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Abstract Through direct comparisons with experiments, Lefèvre et al. (Int. J. Frac. 192:1–
23, 2015) have recently confirmed the prevailing belief that the nonlinear elastic properties
of rubber play a significant role in the so-called phenomenon of cavitation—that is, the
sudden growth of inherent defects in rubber into large enclosed cavities/cracks in response
to external stimuli. These comparisons have also made it plain that cavitation in rubber is
first and foremost a fracture process that may possibly depend, in addition to the nonlinear
elastic properties of the rubber, on inertial effects and/or on the viscous dissipation innate to
rubber. This is because the growth of defects into large cavities/cracks is locally in time an
extremely fast process.

The purpose of this Note is to provide insight into the relevance of inertial and viscous
dissipation effects on the onset of cavitation in rubber. To this end, leaving fracture proper-
ties aside, we consider the basic problem of the radially symmetric dynamic deformation of
a spherical defect embedded at the center of a ball made up of an isotropic incompressible
nonlinear viscoelastic solid that is subjected to external hydrostatic loading. Specifically,
the defect is taken to be vacuous and the viscoelastic behavior of the solid is character-
ized by a fairly general class of constitutive relations given in terms of two thermodynamic
potentials—namely, a free energy function describing the nonlinear elasticity of the solid
and a dissipation potential describing its viscous dissipation—which has been shown to be
capable to describe the mechanical response of a broad variety of rubbers over wide ranges
of deformations and deformations rates. It is found that the onset of cavitation is not af-
fected by inertial effects so long as the external loads are not applied at a high rate. On the
other hand, even when the external loads are applied quasi-statically, viscous dissipation can
greatly affect the critical values of the applied loads at which cavitation ensues.
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1 Introduction

With the objective of probing the long-conjectured significance of nonlinear elastic proper-
ties in the phenomenon of cavitation in rubber, Lefèvre et al. [19] have recently carried out
full-field simulations of the classical experiments of Gent and Lindley [10] and of Gent and
Park [11] under the premises that the rubber utilized in their specimens was nonlinear elas-
tic (for arbitrarily large deformations) and that the underlying defects at which cavitation
could initiate were vacuous and their spatial distribution was random and isotropic. Their
results have indicated that accounting just for the nonlinear elasticity of the rubber and the
presence of defects suffices, to a certain extent, to describe and explain the experiments in
the sense of: (i) when and where cavitation first occurs [22, 23] as well as (ii) how cavities
continue to grow and interact once they have been “nucleated”. Their results have also made
it plain that cavitation in rubber is first and foremost a fracture process, essentially because
the local stretches around the defects at which cavitation initiates far exceed the elastic limit
of the rubber, which therefore ought to inelastically deform by fracturing to accommodate
their growth. Such a fracture process may possibly depend, in addition to the nonlinear elas-
tic properties of the rubber, on inertial effects and/or on the viscous dissipation innate to
rubber. This is because the growth of defects into large cavities/cracks is locally in time an
extremely fast process involving stretch rates that exceed 1000 s−1 [28].

The object of this Note is to provide insight into the relevance of inertial and viscous
dissipation effects in the onset of cavitation in rubber. To this end, leaving fracture prop-
erties aside, we analyze the basic problem of the radially symmetric dynamic deformation
of a single spherical vacuous cavity, or defect, embedded at the center of a ball made up
of an isotropic incompressible nonlinear viscoelastic solid that is subjected to external hy-
drostatic loading. Specifically, following Kumar and Lopez-Pamies [16], the viscoelastic
behavior of the solid is taken to be characterized by two thermodynamic potentials: a free
energy function ψ describing the nonlinear elasticity of the solid and a dissipation potential
φ describing its viscous dissipation. This class of constitutive relations—commonly referred
to as “two-potential” or “generalized standard” materials—includes as special cases many
popular nonlinear viscoelastic models that have been shown to be capable to describe the
response of a broad variety of rubbers over wide ranges of deformations and deformations
rates (see, e.g., [2, 16, 20, 29]).

To put the problem at hand in perspective, it is fitting to mention that the radially sym-
metric dynamic deformation of a single spherical cavity embedded in an isotropic incom-
pressible nonlinear elastic solid appears to have been first examined as early as the 1960s
by Guo and Solecki [14] and by Knowles and Jakub [15]. These authors restricted attention
to the case when the cavity wall is subjected to a sudden constant pressure while the outer
boundary of the solid is traction free and did not concern themselves with exploring the
phenomenon of cavitation. About twenty five years later, Chou-Wang and Horgan [6] made
use of the generic solution provided in [14, 15] to study the onset of radially symmetric
dynamic cavitation in a Neo-Hookean solid for the specific case when the solid is subjected
to a sudden constant pressure on its boundary. Around the same time, the more complex
problem of the onset of radially symmetric dynamic cavitation in an isotropic compressible
nonlinear elastic solid was investigated by Pericak-Spector and Spector [26]; see also the
more recent works [5, 12, 24, 27]. In particular, motivated by the work of Ball [1], these
authors looked for a special class of radially symmetric discontinuous solutions—referred
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to as similarity solutions and physically corresponding to a hole that opens up at the center
of the ball—for the equations of elastodynamics in an isotropic compressible ball (without
any defect) that is subjected to isotropic affine deformations on its boundary. Much like in
elastostatics [1], they found that such solutions exists, and are admissible in the sense of en-
tropy criteria for hyperbolic pdes [18], so long as the growth conditions of the stored-energy
function describing the elasticity of the ball are sufficiently slow.

Similarly, the radially symmetric dynamic deformation of a single spherical cavity em-
bedded in a general class of isotropic incompressible nonlinear viscoelastic solids appears to
also have been first examined several decades ago by Coleman and Hill [8] and by Calderer
[3, 4] among others. These works restricted attention to a special type of pressure boundary
conditions and did not explore the phenomenon of cavitation. Unlike it was the case in elas-
todynamics, very few of the subsequent works on the subject have focused on the problem
of cavitation. As far as the authors know, the only two results incorporating viscous dissipa-
tion in the onset of (either static or dynamic) cavitation in rubber are contained in [7, 30].
In [30], Zhang and Huang presented results for the radially symmetric static growth of a
vacuous spherical cavity embedded in a certain internal-variable-type nonlinear viscoelastic
solid that is subjected on its outer boundary to a hydrostatic pressure that is increased at a
constant rate. In [7], Cohen and Molinari presented results for the radially symmetric dy-
namic growth of a spherical cavity embedded in a certain hereditary-integral-type nonlinear
viscoelastic solid that is subjected to two types of displacement boundary conditions on its
inner boundary, namely, a sudden constant deformation and a deformation that is increased
at a constant rate.

This Note is organized as follows. We begin in Sect. 2 by formulating and solving the
problem of the radially symmetric dynamic deformation of a spherical vacuous cavity em-
bedded in a rubber viscoelastic medium that is subjected to external hydrostatic loading. In
Sect. 3, we spell out and discuss the specialization of the solution constructed in Sect. 2
to the limiting case when the initial size of the cavity is vanishingly small, that is, a point
defect. We dedicate Sect. 4 to present and discuss representative sample results for the onset
of radially symmetric cavitation in a Nitrile rubber under various loading conditions.

2 Dynamic Response of a Spherical Cavity Embedded in a Rubber
Viscoelastic Medium

2.1 Basic Equations

Consider a spherical shell with undeformed geometry defined by

B0 = {
X ∈ R

3 : A ≤ |X| ≤ B
}
,

where 0 < A < B . The current position vector x in the deformed configuration B ⊂ R
3

at time t ∈ [0, T ] of the material point that occupies the location X ∈ B0 is given by
x = χ(X, t), where χ is a bijective and twice continuously differentiable mapping. The
associated deformation gradient at X ∈ B0 is denoted by

F(X, t) = Gradχ(X, t). (1)

Balance of linear momentum requires that

Div S(X, t) = ρ0χ̈(X, t) in B0 × [0, T ], (2)
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where the dots denote differentiation with respect to time, S stands for the first Piola–
Kirchhoff stress tensor, and ρ0 is the constant1 mass density of the shell material in its
undeformed configuration B0.

The inner boundary of the spherical shell is taken to be traction free,2 that is,

S(X, t)X = 0 for |X| = A and t ∈ [0, T ]. (3)

On the other hand, the outer boundary is subjected to the prescribed affine traction per unit
undeformed area

S(X, t)X = P (t)X for |X| = B and t ∈ [0, T ], (4)

where P (t) is any function of choice (suitably well behaved). Moreover, we consider the
following type of initial conditions:

χ(X,0) = X and χ̇(X,0) = 0 for X ∈ B0. (5)

That is, the initial configuration (t = 0) is identified with the undeformed configuration and
the shell is initially at rest.

The shell is assumed to be made up of an isotropic incompressible nonlinear viscoelastic
solid whose constitutive response3 is described by two thermodynamic potentials, a free en-
ergy function ψ and a dissipation potential φ, that are functions of the deformation gradient
F and of an internal variable Fv that serves to measure the viscous part of the deformation:
ψ = ψ(F,Fv) and φ = φ(F,Fv, Ḟv). It follows that at each material point X ∈ B0 and time
t ∈ [0, T ] the first Piola–Kirchhoff stress tensor S is given in terms of F and Fv by [16]

S = ∂ψ

∂F

(
F,Fv

) − qF−T , (6)

where q stands for the arbitrary hydrostatic pressure associated with the incompressibility
constraint and Fv is defined implicitly via the nonlinear ordinary differential equation (ode)

∂ψ

∂Fv

(
F,Fv

) + ∂φ

∂Ḟv

(
F,Fv, Ḟv

) = 0 (7)

subject to the initial condition Fv = I at t = 0. More specifically, the free energy function ψ

in the constitutive relation (6)–(7) is taken to be of the form

ψ
(
F,Fv

) = ψEq(F) + ψNEq
(
FFv−1

)
(8)

with ψEq and ψNEq denoting any non-negative isotropic functions of choice. Physically,
the free energy function ψEq serves to characterize the nonlinear elasticity of the rubber
at states of thermodynamic equilibrium, while ψNEq serves to characterize the additional
nonlinear elasticity at non-equilibrium states that is to decay in time through viscous dissi-
pation. Moreover, the dissipation potential φ in the constitutive relation (6)–(7) is taken to
be of the form

φ
(
F,Fv, Ḟv

) = 1

2
Ḟv · A

(
F,FFv−1

)
Ḟv (9)

1The focus of this Note is on homogeneous solids thus the choice of constant mass density ρ0.
2As is the case in elastodynamics, accounting for a pressurized cavity would not pose any additional difficulty.
3Throughout this work we consider isothermal conditions.
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with A denoting any positive-definite fourth-order tensor function of choice such that
Aijkl(QFK,QFFv−1) = KmjAimkn(F,FFv−1)Knl for all Q, K ∈ Orth+ and arbitrary F, Fv .

We remark that constitutive relations of the form (6)–(7) with (8)–(9) have been shown
to describe reasonably well the response of a broad variety of rubbers over wide ranges
of deformations and deformation rates (see, e.g., [2, 16, 20, 29]). For illustration purposes
and later reference, we conclude this subsection by spelling out the two-potential rubber
viscoelastic model recently introduced by Kumar and Lopez-Pamies [16]. In that model, the
free energy functions (8) read as follows:

ψEq(F) =
{

31−α1

2α1
μ1[Iα1

1 − 3α1 ] + 31−α2

2α2
μ2[Iα2

1 − 3α2 ] if det F = 1
+∞ otherwise

, (10)

ψNEq
(
FFv−1

) =
{

31−a1

2a1
m1[I e

1
a1 − 3a1 ] + 31−a2

2a2
m2[I e

1
a2 − 3a2 ] if det(FFv−1) = 1

+∞ otherwise
, (11)

where I1 = tr(FT F) and I e
1 = tr(CCv−1) with C = FT F and Cv = FvT Fv , while μ1, α1, μ2,

α2, m1, a1, m2, a2 are real-valued material parameters that may be associated with the non-
Gaussian statistical distribution of the underlying polymer chains in the rubber of interest
[21]. On the other hand, the dissipation potential (9) reads as

φ
(
F,Fv, Ḟv

) =
⎧
⎨

⎩

ηK(I e
1 , I e

2 , I v
1 )Ḟ v

ijF
e
miF

−1
jn [Kmnpq +KmnabF

e
acF

e
qcF

e−1
db F e−1

dp ]Fe
pkF

−1
lq Ḟ v

kl

if tr(ḞvFv−1) = 0
+∞ otherwise

,

(12)
where Fe = FFv−1, Kijkl = 1/2[δikδjl + δilδjk − 2/3 δij δkl] with δij denoting the Kronecker
delta, and

ηK

(
I e

1 , I e
2 , I v

1

) = η∞ + η0 − η∞ + K1[I v
1

β1 − 3β1 ]
1 + (K2 J

NEq

2 )β2

with J
NEq

2 =
(

I e 2
1

3
− I e

2

)(
2∑

r=1

31−ar mrI
e ar−1
1

)2

.

Here, I e
2 = 1/2[(tr(CCv −1))2 − tr(Cv −1CCv −1C)], I v

1 = trCv , and η0, η∞, β1, β2, K1, K2

are real-valued material parameters that may be associated with the viscous dissipation that
stems from the reptational motion of the underlying polymer chains in the rubber of interest
[9, 16]. The constitutive relation (6)–(7) implied by the thermodynamic potentials (10)–(11)
and (12) can be shown to be given by

S =
[

2∑

r=1

31−αr μrI
αr−1
1

]

F +
[

2∑

r=1

31−ar mr

(
C · Cv−1)ar−1

]

FCv−1 − q F−T ,

where the symmetric second-order tensor Cv = FvT Fv is solution of the nonlinear ode

Ċv =

2∑

r=1
31−ar mr(C · Cv−1)ar−1

ηK(I e
1 , I e

2 , I v
1 )

(
C − 1

3

(
C · Cv−1)Cv

)
.
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2.2 Radially Symmetric Dynamic Deformations

As anticipated in the introduction, the focus of this Note is on solutions to the above-
formulated initial boundary value problem that are radially symmetric. We write

χ(X, t) = r(R, t)

R
X, (13)

where R = |X| and the function r(R, t) is to be determined. For this class of dynamic defor-
mations, the geometry at time t of the deformed configuration of the shell is simply defined
by

B = {
x : a(t) ≤ |x| ≤ b(t)

}
,

where a(t) = r(A, t) and b(t) = r(B, t). Now, granted the assumed incompressibility of the
shell material, it follows that

r(R, t) =
(

1 + b3(t) − B3

R3

)1/3

R (14)

and so the dynamic deformation of every material point in the shell is completely determined
once the outer radius b(t) is known as a function of time.4

The deformation gradient (1) associated with the mapping (13)–(14) is given by

F =
(

1

λ(R, t)

)2 1

R2
X ⊗ X + λ(R, t)

(
I − 1

R2
X ⊗ X

)
, (15)

where the notation

λ(R, t)
.= r(R, t)

R
=

(
1 + (λ3

b(t) − 1)B3

R3

)1/3

with λb(t)
.= r(B, t)

B
= b(t)

B
(16)

has been introduced for subsequent convenience. Similarly, the internal variable Fv defined
implicitly by the ode (7) admits the spectral representation

Fv =
(

1

λv(R, t)

)2 1

R2
X ⊗ X + λv(R, t)

(
I − 1

R2
X ⊗ X

)
, (17)

where the scalar function λv(R, t) is solution of a first-order nonlinear ode of the form

λ̇v(R, t) = h
(
λv(R, t), λ(R, t)

)
(18)

with initial condition λv(R,0) = 1. The precise form of the function h(·, ·) in (18) depends,
of course, on the choice of free energy functions (8) and dissipation potential (9). For in-
stance, the precise form of (18) for the choice (10)–(11) with m2 = 0, a1 = a2 = 1 and (12)
is given by (32).

4The function (14) can be alternatively written as r(R, t) = (1 + a3(t)−A3

R3 )1/3R in terms of the inner ra-
dius a(t). For our purposes here, we find dealing with the form (14) in terms of the outer radius b(t) more
convenient.
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The first Piola–Kirchhoff stress tensor corresponding to the deformation gradient (15)
and internal variable (17) can now be determined from (6)–(7) to be of the spectral form

S = s1(R, t)
1

R2
X ⊗ X + s2(R, t)

(
I − 1

R2
X ⊗ X

)
, (19)

where the principal stresses s1 and s2 are such that

s2(R, t) − s1(R, t)

λ3(R, t)
= 1

2
Ŵ ′(λ(R, t)

)
. (20)

Here,

Ŵ ′(z) = dŴEq

dz
(z) + dŴNEq

dz

(
z/λv

)
,

ŴEq(z)
.= WEq

(
z−2, z, z

)
, ŴNEq

(
z/λv

) .= WNEq

((
z

λv

)−2

,
z

λv
,

z

λv

)
, (21)

WEq(γ1, γ2, γ3) = ψEq(F), WNEq(δ1, δ2, δ3) = ψNEq
(
FFv−1

)
,

where γ1, γ2, γ3 and δ1, δ2, δ3 stand for the singular values of the second-order tensors F
and FFv−1, respectively, and it is recalled that λv is defined implicitly by the ode (18).

In view of (19), much like in the non-dissipative context of elastodynamics (see, e.g.,
[27]), the equation of balance of linear momentum (2) reduces to

∂s1

∂R
(R, t) + 2

s1(R, t) − s2(R, t)

R
= ρ0r̈(R, t). (22)

The boundary conditions (3) and (4) reduce in turn to

s1(A, t) = 0 and s1(B, t) = P (t), (23)

while the initial conditions (5) reduce to

r(R,0) = R and ṙ(R,0) = 0. (24)

At this stage, much like in the simpler context of elastostatics (see, e.g., Sect. 5.3.2 in
[25]), it proves convenient to rewrite the equation of motion (22) with λ(R, t) as the inde-
pendent space variable instead of R. The result reads as

− ∂

∂λ

[
s1

λ2

]
=

2(s2 − s1

λ3
)

λ3 − 1
+ ρ0B

2

(λ3
b − 1)1/3(λ3 − 1)2/3

[
2λ4

b − 2λbλ
3

λ5(λ3
b − 1)

λ̇2
b + λ2

b

λ2
λ̈b

]
, (25)

where function arguments are omitted here and in most of the subsequent development to
ease notation. After introducing the symbol f0 = A3/B3 to denote the initial volume fraction
of the cavity and a little manipulation, the integration of the equation of motion (25) with
help of (20), (21), and (23) leads to

P = λ2
b

∫ (1+ λ3
b
−1

f0
)1/3

λb

1

z3 − 1

dŴEq(z)

dz
dz + λ2

b

∫ (1+ λ3
b
−1

f0
)1/3

λb

1

z3 − 1

dŴNEq(z/λv)

dz
dz
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+ ρ0B
2λ2

b

[(
2λb

(λ3
b + f0 − 1)1/3

− λ4
b

2(λ3
b + f0 − 1)4/3

− 3

2

)
λ̇2

b

+
(

λb

(λ3
b + f0 − 1)1/3

− 1

)
λbλ̈b

]
, (26)

where λv is defined implicitly by the first-order nonlinear ode (18) now with λ(R, t) = z. For
any given applied pressure P on the outer boundary of the shell, (26) provides a nonlinear
ode for the resulting deformation of the outer boundary, as characterized by λb , and hence,
by virtue of (16) and (14), the resulting deformation of every material point in the shell. It is
a simple matter to deduce from relations (16)2 and (24) that the initial conditions associated
with the ode (26) for λb are given by λb(0) = r(B,0)/B = 1 and λ̇b(0) = ṙ(B,0)/B = 0.

The first term in the right hand side of (26) corresponds to the pressure due to the elastic
part of the response that is in thermodynamic equilibrium. The second term is the pressure
stemming from the elastic part of the response that is not in thermodynamic equilibrium,
namely, the elastic part that decays in time through viscous dissipation. The third and last
term corresponds to the pressure due to inertial effects. Thus, the total pressure in the outer
boundary can be understood as the sum of these three contributions:

P = P Eq + P NEq + P Dyn. (27)

In the absence of viscous dissipation when P NEq = 0, (26) reduces to the classical result in
elastodynamics originally discussed in [14, 15]:

P = P Eq + P Dyn

= λ2
b

∫ (1+ λ3
b
−1

f0
)1/3

λb

1

z3 − 1

dŴEq(z)

dz
dz

+ ρ0B
2λ2

b

[(
2λb

(λ3
b + f0 − 1)1/3

− λ4
b

2(λ3
b + f0 − 1)4/3

− 3

2

)
λ̇2

b

+
(

λb

(λ3
b + f0 − 1)1/3

− 1

)
λbλ̈b

]
.

Moreover, in the additional absence of inertia when P Dyn = P NEq = 0, (26) reduces to the
classical result in elastostatics originally discussed in [13]:

P = P Eq = λ2
b

∫ (1+ λ3
b
−1

f0
)1/3

λb

1

z3 − 1

dŴEq(z)

dz
dz.

3 The Limiting Case of a Vanishingly Small Cavity: f0 → 0+
Equation (26) is valid for shells with any value of initial volume fraction of cavity in the
physical range f0 ∈ (0,1). We now focus on the special subclass of shells where the initial
volume fraction of cavity is vanishingly small, that is, when f0 → 0+ and the cavity reduces
to a point defect. Upon loading, the size of this defect may suddenly grow from its initially
infinitesimal value to a finite value at some sufficiently large critical pressure, say Pcr . This
event corresponds to the onset of cavitation. We denote by tcr the first critical time t of its
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occurrence. According to (26), the critical pressure at which cavitation occurs is then given
by

Pcr =
∫ ∞

1

1

z3 − 1

dŴEq(z)

dz
dz +

∫ ∞

1

1

z3 − 1

dŴNEq(z/λv)

dz
dz

+ ρ0B
2 lim

t→ tcr

{(
2λb

(λ3
b − 1)1/3

− λ4
b

2(λ3
b − 1)4/3

− 3

2

)
λ2

bλ̇
2
b +

(
λb

(λ3
b − 1)1/3

− 1

)
λ3

bλ̈b

}
,

(28)

where, again, λv is solution of the ode (18) with λ(R, t) = z. The following remarks are in
order:

i. As expected from the preceding discussion of the general form of (26), the first term
in the right hand side of its asymptotic limit (28) corresponds to nothing more than the
classical result of Ball for the critical pressure at onset of radially symmetric cavitation
in the context of elastostatics [1].

ii. For realistic models of rubber and irrespectively of the specifics of the applied pressure
P , the second term in the right hand side of (28), that is, the term due to the presence
of viscous dissipation, is non-negative and can be of the same order of magnitude as
the first term. Physically this entails that the presence of viscous dissipation can greatly
increase the values of the critical pressure Pcr at which cavitation ensues in rubber, even
when the external loads are applied quasi-statically. This point is illustrated via some
examples in the next section.

iii. The third term in the right hand side of (28), that is, the term due to inertia, can take
on a wide range of positive as well as on negative values depending on the history of
the applied pressure P prior to cavitation, namely, the values of P for times t ∈ [0, tcr ).
Numerical solutions for a broad variety of loadings (not included here) suggest that this
term and hence inertia is negligible so long as the history of the applied pressure P

does not involve high rates (i.e., applied pressures resulting in stretch rates λ̇b > 1 s−1).
This point is also illustrated via some examples in the next section.

iv. Much like in the basic context of elastostatic cavitation (see, e.g., [1]), the unbounded
upper limits of integration in the first and second terms of the right hand side of (28)
reveal that the value of the critical pressure Pcr depends on the viscoelastic behavior
of the rubber at infinitely large deformations. While mathematically profound, this, of
course, is physically incongruous since rubber behaves as a viscoelastic solid up to a
critical set of large but finite deformations, beyond which, much like any other solid, it
structurally fails. Nevertheless, in view of the recent analysis [19] of the experiments of
Gent and Lindley [10] and of Gent and Park [11], (28) is expected to provide accurate
qualitative insight into the effects of inertia and viscous dissipation (in addition to the
effects already established from elasticity [19]) in the onset of cavitation in actual rubber.

4 Sample Results

In this final section, we present sample numerical results from the above-developed analysis
that are aimed at exemplifying the preceding remarks ii and iii.

For possible comparison with experiments, we choose B = 1 cm for the initial outer
radius of the shell and consider the realistically small value A = 10 µm for the initial inner
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Fig. 1 Growth of the volume
fraction of the cavity in the shell
f = a3/b3 = (λ3

b
+ f0 − 1)/λ3

b
,

normalized by its initial volume
fraction f0 = 10−9, as a function
of the applied pressure (29) for
the three values of constant
pressure rate
Ṗ0/(μ1 + m1) = 1,103, and
5 × 105

radius, which corresponds to an initial cavity volume fraction of f0 = 10−9. The hydrostatic
pressure on the outer boundary of the shell is taken to be applied at a constant rate. We write

P (t) = Ṗ0 t, (29)

where Ṗ0 stands for the prescribed constant pressure rate. Further, we make use of the
free energy functions (10)–(11) and the dissipation potential (12) with material parame-
ters μ1 = 1 MPa, m1 = 2 MPa, μ2 = m2 = 0, α1 = α2 = a1 = a2 = 1, η0 = 2.11 MPa s,
η∞ = 0.1 MPa s, β1 = 3, β2 = 1.929, K1 = 442 MPa s, K2 = 1289 MPa−2. This constitutive
choice corresponds to a model that describes reasonably well the response of a Nitrile rub-
ber over wide ranges of deformations and deformation rates [2, 16]. The mass density of the
solid is taken as ρ0 = 1000 kg/m3.

Granted the above inputs, (26) specializes to the ode

Ṗ0 t = μ1

2

[
1

λ2
b

+ 4λb + f
1/3
0 (4 − 5f0 − 4λ3

b)λ
2
b

(λ3
b + f0 − 1)4/3

]
+ 2m1λ

2
b

∫ (1+ λ3
b
−1

f0
)1/3

λb

z6 − λv 6

λv 2z5(z3 − 1)
dz

+ ρ0B
2λ2

b

[(
2λb

(λ3
b + f0 − 1)1/3

− λ4
b

2(λ3
b + f0 − 1)4/3

− 3

2

)
λ̇2

b

+
(

λb

(λ3
b + f0 − 1)1/3

− 1

)
λbλ̈b

]
(30)

for the stretch λb subject to the initial conditions

λb(0) = 1 and λ̇b(0) = 0, (31)

where λv = λv(z, t) is defined implicitly by the ode

λ̇v = m1

6λvz4

[
z6 − λv6

η∞ + η0−η∞+K1[(2λv2+λv−4)β1 −3β1 ]
1+(

K2 m2
1

3 [( z
λv )4+( z

λv )−8−2( z
λv )−2])β2

]

with λv(z,0) = 1. (32)

While the initial-value problem (30)–(31) with (32) does not admit a closed-form solution,
it is not difficult to generate numerical solutions for it. A straightforward approach, which
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Fig. 2 The three contributions making up the value of the applied pressure P = PEq + PNEq + PDyn

and the stretch rate at the outer boundary of the shell λ̇b , all as functions of time t . Parts (a)–(b), (c)–(d),
(e)–(f) show results, respectively, for the constant pressure rates Ṗ0/(μ1 + m1) = 1,103, and 5 × 105
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we employ here, is to convert the second-order ode (30) into a system of first-order odes
and to use Gaussian quadrature to evaluate the integral in (30). This approach leads to a
system of 2 + NGauss first-order odes, where NGauss stands for the number of Gauss points
utilized in the quadrature, which can be readily solved by a plethora of well-established
implicit or explicit methods. The solutions presented below correspond to NGauss = 100 and
are generated by means of an explicit fifth-order Runge–Kutta scheme [17].

Figure 1 shows the growth of the volume fraction of the cavity in the shell f = a3/b3 =
(λ3

b + f0 − 1)/λ3
b , normalized by its initial volume fraction f0, as a function of the applied

pressure (29) for three values of constant pressure rate Ṗ0/(μ1 + m1) = 1,103, and 5 × 105;
recall that μ1 = 1 MPa and m1 = 2 MPa so that these normalized constant pressure rates
correspond to Ṗ0 = 3, 3 × 103, and 15 × 105 MPa/s. To aid the discussion, for all three
constant pressure rates Ṗ0/(μ1 + m1) = 1,103, and 5 × 105, Fig. 2 shows as a function of
time t the contributions (27) from each of the three terms P Eq , P NEq , P Dyn that make up
the value of the applied pressure P . Figure 2 includes plots as a function of t as well of the
resulting stretch rate at the outer boundary of the shell λ̇b . For definiteness, all the plots in
Figs. 1 and 2 are shown from t = 0 up to the point at which the current volume fraction of
the cavity f grows to be four orders of magnitude larger than its initial volume fraction f0.
We consider this instance as the (approximate) time at which cavitation ensues and identify
it by tcr in the plots.

In accord with the general remarks ii and iii stated above, Fig. 1 shows that higher pres-
sure rates lead to higher values of the pressure at which cavitation occurs. Moreover, even
for the admittedly low pressure rate of Ṗ0/(μ1 +m1) = 1, the values of these critical cavita-
tion pressures are higher than the corresponding cavitation pressure in elastostatics, namely,
5/2μ1 (this value is indicated by a dotted line in the figure). This behavior can be understood
at once from the results shown in Fig. 2. Indeed, Fig. 2(e) shows that inertia, as measured
by P Dyn, is the leading contributor in the onset of cavitation for the high pressure rate of
Ṗ0/(μ1 + m1) = 5 × 105. Note from Fig. 2(f) that this type of loading involves dynamic
deformations on the outer boundary of the shell that are also of high rate (i.e., λ̇b > 1 s−1).
On the other hand, Fig. 2(c) shows that inertia is negligible and, instead, viscous dissipation
together with elasticity, as measured by P NEq and P Eq , are the leading contributors in the
onset of cavitation for the intermediate pressure rate of Ṗ0/(μ1 + m1) = 103. Note from
Fig. 2(d) that this type of loading involves deformation rates on the outer boundary of the
shell that are moderately quasi-static (i.e., λ̇b ∼ 10−1 s−1). Finally, while inertia remains of
course negligible for the even lower pressure rate of Ṗ0/(μ1 +m1) = 1, Fig. 2(a) shows that
the onset of cavitation is dominated by elasticity in this case, but also that viscous dissipa-
tion continues to play a significant role, even when the associated deformation rate on the
outer boundary of the shell (see Fig. 2(b)) is admittedly low λ̇b ∼ 10−4 s−1.
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