical external load is attained. Specifically, he considered
the problem of a unit ball (in n dimensions), made out of isotropic hyperelastic material, that
is subjected to radially symmetric uniform tensile load on its boundary. For certain materials,
he found that when the applied load is small, the ball remains a solid ball, but that when the
load is sufficiently large, it is energetically more favorable for the material to open up a
spherical (or, if n = 2, circular) cavity at the center of the ball.

When specialized to a unit sphere of incompressible Neo-Hookean material, Ball’s analy-
sis leads to Pcrit = 5/2μ for the critical applied pressure at which a cavity forms at the ori-
gin of the sphere. This is exactly the same value obtained by Gent and Lindley [4] for the
critical applied pressure at which a pre-existing spherical cavity embedded in an infinite
Neo-Hookean medium grows unbounded. The reason for this agreement, as already noticed
by Ball [12], is twofold: (i) because of the scaling laws of nonlinear elastostatics, an infin-
itesimal hole in a finite medium behaves like a finite hole in an infinite medium; and (ii)
the solution for the problem of a spherical shell is expected to tend to the solution for the
problem of a solid sphere in the limit when the size of the cavity in the shell tends to zero.1

This connection between the approach of Gent and Lindley [4] and that of Ball [12] reveals
that the phenomenon of cavitation in hyperelastic solids can be viewed rather equivalently
as: (i) the sudden rapid growth of an imperfection or (ii) a (non-smooth) bifurcation problem
in an initially perfect material.

For incompressible materials, the cavitation results put forward by Ball [12] are com-
plete and explicit. For compressible materials, on the other hand, Ball’s results are rel-
atively limited. This is because for compressible (unlike for incompressible) solids, it is
necessary to solve the underlying nonlinear differential equation of equilibrium. Extensions
of Ball’s work—yet within the context of radially symmetric cavitation in compressible
isotropic materials—have been provided by Stuart [13], Sivaloganathan [14, 16], Horgan
and Abeyaratne [17], Horgan [18], and Meynard [19] among others. Radially symmetric
cavitation problems in anisotropic materials have been studied, for instance, by Antman
and Negrón-Marrero [20] and by Polignone and Horgan [21]. Extensions considering dy-
namic and surface-energy effects have also been examined by other researchers (see, e.g.,

1To prove this conjecture in full generality is difficult; however, various works (see, e.g., [14, 15]) have shown
rigorously that this is indeed the case for some classes of materials.
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[10, 22]). For a review on radially symmetric cavitation, the interested reader is referred to
[23].

All of the above-cited efforts address the problem of radially symmetric cavitation. How-
ever, the majority of practical situations do not posses radial symmetry. One of the first (and
few) studies on non-symmetric cavitation is that of James and Spector [24]. These authors
provided a qualitative analysis for the formation of non-spherical cavities in a class of com-
pressible isotropic materials subjected to radial deformations. Furthermore, they showed
that non-radial cavities are energetically more favorable than radial ones for certain materi-
als. Later, Hou and Abeyaratne [25] derived an approximate criterion for the onset of cav-
itation in incompressible isotropic solids subjected to non-symmetric loading. Specifically,
these authors examined the boundary value problem of a sphere, containing an infinites-
imal spherical cavity at its origin, subjected to uniform Cauchy traction on its boundary.
After casting the problem in a variational form, they proposed a particular kinematically
admissible trial field as an approximate solution. Making use of this approximation, they
then derived an analytical expression for the loci of critical applied stresses (or cavitation
surface) at which the initially infinitesimal cavity suddenly becomes of finite size. For the
special case of hydrostatic loading, the results of Hou and Abeyaratne [25] have the merit
that they recover the exact results of Ball [12] for incompressible materials. For more gen-
eral loading conditions, on the other hand, their results are expected (by construction) to
be conservative. Finally, it should be mentioned that the problem of non-symmetric cavita-
tion has also been studied numerically by some authors (see, e.g., [26]), but mostly in the
different context of elastoplasticity (see, e.g., [27, 28]).

The present work is devoted to the study of cavitation in compressible solids under gen-
erally non-symmetric deformations. In particular, we derive a novel analytical criterion for
the onset of cavitation in compressible, isotropic, hyperelastic materials subjected to plane-
strain deformations. In a more general note, however, we emphasize that the methods to be
developed in this paper are applicable to anisotropic materials and general loading condi-
tions. These more laborious cases will be considered in future work.

In Sect. 2 of this paper, we introduce some basic notation and set up the problem of a
single cylindrical cavity of finite diameter embedded in an otherwise homogeneous hypere-
lastic medium of infinite extent subjected to uniform plane-strain deformations (see Fig. 1).
The aim is to determine all critical applied deformations at which the actual size of the cavity
in the deformed configuration becomes unbounded. (That is, here we view cavitation as the
sudden rapid growth of an imperfection.) Because the computation of the exact solution for
the underlying boundary value problem is extremely difficult, we focus instead on the con-
struction of an approximate solution. To this end, we make use of the “linear-comparison”
variational procedure of Lopez-Pamies and Ponte Castañeda [1]. The key idea of this tech-
nique, as explained in full detail in Sect. 3, consists in devising an alternative variational
formulation of the original problem by introducing a fictitious linear comparison medium
with the same microstructure as the actual hyperelastic material. The approximate solutions
developed in Sect. 3 are utilized in Sect. 4 to establish the main result of this paper: inside
a homogeneous, compressible, isotropic, hyperelastic material with stored-energy function
Φ(λ1, λ2), cavitation will occur at a material point P whenever along a given loading path
the pair of principal stretches (λ1, λ2) at that point first satisfies the condition

∂Φ
∂λ1

(λ1, λ2) − ∂Φ
∂λ2

(λ1, λ2)

λ1 − λ2
= 0 . (1)
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For the special case λ1 = λ2 = λ, a formal calculation shows that (1) reduces to

∂2Φ

∂λ1∂λ1
(λ,λ) − ∂2Φ

∂λ1∂λ2
(λ,λ) = 0 . (2)

The physical significance of condition (1) is discussed in Sect. 4. Then, condition (1) is
utilized in Sect. 5 to explicitly determine the onset of cavitation in a variety of materials.
This section aims to provide more physical insight into the proposed general criterion via
specific applications of interest, as well as to assess the accuracy of the generated results
by comparisons with exact solutions available from the literature for radially symmetric
conditions (i.e., λ1 = λ2) and with finite element results.

2 Problem Setting

Consider a material made up of a vacuous inhomogeneity embedded in an otherwise homo-
geneous matrix phase. Such a material is assumed to occupy a volume Ω0, with boundary
∂Ω0, in the undeformed configuration. Moreover, the initial size of the cavity is considered
to be much smaller than the size of the specimen (i.e., the cavity is considered to be a small
imperfection).

Material points in the solid are identified by their initial position vector X in the unde-
formed configuration Ω0, while the current position vector of the same point in the deformed
configuration Ω is given by x = χ(X). Motivated by physical arguments, the mapping χ is
required to be continuous (i.e., the material is not allowed to fracture) and one-to-one on Ω0

(i.e., the material is not allowed to interpenetrate itself). In addition, we assume that χ is
twice continuously differentiable, except possibly on the inhomogeneity/matrix boundary.
Note that this degree of regularity is not too restrictive for our purposes, since the only sin-
gularity of interest (i.e., the cavity) is a pre-existing one. The deformation gradient F at X, a
quantity that measures the deformation in the neighborhood of X, is defined by

F = Grad χ in Ω0 (3)

and is required to satisfy the local material impenetrability constraint J
.= det F > 0.

The constitutive behavior of the matrix phase—which occupies the subdomain Ω
(1)

0 in
the undeformed configuration—is characterized by a stored-energy function W(1) that is an
objective, non-convex function of the deformation gradient tensor F. On the other hand, the
constitutive behavior of the void—which occupies the subdomain Ω

(2)

0 = Ω0 − Ω
(1)

0 —is
taken to be characterized by W(2) = 0. Note that this prescription directly implies that the
cavity is traction-free.2 It then follows that the local stored-energy function of this two-phase
system may be conveniently written as

W(X,F) = (1 − χ0(X))W(1)(F) + χ0(X)W(2)(F) = (1 − χ0(X))W(1)(F), (4)

where the characteristic function χ0 is equal to 1 if X is inside the void (X ∈ Ω
(2)

0 ) and
zero otherwise.3 In this connection, it is noted that the initial volume fraction of the void

2Without fundamental changes to the present treatment, it is possible to account for non-zero internal pressure

within the cavity by characterizing the inhomogeneity, for instance, as an elastic fluid with W(2) = g(J ).
3Note that the initial shape of the void, as characterized by χ0, is arbitrary at this stage.
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(or initial porosity) is given by f0
.= |Ω(2)

0 |/|Ω0| = 〈χ0〉, where the triangular brackets 〈·〉
have been introduced to denote the volume average over the specimen in the undeformed
configuration (i.e., 〈·〉 = (1/|Ω0|)

∫
Ω0

·dX). The local constitutive relation for the material
can then be expressed as

S = ∂W

∂F
(X,F) = (1 − χ0(X))

∂W(1)

∂F
(F) . (5)

Here, S denotes the first Piola-Kirchhoff stress tensor and sufficient smoothness has been
assumed for W(1) on F.

We suppose now that the body is subjected to the homogeneous displacement boundary
condition

x = FX on ∂Ω0, (6)

where the second-order tensor F is a prescribed, constant quantity. In the absence of body
forces, it follows that the total elastic energy (per unit undeformed volume) stored in the
material is given by

E(F) = min
F∈K(F)

〈W(X,F)〉 = min
F∈K(F)

(1 − f0) 〈W(1)(F)〉(1), (7)

where 〈·〉(1) indicates the volume average over the matrix phase (Ω(1)

0 ) and K stands for the
set of kinematically admissible deformation gradient fields:4

K(F) = {F |∃ x = χ(X) with F = Grad χ , J > 0 in Ω0, x = FX on ∂Ω0} . (8)

Furthermore, the equilibrium equations5—namely, the Euler-Lagrange equations associated
with the variational problem (7)—take the form

Div

[
∂W

∂F
(X,F)

]

= 0 in Ω0 . (9)

The main concern of this paper is the study of the solution of (9), subject to the affine
boundary condition (6), in the limit as f0 → 0+ (namely, in the limit when the initial size
of the cavity is infinitesimally small). In particular, we are interested in determining in this
limit the critical values (if any) of the applied deformation F at which the actual size of the
deformed cavity, as measured by its volume fraction in the deformed configuration:

f = 〈det F〉(2)

det F
f0, (10)

suddenly starts growing and becomes finite. In this last expression, use has been made of
the notation 〈·〉(2) = (1/|Ω(2)

0 |) ∫
Ω

(2)
0

·dX, and the fact that det F is a null-Lagrangian so that

〈det F〉 = det F (see, e.g., Sect. 5 in [1]).

4While further technical conditions, other than the assumed regularity, must be imposed on χ for the mini-
mum principle (7) to have precise mathematical meaning, we do not spell them out here, as they will not be
directly utilized in the construction of our approximate solution.
5Note that the rotational balance SFT = FST is automatically satisfied because of the assumed objectivity of

the stored-energy function W(1) .
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Fig. 1 Schematic
representation—in the
undeformed configuration—of a
cylindrical vacuous
inhomogeneity, with initially
circular cross section, in an
infinite matrix phase subjected to
in-plane principal stretches λ1
and λ2. Note that the long axis of
the void has been aligned with
the laboratory basis vector e3

Because of the non-convexity of W(1) on F, solving6 the above-posed boundary-value
problem in full generality is a hopelessly difficult task. Therefore, in the next subsections,
we will make some additional hypotheses in an attempt to make the problem more tractable,
but yet physically meaningful.

2.1 Geometric and Constitutive Hypotheses

Thus, in this work, we assume that the vacuous inhomogeneity is cylindrical and has initially
circular cross section. For convenience, we set the long axis of the void to be parallel to the
fixed laboratory basis vector e3. Further, we take Ω0 to be infinite in extent (see Fig. 1). The
analysis is thus relevant to the sudden growth of a void into an elongated shape.

Moreover, attention will be restricted to compressible isotropic materials. This restriction
—together with that of objectivity—implies that the stored-energy function W(1) can be
expediently expressed as a function of the principal invariants of the right Cauchy-Green
deformation tensor C = FT F:

I1 = tr C = λ2
1 + λ2

2 + λ2
3, I2 = 1

2

[
(tr C)2 − tr C2

]= λ2
1λ

2
2 + λ2

2λ
2
3 + λ2

3λ
2
1,

(11)
I3 = det C = λ2

1λ
2
2λ

2
3,

or, alternatively, as a symmetric function of the principal stretches λ1, λ2, λ3 associated
with F. Namely, W(1) may be written as

W(1)(F) = g(I1, I2, I3) = h(λ1, λ2, λ3), (12)

where h is symmetric.

2.2 Loading Conditions

In addition, we will concern ourselves with plane-strain deformations in the e1–e2 plane,
so that the out-of-plane components7 of F are given by: F 13 = F 31 = F 23 = F 32 = 0,

6Issues regarding the existence, uniqueness, and stability of radially symmetric cavitating solutions in non-
linear elasticity have been studied by Ball [12], Stuart [13], and Sivaloganathan [14, 16] among others. See
also [15, 29, 30] and the references therein for related studies on non-radial cavitation.
7Here and subsequently, the components of all tensorial quantities will be referred to the laboratory frame of
reference {ei }.



Onset of Cavitation in Compressible, Isotropic, Hyperelastic Solids 121

F 33 = 1. In particular, by exploiting the fact that—under the above geometric and consti-
tutive hypotheses—the total elastic energy (7) is an objective and transversely isotropic
scalar function (with symmetry axis e3) of the applied deformation gradient F, attention
will be restricted without loss of generality to in-plane pure stretch loadings of the form8

(see Fig. 1)

Fαβ = diag(λ1, λ2). (13)

In view of the above geometric, constitutive, and loading restrictions, the problem of
concern can be shown to be essentially two-dimensional (2D). In this connection, it proves
more helpful to work henceforth with the 2D forms of (11) and (12) rather than with (11)
and (12) themselves. Namely, by defining the two in-plane principal invariants of C as

I = λ2
1 + λ2

2 and J = λ1λ2, (14)

the stored-energy function (12) under plane-strain conditions is conveniently rewritten as

W(1)(F) = Ψ (I, J ) = Φ(λ1, λ2), (15)

where Ψ and Φ are taken to be twice differentiable functions of their arguments. In addition,
for consistency with the classical theory of elasticity, Ψ is taken to satisfy

Ψ (2,1) = 0,
∂Ψ

∂I
(2,1) = μ

2
,

∂Ψ

∂J
(2,1) = −μ,

(16)

4
∂2Ψ

∂I 2
(2,1) + 4

∂2Ψ

∂I∂J
(2,1) + ∂2Ψ

∂J 2
(2,1) = κ,

where μ > 0 and κ > 0 denote, respectively, the classical shear and (plane-strain) bulk mod-
uli. Similarly, Φ is assumed to satisfy

Φ(1,1) = ∂Φ

∂λ1
(1,1) = ∂Φ

∂λ2
(1,1) = 0,

(17)
∂2Φ

∂λ2
1

(1,1) = ∂2Φ

∂λ2
2

(1,1) = κ + μ,
∂2Φ

∂λ1∂λ2
(1,1) = κ − μ.

3 Approximate Solution

Solving the system of nonlinear partial differential equations (9) for the above-specified
geometry (Fig. 1), compressible stored-energy function (15), and non-symmetric loading
conditions (13) remains a formidable task. Moreover, because of the non-convexity of W(1)

on F, the solution—assuming that it exists—need not be unique; physically, this corresponds
to the possible development of instabilities under large enough deformations. Due to the fact
that the material does linearize properly in the limit of small deformations (see expressions
(16) and (17)), the solution of equations (9) is expected however to be unique at least within
a sufficiently small neighborhood of F = I. Along arbitrary loading paths, on the other hand,
as the deformation progresses beyond F = I into the finite-deformation regime, a point may

8Throughout this paper, Greek indices range from 1 to 2 and the usual summation convention is employed.
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be reached at which this unique “principal” solution may bifurcate into different solutions.
This point corresponds to the onset of an instability after which the use of the “principal”
solution may become questionable, as it may or may not correspond to the minimum en-
ergy (7). It is beyond the aim of this work to keep track of all such possible instabilities.
(In actuality, these instabilities may not even be relevant for our purposes since they may
not lead to cavitating solutions.) Instead, we limit ourselves to study the above-described
“principal” solution. In this regard, note that restricting attention to the “principal” solution
in the present context of non-symmetric loading conditions F = diag(λ1, λ2) is akin to the
semi-inverse approach originally proposed by Ball [12] of restricting attention to radially
symmetric deformations in the simpler context of symmetric loading conditions. In prac-
tice, this means that we will not attempt to solve the minimization problem (7), but rather
we will focus on solving the following stationary variational principle

Ê(F) = stat
F∈K(F)

〈W(X,F)〉 = stat
F∈K(F)

(1 − f0) 〈W(1)(F)〉(1), (18)

where it is emphasized that the stat(ionary) operation denotes that the total elastic energy Ê

is evaluated at the above-described “principal” solution of the Euler-Lagrange equations (9).
Note that, by definition, Ê(F) = E(F) up to the onset of the first instability, after which
Ê(F) ≥ E(F).

Our proposal to solve approximately (the admittedly difficult) problem (18) is to make
use of the “linear-comparison” variational procedure of Lopez-Pamies and Ponte Cas-
tañeda [1]. Specifically, with the help of this approach, we will generate analytical estimates
for the total elastic energy (18) and the associated current porosity (10); as explained in the
sequel, knowledge of Ê and f suffices to determine the onset of cavitation in the hyper-
elastic solid. The key idea behind this technique consists in devising an optimally chosen
linear comparison medium (LCM) with the same microstructure as the actual hyperelastic
material (i.e., the same χ0) which can then be used to convert available exact results for
linear materials into estimates for the hyperelastic material. In the present context (of a sin-
gle inhomogeneity embedded in an infinite matrix) we will exploit a generalized version
of the exact Eshelby solution [31] for linear materials in order to generate an approximate
closed-form solution for the actual nonlinear problem (18).

Parenthetically, it should be mentioned that the “linear-comparison” technique to be uti-
lized in this work was originally developed [1, 32] (see also [33]) for estimating the effective
properties of hyperelastic heterogeneous materials. In that context, it has already been em-
ployed to construct homogenization-based models for the overall response of reinforced rub-
bers [34, 35], porous elastomers [36–38], and near-single crystal thermoplastic elastomers
[39]. These models have been shown to be in very good agreement with corresponding exact
and numerical results available from the literature. Based on such encouraging results for
such a variety of material systems, it is expected that the LCM formalism to be utilized here
should also be able to deliver an accurate approximation for the problem (18).

The structure of this section is organized as follows. First, in Sect. 3.1, we derive an
estimate for the total elastic energy (18) for small (but finite) values of initial porosity f0.
Making use of these results, we then construct an estimate in Sect. 3.2 for the associated
porosity (10) in the deformed configuration. Finally, in Sect. 3.3, we consider the dilute limit
(i.e., f0 → 0+) of the expressions generated in Sects. 3.1 and 3.2 for Ê and f , respectively.
The asymptotic results of this last part will then be used in Sect. 4 to develop a cavitation
criterion.
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3.1 Total Elastic Energy Ê

Following [1], we introduce a linear comparison medium (LCM) with the same microstruc-
ture as the actual hyperelastic material (i.e., the same χ0) and with local stored-energy func-
tion

WT (X,F) = (1 − χ0(X))W
(1)
T (F), (19)

where the quadratic potential W
(1)
T is given by the second-order Taylor-like expansion of the

nonlinear stored-energy function W(1) about F:

W
(1)
T (F) = W(1)(F) + S (1)(F) · (F − F) + 1

2
(F − F) · L(F − F). (20)

In this expression, S (1)(·) = ∂W(1)(·)/∂F and L is a fourth-order tensor with matrix repre-
sentation

Lαβγ δ =

⎡

⎢
⎢
⎣


1 
3 0 0

3 
2 0 0
0 0 
4

√
(
1 − 
4)(
2 − 
4) − 
3

0 0
√

(
1 − 
4)(
2 − 
4) − 
3 
4

⎤

⎥
⎥
⎦ , (21)

where 
I (I = 1,2,3,4) are independent variables to be determined subsequently. Note that
relation (21) does not correspond to the incremental tangent modulus of the matrix material
L(1)(·) = ∂2W(1)/∂F2(·), but similar to L(1), the modulus (21) is orthotropic. (The interested
reader is referred to Sect. 3.1 in [1] and [34] for further details on the choice of the form of
L in the LCM.)

Next, the “corrector” function V (1) is introduced such that

V (1)(
I ) = stat
F̂(1)

[
W(1)(F̂(1)) − W

(1)
T (F̂(1))

]
, (22)

where, in this relation and henceforth, the optimization operation “stat” with respect to a
variable means differentiation with respect to that variable and setting the result equal to zero
to generate an expression for the optimal value of the variable. The function V (1) constitutes
a measure of the nonlinearity of W(1) in such a way that the stored-energy function of the
hyperelastic matrix phase can be expediently rewritten as

W(1)(F) = stat

I

{
W

(1)
T (F) + V (1)(
I )

}
. (23)

In order to reach this identity, it should be remarked that critical use has been made of the
orthotropic form (21) of the modulus tensor L, as well as of the fact that W(1) is isotropic and
differentiable. Furthermore, it should be emphasized that V (1) is multi-valued, and hence,
care should be exercised in the selection of the appropriate branch in order to recover the
equality in (23) [33].

Now, by making use of (23) in expression (18), it follows that the total elastic energy Ê

of the two-phase system may be rewritten as

Ê(F) = stat
F∈K(F)

stat

I (X)

(1 − f0)
〈
W

(1)
T (F) + V (1)(
I )

〉(1)

, (24)
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which, after interchanging the stationarity operations,9 may be finally recast as

Ê(F) = stat

I (X)

{
ÊT (F, 
I ) + (1 − f0)

〈
V (1)(
I )

〉(1)
}

. (25)

In this last expression, use has been made of the fact that the corrector function V (1) does
not depend on F(X), and

ÊT (F, 
I ) = stat
F∈K(F)

〈WT (X,F)〉 = stat
F∈K(F)

(1 − f0)
〈
W

(1)
T (F)

〉(1)

(26)

has been introduced to denote the total elastic energy associated with the LCM defined by
relations (19) and (20). At this point, it is important to remark that expression (25) provides
an alternative variational principle for the total elastic energy Ê of the two-phase system
where the relevant trial fields are the moduli 
I (X) (I = 1,2,3,4) of the matrix phase (21) in
the LCM. Unlike the trial field F(X) in the original form (18), the trial fields 
I (X) in (25)
need not satisfy any differential constraint, such as the compatibility requirement. Note,
however, that compatibility is of course enforced in (25) via the LCM with total elastic
energy (26).

Having established the alternative variational form (25), we then restrict attention to con-
stant trial fields 
I (X) = 
I in order to generate the following variational estimate for Ê:

Ê(F) ≈ stat

I

{
ÊT (F, 
I ) + (1 − f0)V

(1)(
I )
}

, (27)

where it is emphasized that the stat(ionary) condition in this last expression is now over
constant moduli 
I (I = 1,2,3,4). The estimate (27) can be recast in a more convenient
form by making direct use of the stationarity conditions in expressions (22):

S (1)(F̂(1)) − S (1)(F) = L(F̂(1) − F), (28)

and (27):
(
F̂

(1)
αβ − Fαβ

) ∂Lαβγ δ

∂
I

(
F̂

(1)
γ δ − Fγδ

)
= 2

1 − f0

∂ÊT

∂
I

(29)

(I = 1,2,3,4). The final expression can be shown to reduce to

Ê(F) = (1 − f0)
[
W(1)(F̂(1)) − S (1)(F) ·

(
F̂(1) − F

(1)
)]

, (30)

where the equality sign should be interpreted in the sense of an approximation, and where

F
(1) .= 〈F〉(1) has been introduced to denote the average deformation gradient in the matrix

phase of the LCM.
At this stage, it is relevant to make a few important remarks about the accuracy of ap-

proximation (30). By construction, the result (30) is a stationary variational estimate, not a
bound. Thus, unlike for bounds, it is difficult to write down an a priori general estimation
of the error in using (30). Note, however, that the approximation (30) is exact up to order
|F − I|2 in the limit of small deformations F → I (provided of course that the LCM prob-
lem (26) is solved exactly). For larger deformations, on the other hand, the accuracy of (30)

9The interchange of stationary operations—as opposed to min max operations—is always allowed.
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can be assessed by direct comparisons with exact known results available for special mate-
rials and special loading conditions, as well as with numerical results. In this regard, it is
appropriate to emphasize again that LCM approximations in the spirit of (30) have already
been shown to be very accurate for a variety of related problems in finite deformations [32],
strongly suggesting that the approximation (30) may also be accurate in the present context.

3.1.1 The Linear Comparison Medium

We now turn our attention to constructing a solution for problem (26), from which we then
generate explicit expressions for the total elastic energy ÊT of the LCM, as well as for the

average deformation gradient F
(1)

in the matrix phase of the LCM—quantities needed in the
computation of the approximation (30).

Before proceeding with the solution of (26), it is necessary to recognize that the nonlinear
constraint J = det F > 0 in the set of kinematically admissible deformation gradients K(F)

complicates significantly the direct construction of solutions for (26). We circumvent this
issue here by expanding the set K(F), as given by (8), to the larger set

K′
(F) = {F |∃ x = χ(X) with F = Grad χ in Ω0, x = FX on ∂Ω0} , (31)

which neglects the constraint J > 0 altogether. Then, in the worst possible case, the vari-
ational problem obtained by replacing K′(F) for K(F) in (26) provides a rigorous lower
bound for the original problem. In addition, it is always possible—at least in principle—to
check a posteriori whether the obtained solution within the set (31) does satisfy the restric-
tion J > 0 in Ω0.

With the modified admissible set (31), problem (26) can be seen to reduce mathematically
to a linear “thermoelasticity problem” with Euler-Lagrange equations

Div
[
(1 − χ0(X)) (L Grad χ + T)

]= 0 in Ω0 (32)

subject to boundary conditions

x = FX on ∂Ω0, (33)

where, for clarity of notation, the constant tensor T = S (1)(F) − LF has been introduced in
(32) to denote the “thermal” stress. In spite of the fact that the “stress” and “strain” measures
in this fictitious linear thermoelasticity problem are non-symmetric (and therefore L does
not have minor symmetries), it is straightforward to verify that the Green’s function methods
developed by Willis [40, 41] for standard material systems (i.e., with symmetric stress and
strain measures) are equally applicable in this context.10 The pertinent derivation is a trivial
generalization of the results presented in Sect. VI.B of [41] and thus will not be included
here. Instead, we proceed directly with the presentation of the final relevant results.

Because problem (32) is nothing more than a generalized version of the Eshelby inclu-
sion problem, the key feature of the solution of (32) subject to (33) is that the deformation
gradient inside the vacuous inhomogeneity (X ∈ Ω

(2)

0 ) is uniform, and given by

F(X) = F
(2) = F + [

P−1 − L
]−1 S (1)(F). (34)

10Alternatively, the solution to (32) subject to (33) may be also obtained by complex variable techniques (see,
e.g., [42]).
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In this expression, the Eshelby-type tensor P is given (in component form) by

Pαβγ δ = 1

2π

∫ 2π

0
Nαγ (ξ )ξβξδ dθ, (35)

where N = K−1, Kαγ = Lαβγ δ ξβξδ , with ξ1 = cos θ and ξ2 = sin θ . By contrast, the
deformation-gradient field in the matrix phase (X ∈ Ω

(1)

0 ) is not uniform. The explicit ex-
pression of this field is too cumbersome to be spelled out, but its average takes the simple
form

〈F(X)〉(1) = F
(1) = F − f0

[
P−1 − L

]−1 S (1)(F). (36)

Here, it should be recalled that relation (36) is asymptotically exact to first order in f0, since
terms of second and higher order in f0 have not been accounted for in the solution.11 Finally,
the total elastic energy ÊT can be shown to be given by

ÊT (F) = W(1)(F) − f0

[

W(1)(F) − 1

2
S (1)(F) · (L−1 + (LPL − L)−1)S (1)(F)

]

, (37)

which, similar to (36), is asymptotically exact to first order in f0.
The stage has now been set to declare that (28) and (29), with the help of (37), constitute

a system of 8 coupled, nonlinear, algebraic equations for the 8 unknowns formed by the

4 components of F̂(1) and the 4 independent components of L (denoted by 
I ). Although
nonlinear, it is possible to solve (29) in closed form for the 4 components of F̂(1) in terms of
the parameters 
I . The obtained solution12 reads as follows:

F̂
(1)

11 = λ1 − sign
(
J − 1

) q1k3 + k1√
4q2

1k2 + 4q1k3 + k1

,

F̂
(1)

22 = λ2 − sign
(
J − 1

) 4q1k2 + k3

2
√

4q2
1k2 + 4q1k3 + k1

,

(38)
F̂

(1)

12 F̂
(1)

21 = (F̂
(1)

11 − λ1)(F̂
(1)

22 − λ2) − k3/2,

(F̂
(1)

12 )2 + (F̂
(1)

21 )2 = k4 + q4k3 − 2q4(F̂
(1)

11 − λ1)(F̂
(1)

22 − λ2),

where the notation J = λ1λ2 has been introduced for convenience. Also, in expressions
(38), kI = 2/(1 − f0)∂ÊT /∂
I (I = 1,2,3,4), q1 = (
2 − 
4)/(2

√
(
1 − 
4)(
2 − 
4)),

q4 = (2
4 − 
1 − 
2)/(2
√

(
1 − 
4)(
2 − 
4)), and it is recalled that ÊT is given by (37).
In addition, it should be clarified that expressions for the combinations F̂

(1)

12 F̂
(1)

21 and
(F̂

(1)

12 )2 + (F̂
(1)

21 )2—as opposed to expressions for the individual components F̂
(1)

12 and F̂
(1)

21 —
have been spelled out in (38) because these are precisely the combinations in which the shear
components F̂

(1)

12 and F̂
(1)

21 enter all relevant equations. Expressions (38) can be substituted
in (28) to finally obtain a closed system of 4 equations for the 4 unknowns 
I (I = 1,2,3,4),
which must be solved numerically. Having computed all the values of 
I for a given initial
porosity f0, given matrix constitutive behavior W(1), and given loading conditions F, the

11This is because use has been made of the Green’s function for an infinite body to solve (32).
12Mathematically there are other solutions, but only solution (38) leads to physically meaningful results.
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values of the components of F
(1)

and F̂(1) can be readily determined from (36) and (38), re-
spectively. In turn, the estimate for the total elastic energy Ê can be computed, from relation
(30), using these results.

3.2 Current Porosity f

The preceding subsection has dealt with the development of a variational approximation for
the total elastic energy (18). In this subsection, on the other hand, we focus on generating an
estimate for the current porosity (10)—which, as already remarked, serves to measure the
actual size of the vacuous inhomogeneity in the deformed configuration. To this end, we first
make use of the global average condition det F = 〈det F〉 = (1 − f0)〈det F〉(1) + f0〈det F〉(2)

in order to rewrite (10) as

f = 1 − 1 − f0

det F
〈F11F22 − F12F21〉(1) . (39)

This alternative form reveals explicitly the fact that the computation of the current porosity
f amounts actually to the computation of certain trace of the second moment 〈F ⊗ F〉(1) of
the deformation-gradient field in the matrix phase of the hyperelastic material. In this con-
nection, it is relevant to recall that field statistics in the problem at hand may be expediently
formulated in terms of the total elastic energy of suitably perturbed problems. More specifi-
cally, for the case of interest here, it is not difficult to show (see, e.g., Proposition 3.2 in [43]
for an analogous proof) that

〈F11F22 − F12F21〉(1) = 1

1 − f0

∂Ě

∂τ

∣
∣
∣
∣
∣
τ=0

(40)

with

Ě(F) = min
F∈K(F)

〈W̌ (X,F)〉 = min
F∈K(F)

(1 − f0) 〈W(1)(F) + τ det F〉(1). (41)

In the above relations, W̌ (X,F) = W(X,F) + (1 − χ0(X))τ det F where W(X,F) is given
by expression (4) and τ is a constant parameter. Note that the variational problem (41) is
but a slight perturbation of the original problem (18) that reduces identically to (18) when
τ = 0.

Computing the second moment 〈F11F22 −F12F21〉(1) via (40) in an exact manner is clearly
as difficult as computing it by directly solving the original variational problem (18). How-
ever, the key advantage of the formulation (40) over the direct approach is that it requires
the computation of a global energy (namely, the total elastic energy (41)), as opposed to a
local field. In this regard, the very same techniques developed in Sect. 3.1 can be directly
employed to obtain a variational approximation for 〈F11F22 − F12F21〉(1) via (40). Indeed,
repeating the steps spelled out in the preceding subsection—but now applied to a mate-
rial with hyperelastic matrix phase characterized by the perturbed stored-energy function
W̌ (X,F) = W(X,F) + (1 − χ0(X))τ det F—readily leads to a variational approximation
for (41). Differentiating the resulting estimate for Ě with respect to τ , setting then τ equal
to zero, and finally exploiting the identity (40) leads in turn to the following approximation:

〈F11F22 − F12F21〉(1) = det F̂(1) − det F
(

F
−T · (F̂(1) − F

(1)
)
)

. (42)
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Here, it is recalled that the variables F
(1)

and F̂(1) are given explicitly by relations (36) and
(38). They correspond, respectively, to the average and (certain traces of the) fluctuations
of the deformation gradient in the matrix phase of the LCM defined by (19) and (20) in the
preceding subsection. A straightforward algebraic calculation involving expressions (34),
(36), and (38) shows that the approximation (42) can be recast in the more compact form

〈F11F22 − F12F21〉(1) = 1

1 − f0
det F − f0

1 − f0
det F

(2)
, (43)

where F
(2)

, which stands for the average deformation gradient inside the void of the LCM,
is given explicitly by (34).

Next, after substitution of the estimate (43) for 〈F11F22 − F12F21〉(1) in (39), it is a sim-
ple matter to deduce that the corresponding estimate for the current porosity (10) in the
deformed configuration may be finally written as

f = det F
(2)

det F
f0. (44)

Note that—much like the estimate (30) for the total elastic energy Ê—the computation of
the porosity (44) ultimately amounts to solving (numerically) the system of 4 nonlinear
equations (28) for the 4 unknowns 
I . Having computed all the values of 
I for a given
initial porosity f0, given matrix constitutive behavior W(1), and given loading conditions F,

the values of the components of F
(2)

can be readily determined from (34). In turn, the esti-
mate (44) for the current porosity f can then be computed using these results. In passing,
it is also interesting to remark from (44) that the current porosity in the actual hyperelastic
material coincides identically with the current porosity, fLCM say, in the fictitious LCM. In-

deed, fLCM = (〈det F〉(2)/det F)f0 = (det F
(2)

/det F)f0 by virtue of the uniform deformation
inside the void of the LCM. In this connection, however, it should be emphasized that the
fields in the LCM are not equal in general to the fields in the actual hyperelastic material.

3.3 Asymptotic results in the limit as f0 → 0+

The above-developed variational approximations (30) and (44) for the total elastic energy
Ê and current porosity f are valid for small values of the initial porosity f0. But the main
interest here is in the behavior of these estimates in the limit as f0 → 0+, from which we
will then be able to establish a cavitation criterion. Accordingly, in this subsection, we will
spell out the asymptotic expressions for Ê and f in the limit as f0 → 0+, but first we will
present some illustrative results for small (but finite) values of f0 in order to provide more
insight into the approximations (30) and (44).

For demonstration purposes, we consider the representative case of a material with Blatz-
Ko matrix phase (see Sect. 5.2 below) and three different small initial porosities f0 = 10−2,
10−4, 10−6. Figures 2 and 3 present results for hydrostatic loading λ1 = λ2 = λ and for uni-
axial stretch λ1 = λ with λ2 = 1, respectively. Parts (a) illustrate the stress dÊ/dλ (which
is easier to visualize than Ê), as a function of the applied stretch λ. Parts (b) present the
corresponding current porosity f . The key observation that should be made from Figs. 2(a)
and 3(a) is that the average stress dÊ/dλ undergoes a very pronounced softening at around
λ ≈ 1.3 for hydrostatic loading and at around λ ≈ 1.8 for uniaxial stretch. Furthermore,
note that the “rollover” in the stress-stretch curve becomes sharper with decreasing values
of initial porosity f0. To understand the source of this sudden softening in the stress, we turn
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Fig. 2 Response of a material with Blatz-Ko matrix phase (stored-energy function (57) with k = 2 and
μ = 1) and initial porosities f0 = 10−2, 10−4, 10−6, subjected to hydrostatic deformation λ1 = λ2 = λ.
(a) The stress dÊ/dλ, and (b) the current porosity f , as functions of the applied stretch λ

Fig. 3 Response of a material with Blatz-Ko matrix phase (stored-energy function (57) with k = 2 and
μ = 1) and initial porosities f0 = 10−2, 10−4, 10−6, subjected to uniaxial stretch λ1 = λ and λ2 = 1.
(a) The stress dÊ/dλ, and (b) the current porosity f , as functions of the applied stretch λ

attention to the corresponding results for the evolution of the porosity f shown in Figs. 2(b)
and 3(b). For both loading conditions, it is observed that the porosity remains fairly con-
stant up to some threshold (at around λ ≈ 1.3 for hydrostatic loading and at around λ ≈ 1.8
for uniaxial stretch), after which f increases very rapidly. This sudden increase in porosity,
which becomes sharper with decreasing values of f0, provides a geometric softening mech-
anism that is entirely consistent with the pronounced softening exhibited by the stress. Both,
the sudden increase in porosity and the associated sudden drop in stress, are nothing more
than the “signature” of the phenomenon of cavitation.

The above numerical results have illustrated by means of an example the character of the
general approximations (30) and (44) for the total elastic energy Ê and current porosity f in
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the limit of vanishingly small initial porosity. Next, we write down closed-form expressions
for their asymptotic behavior in this limit; to avoid loss of continuity, the pertinent deriva-
tions are given in the appendix. Thus, in the limit as f0 → 0+, the estimate (30) for the total
elastic energy Ê can be shown to simplify to

Ê(F) = E (λ1, λ2)

= Ψ (I, J ) −
(

Ψ (I , J )

+ λ1λ2

(
λ1
λ2

+ λ2
λ1

)
(4Ψ 3

I
+ 3ΨIΨ

2
J
) + 12Ψ 2

I
ΨJ + Ψ 3

J

4Ψ 2
I

− Ψ 2
J

)

f0 + O(f 2
0 ), (45)

where use has been made of the explicit forms (13) and (15)1 for the loading condi-
tions and matrix constitutive behavior, respectively, and the notation ΨI = ∂Ψ (I , J )/∂I ,

ΨJ = ∂Ψ (I , J )/∂J with I = λ
2
1 + λ

2
2 and J = λ1λ2 has been introduced for convenience.

Furthermore, in the limit as f0 → 0+, the estimate (44) for the current porosity f can be
shown to reduce to

f = 16Ψ 2
I
(2λ2ΨI + λ1ΨJ )(2λ1ΨI + λ2ΨJ )

λ1λ2(4Ψ 2
I

− Ψ 2
J
)2

f0 + O(f 2
0 ) . (46)

For later use, it is convenient to also spell out the specialization of the asymptotic expressions
(45) and (46) to hydrostatic loading, i.e., λ1 = λ2 = λ. The results read as follows

Ê(λ I) = E (λ,λ) = Ψ (I, J ) −
(

Ψ (I, J ) + λ
2
(2ΨI + ΨJ )2

2ΨI − ΨJ

)

f0 + O(f 2
0 ) (47)

and

f = 16Ψ 2
I

(2ΨI − ΨJ )2
f0 + O(f 2

0 ) . (48)

In regard with the above results, it is important to emphasize that, for the case when λ2 �= λ1,
the asymptotic expressions (45) and (46) are valid for deformations that are strictly larger
than order |F − I|2. On the other hand, the range of validity of expressions (47) and (48)
does include the small-deformation regime (see the Appendix for details).

4 Cavitation Criterion

We are now in a position to examine the asymptotic results of Sect. 3.3 and determine sub-
sequently a cavitation criterion for hyperelastic materials. Focusing first on expression (46),
it is observed that the current porosity f (which, again, serves to measure the actual size of
the cavity in the deformed configuration) becomes arbitrarily large at applied deformations
approaching the curve 4Ψ 2

I
− Ψ 2

J
= 0. This suggests that 4Ψ 2

I
− Ψ 2

J
= 0 may actually cor-

respond to the loci of critical deformations at which cavitation occurs. Of course, this is a
somewhat naive interpretation of the result given that the asymptotic expression (46) ceases
to be valid precisely at deformations satisfying 4Ψ 2

I
− Ψ 2

J
= 0. Nevertheless, with the help

of the full numerical solution for finite values of f0, it can be verified that the condition
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4Ψ 2
I

− Ψ 2
J

= 0—or, more explicitly, (2ΨI − ΨJ )(2ΨI + ΨJ ) = 0—does indeed define the
loci of critical points in deformation space at which f suddenly begins to grow, and there-
fore at which cavitation takes place. In this regard, it is expedient to recognize from (48)
that 2ΨI −ΨJ = 0—and not 2ΨI +ΨJ = 0—is the relevant cavitation condition for the case
of hydrostatic loading. Then, given that for physically reasonable stored-energy functions
Ψ the curves 2ΨI − ΨJ = 0 and 2ΨI + ΨJ = 0 are not expected to cross, a simple continu-
ity argument finally leads to the following criterion: inside a homogeneous, compressible,
isotropic, hyperelastic material with stored-energy function W(F) = Ψ (I, J ) = Φ(λ1, λ2),
cavitation will occur at a material point P whenever along a given loading path the defor-
mation at that point first satisfies the condition

2
∂Ψ

∂I
(I, J ) − ∂Ψ

∂J
(I, J ) = 0 . (49)

Alternatively, in terms of the principal stretches λ1 and λ2, and the stretch-based form of the
stored-energy function Φ(λ1, λ2), the criterion (49) may be written as

∂Φ
∂λ1

(λ1, λ2) − ∂Φ
∂λ2

(λ1, λ2)

λ1 − λ2
= 0 . (50)

This last condition must be properly interpreted when λ1 = λ2. More specifically, by virtue
of the symmetry of Φ , (50) reduces to

∂2Φ

∂λ1∂λ1
(λ,λ) − ∂2Φ

∂λ1∂λ2
(λ,λ) = 0 (51)

when λ1 = λ2 = λ. Note that, for clarity of notation, the superscript “(1)” in W(F) and the
bar symbol “ · ” over I, J,λ1, and λ2 have been dropped in the above expressions.

Following are a few remarks regarding the above-stated criterion:

– First, it is noted that if the function Ψ is such that there is no pair of positive real numbers
(I, J ) that satisfies condition (49), cavitation does not occur. In the event that cavitation
does occur, the set of (real and positive) points satisfying condition (49) defines a curve
C(I, J ) = 0 in the (I, J )-deformation space. Similarly, (50) defines a curve C(λ1, λ2) = 0
in (λ1, λ2)-deformation space. Henceforth, we refer to such curves as cavitation curves.

– It is also important to remark from (49)—or, equivalently, from (50)—that cavitation
does not occur within the context of classical linear elasticity. This expected result is a
direct consequence of the fact that 2∂Ψ/∂I − ∂Ψ/∂J → 2μ > 0 in the limit of small
deformations (i.e., as I → 2 and J → 1), where it is recalled that μ denotes the shear
modulus in the ground state.

– Moreover, the stretch-based form (50) of the criterion is seen to be intimately related to
the inequality: (∂Φ/∂λ1 − ∂Φ/∂λ2)/(λ1 − λ2) > 0, which is known to be a necessary
condition for the positive definiteness of the incremental modulus tensor L = ∂2W/∂F2.
In this regard, it is recognized that the critical deformations defined by condition (50)
happen to correspond—rather interestingly—to deformations that are not incrementally
stable. (See, for example, Chap. 6.2.3 in [44] for a detailed account on stability of incre-
mental deformations.)

– In addition, condition (50) is seen to be reminiscent of the Baker-Ericksen (B-E) inequal-
ity: (λ1∂Φ/∂λ1 − λ2∂Φ/∂λ2)/(λ1 − λ2) > 0. In this connection, it is relevant to point
out that while strong ellipticity (or strict rank-one convexity) implies the B-E inequality
(see, e.g., Sect. 52 in [45]), it does not imply that condition (50) will not be satisfied at
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some critical finite deformation. In other words—in agreement with the findings of Ball
[12]—strong ellipticity does not preclude cavitation.

– The corresponding critical (principal) Cauchy stresses, t1 and t2, at which cavitation oc-
curs are given by

t1 = 1

λ∗
2

∂Φ

∂λ1
(λ∗

1, λ
∗
2) and t2 = 1

λ∗
1

∂Φ

∂λ2
(λ∗

1, λ
∗
2), (52)

where, for clarity of notation, λ∗
1 and λ∗

2 have been introduced to denote the critical
stretches that satisfy condition (50). The set of points generated by evaluating expressions
(52) at all pairs of critical stretches (λ∗

1, λ
∗
2) constitutes a cavitation curve S(t1, t2) = 0 in

(t1, t2)-stress space.
– The criterion (49)—or, equivalently, (50)—is a local criterion. However, it is known from

the work of Ball [12] that cavitation depends in general on the global character of W .
Thus, while (49) may be exact for some classes of materials, it cannot possibly be exact
in general because of its local nature. In any case—as illustrated in the next section—the
simple criterion (49) appears to constitute a remarkably accurate approximation for the
onset of cavitation in large classes of compressible, isotropic, hyperelastic materials.

– Finally, it should be emphasized that the above-proposed criterion is built around the
problem of the sudden rapid growth of a vanishingly small cavity with initially circular
cross section. It is plausible that different initial cavity shapes may lead to significantly
different cavitation criteria. This important issue will be studied elsewhere, but here we
note that the methods presented in this work are equally applicable to material systems
with non-circular cavities.

5 Sample Results and Discussion

In the sequel, we make use of the criterion put forward in Sect. 4 to explicitly determine and
discuss the onset of cavitation in a variety of compressible, isotropic, hyperelastic materials.
The objective is to gain more physical insight into the proposed general criterion via specific
applications of interest, as well as to assess the accuracy of the generated results by com-
parisons with exact solutions available from the literature for hydrostatic loading conditions
λ1 = λ2, and with finite element results.

5.1 Generalized John-Varga Material

Consider first the class of compressible isotropic solids for which Φ has the form

Φ(λ1, λ2) = F (α(λ1 + λ2) + βλ1λ2) + a(λ1 + λ2) + bλ1λ2, (53)

where α, β , a, and b are material constants and F is an arbitrary, twice differentiable func-
tion of its argument. Materials of the form (53) with β = 0 are the harmonic materials
introduced by John [46]. On the other hand, materials of the form (53) with α = 0 are a
compressible version of the Varga material [47]. For these reasons, we henceforth refer to
materials characterized by the stored-energy function (53) as generalized John-Varga (GJV)
materials.

For λ1 = λ2 = λ, Horgan [18] (see also [48]) computed the exact critical stretch λcrit at
which radially symmetric cavitation occurs in a GJV material with α = b = 0. Later, Murphy
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and Biwa [53] extended the exact solution of Horgan to the more general case with α �= 0
and b �= 0. Their result reads as follows:

λcrit = z, (54)

where z is the solution to the nonlinear algebraic equation

βF ′(2αz + βz2) + b = 0 (55)

and F ′(y) = dF (y)/dy. Of course, if the function F is such that there is no positive real
number z that satisfies (55), cavitation does not occur.

There are no exact known results for λ1 �= λ2. However, it is straightforward to employ
the criterion of Sect. 4 to generate variational estimates for the onset of cavitation in a GJV
material subjected to general loading conditions. Accordingly, after substitution of (53) in
(50), an elementary calculation leads to

C(λ1, λ2) = βF ′(α(λ1 + λ2) + βλ1λ2) + b = 0. (56)

Here, C(λ1, λ2) = 0 characterizes the set of all critical stretches λ1 and λ2 (or cavitation
curve in (λ1, λ2)-deformation space) at which cavitation takes place in a GJV material. Note
that depending on the functional character of F , the nonlinear algebraic equation (56) may
or may not have solutions with positive real stretches λ1 and λ2. In the case that there are
no positive real solutions, cavitation does not occur. Moreover, note that when specialized
to λ1 = λ2, condition (56) reduces identically to (55). That is, for the particular case of a
GJV material subject to hydrostatic loading, the criterion (50) predicts the exact critical
stretch (54) at which cavitation ensues. Whether condition (56) is exact more generally for
non-symmetric loadings (λ1 �= λ2) is not known to the author, but the remarkable fact that
it is exact for λ1 = λ2 strongly suggests that it may be at least a very accurate estimate for
λ1 �= λ2.

5.2 Generalized Blatz-Ko Material

Another important class of compressible isotropic solids (see, e.g., Sect. II.C in [49] and
[50]) are those with stored-energy function

Φ(λ1, λ2) = μ

k

(
λ−k

1 + λ−k
2 − 2 + k(λ1λ2 − 1)

)
, (57)

where μ > and k > 0 are material constants. When k = 2, (57) reduces to the well-known
Blatz-Ko material—a phenomenological model for foam rubber [51]. In this connection, we
refer to materials characterized by the stored-energy function (57) as generalized Blatz-Ko
(GBK) materials.

For hydrostatic loading conditions (λ1 = λ2 = λ), Horgan and Abeyaratne [17] deter-
mined the exact value for the critical stretch λcrit at which radially symmetric cavitation
occurs in a Blatz-Ko material (k = 2). The result, which is independent of μ, reads as

λcrit = 1.25954. (58)

Making use of the work of Stuart [13], the exact critical stretch for the more general case
of a GBK material (k > 0) was later obtained by Biwa [52]. The final expression, which
depends on the material parameter k but not on μ, may be written as

λcrit = (L(k))1/(k+2) , (59)
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where

L(k) = 1 + (k + 1)

∫ 1

0

[

U(u)exp

(

−(k + 1)(k + 2)

∫ 1

u

V (v)dv

)]

du (60)

with

U(u) = 1 − uk

uk+1
(
k + 2 − (k + 1)u − uk+1

) (61)

and

V (v) = 1 − v

v
(
k + 2 − (k + 1)v − vk+1

) . (62)

Here, it is noted that the integral in the RHS of (60) takes on finite positive values when
k > 0 so that radially symmetric cavitation occurs in GBK materials for all values of k > 0
(see Fig. 4(a)).

Having recalled the exact known results for the case when λ1 = λ2, we now turn to
examine the criterion of Sect. 4 for general loading conditions. Thus, making use of (57) in
(50) readily renders the following cavitation criterion for GBK materials:

C(λ1, λ2) =
⎧
⎨

⎩

λ1 − λ2 + λ
−(k+1)

1 − λ
−(k+1)

2 = 0 for λ1 �= λ2,

λ − (k + 1)
1

k+2 = 0 for λ1 = λ2 = λ.
(63)

Focusing first on hydrostatic loading, it is observed that the variational approximation (63)

leads to the critical stretch λcrit = (k + 1)
1

k+2 , and hence does not recover the exact result
(59). Nevertheless, as illustrated by Fig. 4(a), the approximate result λcrit = (k + 1)

1
k+2 is

in very good qualitative agreement with the exact result (59). The quantitative agreement is
also good for all values of the material parameter k, as the largest difference between the two
results is less than 5%. Another important observation from the results presented in Fig. 4(a)
is that cavitation occurs only for tensile hydrostatic loading (i.e., λcrit ≥ 1), as expected on
physical grounds. In passing, it is also interesting to remark that GBK materials are strongly
elliptic for all deformations λ1 = λ2 = λ ≥ 1 and all values of k, except in the limiting cases
when k = 0 and k = ∞. Thus, cavitation is seen to occur in these materials in spite of the
fact that they are strongly elliptic under tensile hydrostatic loading.

Figure 4(b) shows cavitation curves in (λ1, λ2)-deformation space for general loading
conditions, as determined by (63). Specific results are shown for GBK materials with k =
1,2, and 5. (Note that there is no need to specify the value of μ since—similar to the
exact result (59) for λ1 = λ2—condition (63) is independent of this material parameter.)
The curve J = λ1λ2 = 1, which corresponds to isochoric deformations, has been included
in the plot for reference purposes. A key observation from Fig. 4(b) is that cavitation takes
place only for volume-increasing deformations (i.e., deformations with J > 1), as it may
be physically expected. Fig. 4(b) also illustrates that cavitation is more propense to occur
along deformation paths with larger ratios of dilatational to distortional loading, namely,
with larger triaxialities X = 2(J − 1)/(I − 2) = 2(λ1λ2 − 1)/(λ2

1 +λ2
2 − 2). In addition, it is

observed that increasing the value of k consistently improves the stability of the material—
in the sense that cavitation occurs at larger deformations—for low triaxialities. For high
triaxialities, on the other hand, increasing k does not result in a monotonic improvement
of stability. (This point is illustrated more clearly by Fig. 4(a), where the critical stretch for
hydrostatic loading is seen not to be a monotonically increasing function of k.) Finally, from
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Fig. 4 (a) The critical stretch λcrit at which cavitation occurs in GBK materials subjected to hydrostatic
loading λ1 = λ2 = λ, as a function of the material parameter k. The solid line corresponds to the varia-
tional approximation (63), and the dashed line corresponds to the exact result (59). (b) Cavitation curves in
(λ1, λ2)-deformation space for GBK materials with k = 1,2, and 5, as determined by (63)

Fig. 5 (a)The critical Cauchy stress tcrit/μ at which cavitation occurs in GBK materials subjected to hy-
drostatic loading λ1 = λ2 = λ, as a function of the material parameter k. The solid line corresponds to
the variational approximation, and the dashed line corresponds to the exact result. (b) Cavitation curves in
(t1/μ, t2/μ)-stress space for GBK materials with k = 1,2, and 5, as determined by the variational approxi-
mation

a practical point of view, it is also interesting to remark that the critical stretches at which
cavitation develops are of relatively small and moderate value.

For completeness, the cavitation results illustrated above in deformation space are pre-
sented next in stress space. Fig. 5(a) shows results for the critical Cauchy stress tcrit/μ =
1/(μλcrit)∂Φ(λcrit, λcrit)/∂λ1 at which cavitation ensues in GBK materials subjected to hy-
drostatic loading (λ1 = λ2 = λ), as a function of the material parameter k. The solid line
corresponds to the approximate result tcrit/μ = k/(k + 1). On the other hand, the dashed
line corresponds to the exact result tcrit/μ = 1 + 1/L(k), where it is recalled that L(k) is
given by (60). Similar to Fig. 4(a), Fig. 5(a) shows that the approximate and exact results
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are in very good agreement for all values of k. Unlike the critical stretch λcrit, however,
the critical stress tcrit/μ is seen to be a monotonically increasing function of the material
parameter k.

Figure 5(b) shows cavitation curves in (t1/μ, t2/μ)-stress space. Specific results are
shown for GBK materials with k = 1,2, and 5, as determined by (52) together with (63).
Interestingly, cavitation is seen to occur only in the first quadrant, where both components
of the stress are tensile (t1/μ ≥ 0 and t2/μ ≥ 0). This is in contrast to the corresponding
results in deformation space (see Fig. 4(b)) where cavitation may occur when one of the
stretches is compressive, namely, when either λ1 ≤ 1 or λ2 ≤ 1. Moreover, it is observed
that increasing the value of the material parameter k consistently improves the stability of
the material in stress space—in the sense that cavitation occurs at larger stresses. This is
also in contrast with the corresponding results in deformation space. Indeed, as illustrated
by Fig. 4(b), increasing the value of k does not result necessarily in cavitation occurring at
larger deformations.

5.3 Compressible Neo-Hookean Material

Finally, consider the following compressible Neo-Hookean material (see, e.g., Chap. 7.4 in
[44]):

Φ(λ1, λ2) = μ

2

[
λ2

1 + λ2
2 + 1

(λ1λ2)
2/3 − 3

]

+ μ′

2
(λ1λ2 − 1)2, (64)

where μ > 0 and μ′ > 0 are material parameters. The stored-energy function (64) is a
generalization—capable to account for finite compressibility—of the standard incompress-
ible Neo-Hookean material. Indeed, in the limit as the compressibility ratio μ′/μ → ∞,
(64) reduces identically to

Φ(λ1, λ2) = μ

2

(
λ2

1 + λ2
2 − 2

)
(65)

together with the incompressibility constraint J = λ1λ2 = 1.
Ball [12] showed that radially symmetric cavitation does not occur in incompressible

Neo-Hookean materials (65) subject to hydrostatic pressure. He also examined the occur-
rence of cavitation in a particular class of compressible Neo-Hookean materials, but his
results do not apply to (64). Accordingly, in order to assist the validation of the approximate
criterion (50) in this case, we carried out a finite element (FEM) simulation of the prob-
lem using the commercial code ABAQUS. Specifically, we considered a cylindrical shell
with a small initial porosity13 of f0 = 10−8 subjected to radially symmetric deformation
λ1 = λ2 = λ on its boundary, and monitored the resulting surface tractions and increase
in porosity. For all the examined cases, which included compressibility ratios μ′/μ in the
range of 0.1 ≤ μ′/μ ≤ 2000, we found that the current porosity f remained in the order
of f0 = 10−8 up to some critical value of the applied stretch after which f increased very
rapidly with increasing deformation (see Fig. 6 for a few representative results). These nu-
merically exact results thus indicate that compressible Neo-Hookean materials of the form
(64) do cavitate. For definiteness, whenever the current porosity reached the critical value

13A parametric study of the problem with decreasing values of initial porosity in the range of 10−2 ≤ f0 ≤
10−12 suggested that f0 = 10−8 is a sufficiently small initial porosity that is representative of f0 = 0+, thus
supporting this choice.
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Fig. 6 FEM results for the change in porosity in a material with compressible Neo-Hookean matrix phase
(64) and initial porosity f0 = 10−8, as a function of the applied hydrostatic deformation λ1 = λ2 = λ. Results
are shown for three values of the compressibility ratio: μ′/μ = 1,2, and 10. Part (a) shows the absolute
current porosity f , while part (b) illustrates the current porosity normalized by the initial porosity f/f0

fcrit = 100 × f0 = 10−6, we took this two-orders-of-magnitude increase to signal the onset
of cavitation. (It should be noted, however, that using different criteria such as one-order-of-
magnitude increase fcrit = 10 × f0 or three-orders-of-magnitude increase fcrit = 1000 × f0

leads to somewhat different values for the critical stretch λcrit at which cavitation occurs,
but the qualitative character of the results remains of course unchanged.) The FEM results
generated in this manner (i.e., using fcrit = 100 × f0 as cavitation criterion) for the critical
stretch λcrit and corresponding critical Cauchy stress tcrit/μ = 1/(μλcrit) ∂Φ(λcrit, λcrit)/∂λ1

at which cavitation occurs are presented in Figs. 7(a) and 8(a), respectively, and will be
discussed in detail in the context of these figures.

There now follows the specialization of the cavitation criterion (50) to compressible Neo-
Hookean materials of the form (64):

C(λ1, λ2) = 1 + λ2
1 + λ2

2 + 3λ1λ2 + 3
(
(λ1λ2)

5/3 − (λ1λ2)
8/3
) μ′

μ
= 0. (66)

Note that this condition depends on the parameters μ and μ′ only through the ratio μ′/μ,
which, again, serves to measure the compressibility of the material; the larger the value of
μ′/μ, the smaller the compressibility of the Neo-Hookean solid (64).

Figure 7 illustrates various results for the onset of cavitation in compressible Neo-
Hookean materials (64), as determined by condition (66) and by finite element simulations.
Part (a) provides results for the critical stretch λcrit at which cavitation ensues under hydro-
static loading λ1 = λ2 = λ, as a function of the compressibility ratio μ′/μ. Part (b) shows
cavitation curves in (λ1, λ2)-deformation space for μ′/μ = 1,10, and 100. In line with the
accuracy of the criterion (50) for the two preceding classes of materials, Fig. 7(a) shows that
the critical stretch λcrit determined from (66) is in very good agreement with the FEM calcu-
lations14 for all values of the compressibility ratio μ′/μ. Moreover, note from this figure that

14In passing, it is appropriate to mention that while the FEM results shown in Fig. 7(a), which are based on
the two-orders-of-magnitude increase criterion fcrit = 100 × f0, bound from above the analytical result (66)
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Fig. 7 (a) The critical stretch λcrit at which cavitation occurs in compressible Neo-Hookean materials sub-
jected to hydrostatic loading λ1 = λ2 = λ, as a function of the compressibility ratio μ′/μ. The solid line
corresponds to the variational approximation (66), and the points correspond to FEM calculations. (b) Cavi-
tation curves in (λ1, λ2)-deformation space for compressible Neo-Hookean materials with μ′/μ = 1,10, and
100, as determined by the criterion (66)

λcrit ≥ 1 and that it decreases monotonically with increasing μ′/μ. That is, Neo-Hookean
materials (64) are more stable in deformation space—in the sense that cavitation occurs at
larger deformations—when they are more compressible. In this regard, it is straightforward
to verify from (66) that λcrit → ∞ in the limit as μ′/μ → 0, so that cavitation does not
occur in this extreme case. This asymptotic behavior is also exhibited by the FEM results.
On the other hand, in the limit as μ′/μ → ∞, λcrit → 1 according to the approximate crite-
rion (66) as well as to the FEM calculations. This limiting behavior indicates that cavitation
may take place at zero applied strain in Neo-Hookean solids (64) when they are taken to be
incompressible. In order to corroborate that cavitation does indeed take place in this limit,
however, we need to check whether the corresponding critical stress remains finite. The rea-
son for this extra step is that incompressible solids behave as rigid materials when subjected
to non-isochoric deformations, such as hydrostatic loading. As a result, the critical stretch
reduces trivially to λcrit = 1 and the relevant question is then whether the corresponding
critical hydrostatic stress is of finite value. In the event that the critical pressure is not finite,
cavitation does not, of course, occur. The critical stresses are discussed further below, but
here we anticipate that, according to the criterion (66), they do remain finite in the limit as
μ′/μ → ∞. The FEM simulations also appear to support that the stresses do remain finite
in this limit. Further comment on this controversial result is deferred to the discussion of
Fig. 8(a).

For general loading conditions, Fig. 7(b) shows that cavitation occurs only for volume-
increasing deformations (i.e., J = λ1λ2 > 1), as it may be physically expected. Moreover,
this figure shows that cavitation is more prone to occur along deformation paths with larger
triaxialities, as it may also be physically expected. In addition, similar to the results pre-
sented in Fig. 7(a) for the special case λ1 = λ2, Fig. 7(b) illustrates that decreasing the
compressibility ratio μ′/μ consistently improves the stability of the material—in the sense

for λcrit , the FEM results based on the one-order-ofmagnitude increase fcrit = 10 × f0 (not shown here for
conciseness) bound (66) from below.
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Fig. 8 (a) The critical Cauchy stress tcrit/μ at which cavitation occurs in compressible Neo-Hookean ma-
terials subjected to hydrostatic loading λ1 = λ2 = λ, as a function of the compressibility ratio μ′/μ. The
solid line corresponds to the variational approximation (67), and the points correspond to FEM calculations.
(b) Cavitation curves in (t1/μ, t2/μ)-stress space for Neo-Hookean materials with μ′/μ = 1,10,100, and
∞, as determined by the criterion (67)

that cavitation occurs at larger deformations—for all applied deformations. In this regard,
it is appropriate to remark from (66) that, irrespectively of the applied stretches λ1 and λ2,
cavitation does not occur in the limit as μ′/μ → 0. On the other hand, the cavitation curve
approaches the isochoric curve C(λ1, λ2) = λ1λ2 − 1 = 0 as μ′/μ → ∞. Again, this is a di-
rect consequence of the fact that as μ′/μ → ∞, the material becomes rigid for non-isochoric
deformations. In order to conclude whether cavitation takes place or not in this degenerate
case needs to be investigated in stress space.

We now turn to examine the onset of cavitation in compressible Neo-Hookean materials
(64) in stress space. To this end, it is expedient first to recognize that the cavitation condition
(66) in (λ1, λ2)-deformation space takes the explicit form

S
(

t1

μ
,
t2

μ

)

= 1 +
(

t1
μ

+ t2
μ

)3/2

(
t1t2
μ2

)3/2 +
(

t1
μ

+ t2
μ

)7/2

(
t1t2
μ2

)5/2

+ 3

⎛

⎜
⎝

(
t1
μ

+ t2
μ

)5/2

(
t1t2
μ2

)5/2 −
(

t1
μ

+ t2
μ

)4

(
t1t2
μ2

)4

⎞

⎟
⎠

μ′

μ
= 0 (67)

in (t1/μ, t2/μ)-stress space. Here, it is recalled that t1 and t2 stand for the principal Cauchy
stresses, as given by expressions (52). Note also that relation (67)—much like (66)—
depends on the parameters μ and μ′ only through the compressibility ratio μ′/μ.

Figure 8(a) presents results for the critical Cauchy stress tcrit/μ = 1/(μλcrit) ×
∂Φ(λcrit, λcrit)/∂λ1 at which cavitation ensues in compressible Neo-Hookean materials (64)
under hydrostatic loading λ1 = λ2 = λ. The results, which correspond to the approximate
criterion (67) (solid line) and to finite element calculations (points), are shown as a function
of the compressibility ratio μ′/μ. It is interesting to notice that the quantitative agreement
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between the approximate stress criterion (67) and the FEM results is not as good15 as that ex-
hibited in deformation space (see Fig. 7(a)). This is because small discrepancies in deforma-
tion space get amplified by a factor of μ′/μ in stress space. Another interesting observation
from Fig. 8(a) is that tcrit/μ is a monotonically increasing function of the compressibility
ratio μ′/μ. Physically, this means that Neo-Hookean materials (64) are more stable in stress
space—in the sense that cavitation occurs at larger stresses—when they are more incom-
pressible, which is in direct contrast to the behavior exhibited in deformation space (see
Fig. 7(a)). In particular, note that tcrit → 0 as μ′/μ → 0, according to both, the criterion (67)
and the FEM calculations. On the other hand, in the limit as μ′/μ → ∞, condition (67)
renders tcrit = 2μ, while the FEM results lead16 approximately to tcrit = 2.6μ. Thus, in the
case when the material is most compressible (μ′/μ = 0) cavitation does not occur. By con-
trast, in the case when the material is taken to be incompressible (μ′/μ = ∞), cavitation
does occur. This latter result is in contradiction with the exact result of Ball [12] for incom-
pressible Neo-Hookean materials (65), which are known not to undergo radially symmetric
cavitation under hydrostatic pressure. An explanation for this discrepancy is quite simply
that, in the strongly nonlinear limit of incompressibility, the approximate criterion (67) is
inaccurate and the FEM results for f0 = 10−8 are not representative of those for f0 = 0+.
While possible, this explanation is not supported by our parametric FEM study of the results
for decreasing values of f0 (in which we managed to reach f0 = 10−12 as the smallest initial
porosity). A more interesting explanation—which is supported by our parametric study—is
that computing the onset of cavitation first and then taking the limit of incompressibility
(as done here) leads to different results than taking the limit of incompressibility first and
then computing the onset of cavitation17 (as done by Ball [12]). In other words, the limits of
dilute porosity (f0 → 0+) and incompressibility (μ′/μ → ∞) do not commute in general.
From a theoretical perspective, this is a very interesting result worth of further study by
analytical means in order to prove or disprove its verity. Moreover, from a practical point of
view, it is also worth remarking that initial porosities in the order of f0 = 10−8 (and smaller)
are likely to be present in the form of defects in real materials. Thus, the proposed crite-
rion (67)—which, again, is in agreement with the numerically exact FEM results for small
initial porosities in the order of f0 = 10−8—can be used as an efficient tool to estimate the
critical loads at which defects of realistically small size may rapidly grow to finite size in
incompressible Neo-Hookean materials.

We conclude this subsection with the discussion of Fig. 8(b), which shows cavitation
curves in (t1/μ, t2/μ)-stress space for general loading conditions for values of μ′/μ =
1,10,100, and ∞, as determined by condition (67). It is interesting to remark from this
figure that cavitation occurs only in the first quadrant, where both components of the stress
are tensile (t1/μ ≥ 0 and t2/μ ≥ 0). This is in contrast to the corresponding results in de-
formation space (see Fig. 7(b)) where cavitation may occur even when one of the princi-
pal stretches is compressive, namely, when either λ1 ≤ 1 or λ2 ≤ 1. Akin to the results in

15Here, in line with the remark of footnote 14, it is relevant to record that while the FEM results shown in
Fig. 8(a), which, again, are based on the two-orders-of-magnitude increase criterion fcrit = 100 × f0, bound
from above the analytical result (67) for tcrit , the FEM results based on the one-order-of-magnitude increase
fcrit = 10 × f0 bound (67) from below.
16This result was deduced from a parametric study of the problem for increasing values of μ′/μ in the range
0.1 ≤ μ′/μ ≤ 2000, in which we found that in the limit as μ′/μ → ∞, tcrit/μ = 2.6 plus a correction of
order O(μ/μ′).
17For certain classes of materials, Sivaloganathan [54] has shown that both approaches do lead to the same
results.
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deformation space, Fig. 8(b) also illustrates that cavitation is more prone to occur along
loading paths with larger ratios of dilatational to distortional stress, as expected on physical
grounds. Finally, similar to the results for the special case of hydrostatic loading displayed
in part (a), it is worth remarking that Neo-Hookean materials (64) improve their stability
in stress space—in the sense that cavitation takes place at larger stresses—with decreas-
ing compressibility; note in particular that no cavitation takes place for μ′/μ = 0 and that
cavitation occurs at S (t1/μ, t2/μ) = (t1/μ − 1)(t2/μ − 1) − 1 = 0 for μ′/μ = ∞. Interest-
ingly, this behavior is in direct contrast with the corresponding results in deformation space
(see Fig. 7(b)) where decreasing compressibility leads to smaller critical stretches at which
cavitation occurs.
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Appendix: Asymptotic Expansion in the Limit as f0 → 0+

In this appendix, we sketch out the asymptotic analysis associated with the limit f0 → 0+ in
the estimates (30) and (44) for the total elastic energy Ê and current porosity f . The analysis
is a bit unusual in the sense that as f0 → 0+ the asymptotic behavior of the underlying vari-
ables is different depending of the applied loading F = diag(λ1, λ2). In particular, for non-
symmetric loading conditions (λ1 �= λ2)—as opposed to hydrostatic loading (λ1 = λ2)—the
asymptotic behavior for small deformations of up to order |F − I|2 is different from the be-
havior for deformations larger than order |F − I|2. In this appendix, we present details only
for the large-deformation case, which is the relevant case for our purposes since cavitation
does not occur in the small-deformation regime. It is noted that the asymptotic solution re-
sulting from the heuristic derivation that follows has been checked to be in agreement with
the full numerical solution.

Motivated by numerical evidence from the results for small values of f0, we start out by
assuming that the 4 relevant unknowns in this problem (i.e., 
1, 
2, 
3, 
4) are of the form


1 = a1 + a2f0 + O(f 2
0 ), 
2 = b1 + b2f0 + O(f 2

0 ),
(68)


3 = c1 + c2f0 + O(f 2
0 ), 
4 = d1 + d2f0 + O(f 2

0 ),

in the limit as f0 → 0+. Here, a1, a2, b1, b2, c1, c2, d1, and d2 are unknown coefficients
that need to be determined from the asymptotic analysis that follows. Having introduced
the ansatz (68), it proves now helpful to spell out the corresponding expansions for the

components of F
(1)

and F̂(1)—quantities needed in the eventual computation of the estimate
(30) for Ê. Thus, substituting expressions (68) in relation (36) leads to

F
(1)

11 = λ1 + F̊
(1)

11 f0 + O(f 2
0 ), F

(1)

22 = λ2 + F̊
(1)

22 f0 + O(f 2
0 ), (69)

and F
(1)

12 = F
(1)

21 = 0, where use has been made of the specific diagonal form (13) for the

applied loading F. The explicit form of the coefficients F̊
(1)

11 and F̊
(1)

22 in these last expressions
is too cumbersome to be included here. In any case, at this stage it suffices to remark that
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they are known in terms of the coefficients a1, b1, c1, and d1 introduced in (68). Moreover,
substituting (68) in relations (38) leads to

F̂
(1)

11 = λ1 + x1 f
1/2

0 + x2 f
3/2

0 + O(f
5/2

0 ),

F̂
(1)

22 = λ2 + y1 f
1/2

0 + y2 f
3/2

0 + O(f
5/2

0 ),
(70)

F̂
(1)

12 F̂
(1)

21 = p1 f0 + p2 f 2
0 + O(f 3

0 ),

(F̂
(1)

12 )2 + (F̂
(1)

21 )2 = s1 f0 + s2 f 2
0 + O(f 3

0 ),

where, similar to (69), the coefficients in these expressions are (known functions of the coef-
ficients defined in (68)) too cumbersome to be given explicitly. In passing, it is instructive to
note from (70) that the “invariants” Î (1) = F̂(1) · F̂(1) and Ĵ (1) = det F̂(1) take the asymptotic
form

Î (1) = I + Î
(1)

1 f
1/2

0 + Î
(1)

2 f0 + O(f
3/2

0 ),
(71)

Ĵ (1) = J + Ĵ
(1)

1 f
1/2

0 + Ĵ
(1)

2 f0 + O(f
3/2

0 ).

Here, it is recalled that I = F · F = λ
2
1 + λ

2
2 , J = det F = λ1λ2, and Î

(1)

1 = 2λ1x1 + 2λ2y1,
Î

(1)

2 = x2
1 + y2

1 + s1, Ĵ
(1)

1 = λ2x1 + λ1y1, and Ĵ
(1)

2 = x1y1 − p1.
Next, by making use of expressions (68)–(71) in (28), a hierarchical system of equations

is obtained for the unknown coefficients introduced in (68). The first set of equations, of
order O(f 0

0 ), can be shown to yield the following two non-trivial relations:

d1 = 2ΨI and c1 =√
(a1 − 2ΨI )(b1 − 2ΨI ) + ΨJ , (72)

where it is recalled that ΨI = ∂Ψ (I , J )/∂I and ΨJ = ∂Ψ (I , J )/∂J . The second set of
equations, of order O(f

1/2
0 ), renders

b1 = 2ΨI + (a1 − 2ΨI )(4λ2ΨIΨJ + λ1(4Ψ 2
I

+ Ψ 2
J
))2

(4λ1ΨIΨJ + λ2(4Ψ 2
I

+ Ψ 2
J
))2

. (73)

Note that expressions (72) and (73) completely define the leading order behavior of the
unknown moduli 
1, 
2, 
3, 
4 in (68) up to the coefficient a1. More importantly, expressions
(72) and (73) turn out to be sufficient—in spite of the fact that a1 is not known at this stage—

to fully determine the first correcting terms of all components of F
(1)

and F̂(1). The results
read as follows:

F̊
(1)

11 = −4λ2ΨIΨJ + λ1(4Ψ 2
I

+ Ψ 2
J
)

4Ψ 2
I

− Ψ 2
J

, F̊
(1)

22 = −4λ1ΨIΨJ + λ2(4Ψ 2
I

+ Ψ 2
J
)

4Ψ 2
I

− Ψ 2
J

, (74)

and x1 = y1 = 0,

p1 = (4λ2ΨIΨJ + λ1(4Ψ 2
I

+ Ψ 2
J
))(4λ1ΨIΨJ + λ2(4Ψ 2

I
+ Ψ 2

J
))

(4Ψ 2
I

− Ψ 2
J
)2

,

(75)

s1 = 16IΨ 4
I

+ 64JΨ 3
I
ΨJ + 24IΨ 2

I
Ψ 2

J
+ 16JΨIΨ

3
J

+ IΨ 4
J

(4Ψ 2
I

− Ψ 2
J
)2

,
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where it is recalled again that I = λ
2
1 + λ

2
2 and J = λ1λ2.

Making use now of the explicit relations (74) and (75), together with the asymptotic

expressions (69) and (70) for F
(1)

and F̂(1), it is straightforward to show that in the limit as
f0 → 0+ the estimate (30) for the total elastic energy Ê reduces identically to (45) in the
main body of the text.

Moreover, after having computed the correcting terms (74) for F
(1)

, it is trivial to deduce

(with the help of the global average condition F = (1 − f0)F
(1) + f0F

(2)
) that the average

deformation gradient F
(2)

in the cavity of the LCM—a quantity needed in the computation
of the estimate (44) for the porosity f —is of the form

F
(2)

11 = 4ΨI (2λ1ΨI + λ2ΨJ )

4Ψ 2
I

− Ψ 2
J

+ O(f0), F
(2)

22 = 4ΨI (2λ2ΨI + λ1ΨJ )

4Ψ 2
I

− Ψ 2
J

+ O(f0), (76)

F
(2)

12 = F
(2)

21 = 0, in the limit as f0 → 0+. It then follows immediately that

det F
(2) = 16Ψ 2

I
(2λ1ΨI + λ2ΨJ )(2λ2ΨI + λ1ΨJ )

(4Ψ 2
I

− Ψ 2
J
)2

+ O(f0), (77)

and hence that in the limit as f0 → 0+ the estimate (44) for the current porosity f reduces
to equation (46), as given in the main body of the text.

For completeness, we record here that expressions (45) and (46) may be alternatively
written in terms of the stretch-based form of the stored-energy function Φ as

Ê(F) = (1 − f0)Φ(λ1, λ2) −
λ1Φ

3
λ1

− 3Φλ1
Φλ2

(λ2Φλ1
− λ1Φλ2

) − λ2Φ
3
λ2

2(Φ2
λ1

− Φ2
λ2

)
f0 + O(f 2

0 )

(78)
and

f = 4Φλ1
Φλ2

(λ1Φλ1
− λ2Φλ2

)2

λ1λ2(Φ
2
λ1

− Φ2
λ2

)2
f0 + O(f 2

0 ), (79)

where, similar to the notation employed in (45) and (46), Φλ1
= ∂Φ(λ1, λ2)/∂λ1 and Φλ2

=
∂Φ(λ1, λ2)/∂λ2. Note that when λ1 = λ2, suitable limits must be taken in relations (78) and
(79).
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