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Thermoplastic elastomers (TPEs) are block copolymers made up of ‘‘hard’’ (glassy or

crystalline) and ‘‘soft’’ (rubbery) blocks that self-organize into ‘‘domain’’ structures at a

length scale of a few tens of nanometers. Under typical processing conditions, TPEs also

develop a ‘‘polydomain’’ structure at the micron level that is similar to that of metal

polycrystals. Therefore, from a continuum point of view, TPEs may be regarded as

materials with heterogeneities at two different length scales. In this work, we propose a

constitutive model for highly oriented, near-single-crystal TPEs with lamellar domain

morphology. Based on small-angle X-ray scattering (SAXS) and transmission electron

microscopy (TEM) observations, we consider such materials to have a granular

microstructure where the grains are made up of the same, perfect, lamellar structure

(single crystal) with slightly different lamination directions (crystal orientations).

Having identified the underlying morphology, the overall finite-deformation response of

these materials is determined by means of a two-scale homogenization procedure.

Interestingly, the model predictions indicate that the evolution of microstructure—

especially the rotation of the layers—has a very significant, but subtle effect on the

overall properties of near-single-crystal TPEs. In particular, for certain loading

conditions—namely, for those with sufficiently large compressive deformations applied

in the direction of the lamellae within the individual grains—the model becomes

macroscopically unstable (i.e., it loses strong ellipticity). By keeping track of the

evolution of the underlying microstructure, we find that such instabilities can be related

to the development of ‘‘chevron’’ patterns.

& 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Thermoplastic elastomers (TPEs) are a special class of block copolymers that exhibit unique mechanical behavior
ranging from that of thermoplastics to elastomers. Due to their superior tailoring and recycling properties with respect to
conventional cross-linked rubbers, TPEs are increasingly being used in commercial applications (e.g., footwear, automotive,
medical, etc.). In addition, because of their self-assembling properties, TPEs have also been proposed (see, e.g., Park et al.,
2003; Bockstaller et al., 2005) as promising candidates in nanotechnological applications. The unique properties of these
materials stem from their hierarchical structure (see, e.g., Honeker and Thomas, 1996). More precisely, TPEs are made up of
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‘‘hard’’ (glassy or crystalline) and ‘‘soft’’ (rubbery) blocks that self-assemble at the nanometer scale into a wide range of
morphologies (Fredrickson and Bates, 1996). Several studies have been published recently concerning the mechanical
properties of TPEs where the hard blocks self-organize to form spherical particles (Prasman and Thomas, 1998), cylindrical
fibers (Honeker et al., 2000), interconnected networks (Dair et al., 1999), and layers (Cohen et al., 2000). Furthermore,
under typical processing conditions, TPEs also develop a ‘‘granular’’ structure at the micron level (Seguela and Prud’homme,
1981; Gido et al., 1993), which is similar to that of metal polycrystals. In view of their increasing commercial importance
and substantial potential for utilization in emerging technologies, it is of practical interest to develop constitutive models for the
mechanical behavior of these material systems. This is the main objective of this paper. In particular, in this work, we will be
concerned with the constitutive modeling of highly oriented, near-single-crystal (NSC) TPEs with lamellar morphology.

One of the first studies of oriented TPEs with lamellar morphology is that of Allan et al. (1991), who examined both
experimentally and theoretically the mechanical response of polystyrene–polybutadiene–polystyrene (SBS) triblock-
copolymer films subjected to small deformations. In their modeling, these authors idealized SBS films as perfect laminates
made up of alternating layers of two different linearly elastic, isotropic materials. By making use of well-known results
from linear homogenization theory, they computed the overall elastic moduli of these materials. Their model predictions
were shown to be in excellent agreement with the experimental results. In a later contribution, Read et al. (1999) (see also
Polis and Winey, 1998) carried out a combined analytical and numerical study of the behavior of two-dimensional (2D)
oriented TPEs subjected to tensile loading in the perpendicular direction to the lamellae. They focused on the possible
buckling of the layers and its connection with the development of ‘‘chevron’’ patterns (or zig-zag structures). It should be
mentioned that, unlike Allan et al. (1991), Read et al. (1999) did account for finite deformations in their modeling, but they
did so in an approximate manner. More recently, Cohen et al. (2000) have provided a thorough experimental

characterization of the behavior of NSC SBS films subjected to finite deformations. More specifically, these authors have
provided macroscopic stress–strain measurements, together with in situ small-angle X-ray scattering (SAXS) and
microscopy observations, for oriented SBS films subjected to uniaxial tension loadings at different orientations relative to
the lamination direction. Finally, Tzianetopoulou and Boyce (2004) have conducted plane-strain numerical simulations for
the mechanical response of oriented TPEs subjected to large deformations normal and parallel to the lamellae. Motivated by
the experimental findings of Cohen et al. (2000), they considered oriented TPEs as laminates—made up of alternating
layers of two different nonlinear materials—with a variety of morphological imperfections, such as lamellar waviness and
interface/interphase imperfections.

In this work, we develop a three-dimensional (3D) constitutive model for oriented TPEs with lamellar morphology
subjected to general finite deformations. More specifically, based on experimental evidence (see Section 2), we consider this
class of materials to be granular systems whose grains are made up of the same, perfect, lamellar structure (single crystal,
SC) with slightly different lamination directions (crystal orientations). In other words, we assume that the orientation
distribution function (ODF) is highly textured. Furthermore, the hard and soft blocks that make up the lamellar structures
within the grains are taken to be characterized by hyperelastic potentials, so that dissipative effects are neglected.
(Note that in spite of adopting a non-dissipative framework, it is still possible to consider approximately plastic behavior
within the context of deformation theory of plasticity.) Under the above geometric and constitutive hypotheses, the model
for oriented TPEs is then constructed by means of a two-scale homogenization procedure. Thus, the effective behavior of
the grains—which are assumed to be made up of perfect lamellar structures—will be determined from well-known results
(see, e.g., Triantafyllidis and Maker, 1985; Triantafyllidis and Nestorvić, 2005). Then, the ‘‘tangent second-order’’
homogenization method (Ponte Castañeda, 1996; Ponte Castañeda and Willis, 1999; Ponte Castañeda and Tiberio, 2000)
will be used to generate estimates for the overall behavior of the entire granular structure. In this regard, it should be
emphasized that the tangent second-order homogenization technique has the capability to account for statistical
information on the initial microstructure beyond the ODF, as well as for its evolution, which results from the finite changes
in geometry that are induced by the applied finite deformations. This point is crucial as the evolution of the microstructure
can have a significant geometric softening (or stiffening) effect on the overall response of the material, which, in turn, may
lead to the possible development of macroscopic instabilities. In addition, this homogenization technique has the
distinguishing feature of being exact to second order in the heterogeneity contrast (see also Ponte Castañeda and Suquet,
1998). This feature is particularly useful within the context of the present work, since oriented TPEs with lamellar
morphology may be considered as granular materials with a small ‘‘crystal’’ heterogeneity contrast (see Section 2).
Parenthetically, it should also be mentioned that a more accurate version of the ‘‘second-order’’ homogenization theory
including field fluctuations (Ponte Castañeda, 2002; Lopez-Pamies and Ponte Castañeda, 2006a) has already been
employed to generate constitutive models for various types of elastomeric composites, including reinforced elastomers
(see, e.g., Lopez-Pamies and Ponte Castañeda, 2006a, b; Brun et al., 2007). These models have been shown to be in good
agreement with corresponding exact and numerical results available from the literature for special loading conditions. In
this connection, it should be clarified that the earlier tangent second-order method of Ponte Castañeda and Tiberio
(2000)—as opposed to the more accurate second-order method of Lopez-Pamies and Ponte Castañeda (2006a)—is utilized
here for computational simplicity, since both methods can be shown to lead to essentially the same results when
specialized to the class of TPEs of interest in this work (basically because both methods are exact to second order in the
heterogeneity contrast, which is precisely the case of interest here).

This paper is organized as follows. Section 2 describes in some detail the structure of typical oriented TPEs with lamellar
morphology by means of transmission electron microscopy (TEM) and SAXS. Having identified the material system of
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interest, Section 3 discusses certain theoretical considerations including the definition of effective properties and a brief
summary of the tangent second-order homogenization method. Section 4 then provides the main result of this paper: a
constitutive model for the overall behavior of highly oriented, NSC TPEs. The principal features of this model are discussed
within the context of a model problem, as well as within preliminary comparisons with experimental measurements in
Sections 5 and 6. In this regard, it should be mentioned that more detailed comparisons of the proposed model with
experimental results will be presented elsewhere. The emphasis in this paper is on the identification and the modeling of
the underlying physical mechanisms. Finally, some general conclusions are drawn in Section 8.
2. Typical structure of oriented TPEs with lamellar morphology

In this section, we characterize the structure of oriented SBS triblock copolymers with lamellar morphology—arguably
the most commercially used class of lamellar TPEs—by means of TEM and SAXS. The raw material chosen for our study is a
commercially available SBS triblock copolymer containing 42% volume fraction of polystyrene (PS). It should
also be mentioned that the TEM images and SAXS measurements to be presented subsequently correspond to specimens
(see Fig. 1) that were prepared via a roll-casting process (Albalak and Thomas, 1993). A complete description of the raw
material, specimen preparation, TEM imaging, and SAXS measurements can be found in Garcia (2006). With the
construction of a homogenization-based constitutive model as main objective, we focus here on outlining the principal
structural features of oriented TPEs with lamellar morphology.

Fig. 2 shows a typical TEM image of the front section (i.e., the e1–e2 plane in Fig. 1) of an oriented SBS film, where the
dark phase corresponds to the polybutadiene (PB). An immediate observation from this figure is the high degree of order
and orientation of the layers. The sample is not free of defects, however. Note for instance the presence of two major
regions (or grains) with slightly different lamination directions. Note further that the lamellae are not completely straight
within the grains, but instead, they appear to have some waviness. The existence of other defects such as ‘‘edge
dislocations’’ has also been suggested by other imaged regions. It should be emphasized that all of these observations are in
agreement with the earlier findings of Cohen et al. (2000).

Fig. 3 shows SAXS measurements obtained by irradiation into the front section (i.e., into the e1–e2 plane in Fig. 1) of an
oriented SBS film. Part (a) shows the 2D SAXS pattern. Part (b) illustrates the corresponding intensity I as a function of the
azimuthal angle j. Finally, part (c) shows the intensity profile as a function of the lamellar spacing (or repeat length of the
layers) d. In connection with this last part, it should be mentioned that the geometrical variable d was computed directly
from measured values of the scattering vector q by making use of Bragg’s law: q ¼ 2p=d.

The main observation from the SAXS pattern shown in Fig. 3(a) is the existence of several Bragg reflections, which
confirms the high degree of lamellar orientation already observed in the TEM. It is crucial to recognize, however, that there
is not a unique lamination direction in the film, but instead, as illustrated in Fig. 3(b), there is a continuous distribution of
slightly different lamination directions. Indeed, the intensity I in Fig. 3(b)—which can be identified essentially with the
distribution function of lamination directions in the sample—is seen to have a ‘‘bell shape’’ of finite width. In this regard, it
is important to remark that the maximum deviation from the average lamination direction in the film is seen to be
approximately 10�.

Having described the lamellar orientation in (the front section of) the SBS film, we next describe the other piece of
structural information that can be readily deduced from the SAXS measurements: the repeat length of the layers. To this
end, we turn our attention to Fig. 3(c). Similar to Fig. 3(b), we observe that the intensity I in this figure—which in this case
can be identified essentially with the distribution function of repeat length of the layers in the sample—also has a ‘‘bell
shape’’ of finite width. In this connection, we observe from this plot that the average repeat length in the film is 26.7 nm
and that the maximum deviation from this average is approximately 2 nm.

At this point, it is important to state that TEM images and SAXS measurements have also been obtained (see Garcia,
2006) for the side section of the SBS film (i.e., the e2–e3 plane in Fig. 1). The corresponding results are very similar to those
presented here for the front side, but with a sizeably higher degree of lamellar orientation.
0.8 mm
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Fig. 1. Pictures of the front and side views of an oriented SBS triblock-copolymer film, with the corresponding dimensions. Note that the front view has

been identified with the e1–e2 plane, while the side view corresponds to the e2–e3 plane.
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Fig. 2. TEM image of the front section (i.e., the e1–e2 plane in Fig. 1) of an oriented SBS film. The sample was stained with osmium tetroxide ðOsO4),

rendering the PB phase dark in the image.

Fig. 3. SAXS measurements obtained by irradiation into the front section (i.e., into the e1–e2 plane in Fig. 1) of an oriented SBS film. (a) 2D SAXS pattern.

(b) Intensity I as a function of the azimuthal angle j. (c) Intensity I as a function of lamellar spacing (or repeat length of the layers) d.
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In summary, the experimental results presented in this section suggest that the oriented TPEs with lamellar morphology
of interest in this work are actually made up of a granular microstructure whose grains, in turn, are made up of a lamellar
nanostructure of alternating layers of hard and soft blocks. The lamellae within the grains are not perfect in the sense that
they exhibit a small amount of waviness, as well as other type of defects, such as edge dislocations. Moreover, the direction
of lamination and lamellar spacing are not uniform throughout the material, but instead, they exhibit a continuous—yet
narrow—distribution of values.

It is plain that all of the above-identified structural features may play a more or less significant role in the overall
mechanical behavior of oriented TPEs with lamellar morphology. In this regard, we believe that perhaps the most dominant
feature—which needs to be accounted for in order to generate accurate constitutive models for these materials—is the
distribution of different lamination directions. Thus, in this work, we will idealize the morphology of oriented TPEs as
granular structures whose grains are made up of the same, perfect, lamellar structure—or SCs—with slightly different
laminations directions—or crystal orientations (see Section 4 for further details). The validity of this idealization—which
neglects the effects of lamellar waviness within the grains, edge dislocations, and variations in the repeat length of the
layers—will be addressed in this work by means of theoretical results and qualitative comparisons with experiments, as
well as with more thorough comparisons with experimental measurements elsewhere.

3. Preliminaries on homogenization

Consider a solid made up of a statistically uniform distribution of two2 different ‘‘homogeneous’’ phases. A specimen of
this material is assumed to occupy a volume O0, with boundary qO0, in the undeformed configuration. Furthermore, the
characteristic length of the underlying inhomogeneities (e.g., layers, grains) is assumed to be much smaller than the size of
the specimen and the scale of variation of the applied loading.
2 For the purpose of this work, as it will become more clear below, it suffices to restrict attention to two-phase composites.
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Material points in the solid are identified by their initial position vector X in the reference configuration O0, while the
current position vector of the same point in the deformed configuration O is given by x. The deformation gradient F at X, a
quantity that measures the deformation in the neighborhood of X, is defined by

F ¼
qx

qX
; J ¼ det F40 on O0. (1)

The constitutive behaviors of the phases, which occupy the subdomains Oð1Þ0 and Oð2Þ0 ¼ O0 �Oð1Þ0 in the undeformed
configuration, are characterized by stored-energy functions W ð1Þ and W ð2Þ that are objective, non-convex functions of the
deformation gradient tensor F. Thus, the local stored-energy function of the composite may be conveniently written as
follows:

WðX; FÞ ¼
X2

r¼1

wðrÞ0 ðXÞW
ðrÞ
ðFÞ, (2)

where the characteristic functions wðrÞ0 , equal to 1 if the position vector X is inside phase r (i.e., X 2 OðrÞ0 ) and zero otherwise,
describe the distribution of the two phases in the reference configuration. Note that wðrÞ0 may be periodic or random. In the
first case, the dependence of wðrÞ0 on the position vector X is completely known. In the second case, the dependence of wðrÞ0 on
X is not known precisely, and the microstructure is only partially defined in terms of the n-point statistics of the system. In
this work, use will be made of information up to only two-point statistics in order to be able to take advantage of linear
homogenization estimates that are available from the literature. The local or microscopic constitutive relation for the
composite is given by

S ¼
qW

qF
ðX; FÞ, (3)

where S denotes the first Piola–Kirchhoff stress tensor, and sufficient smoothness has been assumed for W on F.
Following Hill (1972), the global or macroscopic constitutive relation for the composite is then given by

S ¼
q eW
qF

, (4)

where S ¼ hSi, F ¼ hFi are the average stress and average deformation gradient, respectively, and

eWðFÞ ¼ min
F2KðFÞ

hWðX; FÞi ¼ min
F2KðFÞ

X2

r¼1

cðrÞ0 hW
ðrÞ
ðFÞiðrÞ (5)

is the effective stored-energy function of the composite. In the above expressions, the brackets h�i and h�iðrÞ denote volume
averages (in the undeformed configuration) over the specimen, O0, and over the phase r, OðrÞ0 , respectively, so that the
scalars cðrÞ0 ¼ hw

ðrÞ
0 i represent the initial volume fractions of the given phases. Furthermore, K denotes the set of

kinematically admissible deformation gradients:

KðFÞ ¼ Fj9x ¼ xðXÞ with F ¼
qx

qX
; J40; in O0;x ¼ FX on qO0

� �
. (6)

In physical terms, eW represents the average elastic energy stored in the composite when subjected to an affine
displacement boundary condition that is consistent with hFi ¼ F. It is also interesting to remark that, by virtue of definition
(5) and the assumed objectivity of W, eW is an objective scalar function of the macroscopic deformation gradient F.

At this stage, it is important to realize that—because of the non-convexity of W on F—the solution (assuming that it
exists) of the Euler–Lagrange equations associated with the variational problem (5) need not be unique. Physically, this
corresponds to the possible development of instabilities in the composite under sufficiently large deformations. Following
Triantafyllidis and co-workers (see, e.g., Geymonat et al., 1993; Triantafyllidis et al., 2006), it is useful to make the
distinction between ‘‘microscopic’’ instabilities, that is, instabilities with wavelengths that are small compared to the size
of the specimen, and ‘‘macroscopic’’ instabilities, that is, instabilities with wavelengths comparable to the size of the
specimen. The computation of microscopic instabilities is, in general, a very difficult problem, especially for composites
with random microstructures. On the other hand, as explained in more detail below, the computation of macroscopic
instabilities is a relatively simple matter, since it amounts to detecting the loss of strong ellipticity of the effective stored-
energy function of the material (Geymonat et al., 1993). Hence, in view of the difficulties associated with the computation
of microscopic instabilities, we do not attempt here to solve the minimization problem (5), but instead, we adopt a more
pragmatic approach. By assuming—for consistency with the classical theory of linear elasticity—that W ðrÞ

ðFÞ ¼ 1
2 e � LðrÞ0 eþ

oðe3Þ as F! I, where e denotes the infinitesimal strain tensor and LðrÞ0 are positive-definite, constant, fourth-order tensors, it
is expected that, at least in a neighborhood of F ¼ I, the solution of the Euler–Lagrange equations associated with the
variational problem (5) is unique, and gives the minimum energy. As the deformation progresses into the finite-
deformation regime, the composite may reach a point at which this ‘‘principal’’ solution bifurcates into different energy
solutions. This point corresponds to the onset of an instability, beyond which the applicability of the principal solution
becomes questionable. However, it is still possible to extract useful information from the principal solution by computing
the associated macroscopic instabilities from the loss of strong ellipticity of the homogenized behavior. In practice, this
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means that we will estimate the effective stored-energy function (5) by means of the stationary variational statement:

bWðFÞ ¼ stat
F2KðFÞ

X2

r¼1

cðrÞ0 hW
ðrÞ
ðFÞiðrÞ, (7)

where it is emphasized that the energy is evaluated at the above-described principal solution of the relevant
Euler–Lagrange equations. In addition, we will estimate the onset of macroscopic instabilities from the loss of strong of
ellipticity of bW , that is, whenever the inequality3

bBðFÞ ¼ min
kmk¼kNk¼1

fmiNj
cLijklðFÞmkNlg40, (8)

ceases to hold true. In this last expression, cLðFÞ ¼ q2 bWðFÞ=qF2 is the effective incremental elastic modulus characterizing
the overall incremental response of the composite. Note that loss of strong ellipticity, as detected from failure of condition
(8), provides the critical deformation gradients, Fcrit, at which the homogenized material becomes macroscopically
unstable, as well as the pairs of unit vectors N and m for which these macroscopic instabilities occur. Here, N denotes the
normal (in the undeformed configuration) to the surface of a weak or strong discontinuity of the deformation field, whereas
m characterizes the type of deformation associated with such a discontinuity (see, e.g., Knowles and Sternberg, 1975).

Following up on the preceding formulation, the main purpose of the present work is to generate an estimate for the
effective stored-energy function (7) for oriented TPEs with lamellar morphology. A second aim of this work is to establish
the possible development of macroscopic instabilities in these materials, as well as to provide estimates for the evolution of
suitably identified microstructural variables. These objectives are accomplished here by means of the tangent second-order
homogenization method (Ponte Castañeda and Tiberio, 2000). The main concept behind this method is the construction of
suitable variational principles making use of the idea of a ‘‘linear comparison composite’’ (LCC) with the same
microstructure as the hyperelastic composite (i.e., the same wðrÞ0 ). For completeness, in the next subsection, we recall the
main results of the tangent second-order theory that are relevant for our purposes. The interested reader is referred to
Ponte Castañeda and Tiberio (2000) for a detailed derivation of this technique.

3.1. Tangent second-order variational method

By making use of the general results of Ponte Castañeda and Tiberio (2000), the tangent second-order estimate for the
effective stored-energy function (7) of a hyperelastic composite, made up of two phases characterized by the stored-energy
functions W ð1Þ and W ð2Þ with corresponding initial volume fractions cð1Þ0 and cð2Þ0 , reads as

bWðFÞ ¼X2

r¼1

cðrÞ0 W ðrÞ
ðFðrÞÞ þ

1

2
SðrÞ
ðFðrÞÞ � ðF� FðrÞÞ

� �
. (9)

In this relation, FðrÞ denotes the average deformation gradient of phase r in an LCC with the same microstructure—in the
undeformed configuration—as the original hyperelastic composite, and with local stored-energy functions given by

W ðrÞ
T ðFÞ ¼W ðrÞ

ðFðrÞÞ þSðrÞ
ðFðrÞÞ � ðF� FðrÞÞ þ 1

2ðF� FðrÞÞ �LðrÞ
ðFðrÞÞðF� FðrÞÞ. (10)

In the above expressions, the notations SðrÞ
ð�Þ ¼ qW ðrÞ

ð�Þ=qF and LðrÞ
ð�Þ ¼ q2W ðrÞ

ð�Þ=qF2 have been introduced for
convenience.

The overall stored-energy function bWT for the above-defined LCC may be expressed (see, e.g., Lopez-Pamies and Ponte
Castañeda, 2006a) as follows:bWT ðFÞ ¼ eg þ eT � Fþ 1

2F � eLF, (11)

where eg ¼ g þ 1
2 ðDLÞ�1DT � ðeL �LÞðDLÞ�1DT, eT ¼ Tþ ðeL �LÞðDLÞ�1 DT are effective quantities depending on eL, which

stands for the effective modulus tensor of the LCC. Also, in the above expressions, gðrÞ ¼W ðrÞ
ðFðrÞÞ � TðrÞ � FðrÞ � 1

2 FðrÞ �
LðrÞ
ðFðrÞÞFðrÞ; TðrÞ ¼SðrÞ

ðFðrÞÞ �LðrÞ
ðFðrÞÞFðrÞ (r ¼ 1;2), and DL ¼Lð1Þ

ðFð1ÞÞ �Lð2Þ
ðFð2ÞÞ, DT ¼ Tð1Þ � Tð2Þ. Furthermore,

g ¼ cð1Þ0 gð1Þ þ cð2Þ0 gð2Þ, T ¼ cð1Þ0 Tð1Þ þ cð2Þ0 Tð2Þ, and L ¼ cð1Þ0 Lð1Þ
ðFð1ÞÞ þ cð2Þ0 Lð2Þ

ðFð2ÞÞ.
The average deformation gradients Fð1Þ and Fð2Þ—needed in the computation of the tangent second-order estimate

(9)—can be expediently computed from knowledge of the effective stored-energy function (11) (see, e.g., Ponte Castañeda
and Tiberio, 2000, for a derivation). The final expressions may be cast as

Fð1Þ ¼ Fþ
1

cð1Þ0

ðDLÞ�1
ðeL �LÞðDLÞ�1

½Sð1Þ
ðFð1ÞÞ �Sð2Þ

ðFð2ÞÞ þLð1Þ
ðFð1ÞÞðF� Fð1ÞÞ �Lð2Þ

ðFð2ÞÞðF� Fð2ÞÞ� (12)

and

Fð2Þ ¼
1

cð2Þ0

F�
cð1Þ0

cð2Þ0

Fð1Þ. (13)
3 Here and subsequently, unless otherwise indicated, lowercase Latin indices range from 1 to 3 and the usual summation convention is employed.
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In connection with the above relations, it is useful to note that Eq. (13) provides an explicit expression for Fð2Þ in terms of F
and Fð1Þ. This allows relation (12) to be considered as an implicit tensorial equation for Fð1Þ. In this regard, it is also important
to remark that Eq. (12) depends directly on the effective modulus tensor eL of the relevant LCC. Explicit expressions for eL will
be provided in the sequel.

4. Effective behavior of NSC lamellar TPEs

In this section, we turn our attention to highly oriented, NSC lamellar morphologies. In particular, based on the
experimental evidence presented in Section 2, we consider oriented TPEs to be granular systems whose grains are made up
of the same, perfect, lamellar structure (SC) with slightly different lamination directions (crystal orientations), as illustrated
schematically in Fig. 4.

More specifically, NSC TPEs are viewed as materials with heterogeneities at two different scales. These scales are
characterized by three different lengths: (i) the repeat length of the perfect lamellar structure L0, (ii) the size of the grains B,
and (iii) the characteristic size A of a sufficiently large specimen O0, which are assumed to be well separated in the sense
that L05B5A (see Fig. 4). In view of this last string of inequalities, the effective properties of NSC TPEs can be obtained by a
two-scale homogenization procedure that may be split into two successive steps. The first step consists in the
homogenization of the perfectly oriented, SC TPE in order to generate the effective behavior of the individual grains. The
second step—to be described in this section—consists of the homogenization of the granular structure.

As a first approximation, we make the simplifying assumption that there are only two distinct initial lamination
directions—or crystal orientations—in the granular material. (Recall from Section 2 that in reality there is a continuous
distribution of slightly different lamination directions.) They are characterized by the unit vectors Nð1Þ and Nð2Þ, and have
corresponding initial volume fractions cð1Þ0 and cð2Þ0 (see Fig. 4). We further assume that these lamination directions are
distributed randomly with ellipsoidal symmetry in the undeformed configuration (Willis, 1977). For ease of notation, the
stored-energy function characterizing the constitutive behavior associated with the lamination direction Nð1Þ is denoted by
W ð1Þ. Its constitutive behavior is determined by making use of the single laminate theory (Triantafyllidis and Maker, 1985;
Triantafyllidis and Nestorvić, 2005; Lopez-Pamies and Ponte Castañeda, 2008). Similarly, W ð2Þ denotes the stored-energy
function associated with the lamination direction Nð2Þ. Note that in terms of W ð1Þ, W ð2Þ can be written as

W ð2Þ
ðFÞ ¼W ð1Þ

ðFQ Þ, (14)

where the proper orthogonal tensor Q—defined by Nð2Þ ¼ QNð1Þ—serves to measure the ‘‘heterogeneity contrast’’ between
the two crystal orientations. In this connection, it is useful to define dQ ¼ Q � I as the tensorial parameter that quantifies
the heterogeneity in the granular material. Accordingly, at dQ ¼ 0 the material reduces to a homogeneous SC, and as dQ
deviates from zero, the material becomes more heterogeneous.

In this section, the effective behavior of the above-defined granular composite is estimated by means of the tangent
second-order homogenization theory. As already pointed out in the Introduction, this method has the distinguishing
feature of being exact to second order in the heterogeneity contrast (i.e., to OðdQ 2

Þ). The limit dQ ! 0 is of particular
interest in the present context, since the focus of this work is precisely on NSC microstructures, namely, on small dQ . In this
regard, we have included in Appendix A the exact asymptotic results to second order in dQ . We conclude finally by
identifying certain relevant microstructural variables and providing equations for their evolution along a given loading
path.

4.1. Tangent second-order homogenization estimates

By making use of the general results of Section 3.1, the tangent second-order estimate for the effective stored-energy
function bW of a granular material, made up of two crystal orientations characterized by the stored-energy functions W ð1Þ

ðFÞ
A

B L0

N(1)

N(2) = QN(1)

Fig. 4. Schematic of a highly oriented, near-single-crystal lamellar TPE in the undeformed configuration with two distinct lamination directions: Nð1Þ and

Nð2Þ ¼ QNð1Þ , where Q is a proper orthogonal tensor. The characteristic length of the specimen A, the grain size B, and the repeat length L0 are assumed to

be well separated in the sense that L05B5A.
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and W ð2Þ
ðFÞ ¼W ð1Þ

ðFQ Þ with corresponding initial volume fractions cð1Þ0 and cð2Þ0 , may be obtained from relation (9). In this
expression, it is recalled that the variables FðrÞ—which are ultimately functions of the applied loading F, the material
properties of the phases, and the initial microstructure—stand for the average deformation gradients in an optimally
selected LCC with the same microstructure (in the undeformed configuration) as the original nonlinear composite. More
specifically, Fð1Þ and Fð2Þ must be determined from relations (12) and (13), respectively. As discussed in Section 3.1, these
relations depend directly on the effective modulus tensor eL of the relevant LCC. In this section, in view of the ‘‘granular’’
type of microstructures of interest, use is made of the following self-consistent estimate (Willis, 1977) for the effective
modulus tensor of the LCC:

eL ¼Lð1Þ
ðFð1ÞÞ þ cð2Þ0 ½

eP� cð1Þ0 ð
eL �Lð2Þ

ðFð2ÞÞÞ�1
��1, (15)

where the microstructural tensor eP is given by

eP ¼ 1

4pdet Z0

Z
knk¼1

kZ�1
0 nk�3 eHðnÞdS. (16)

In this relation, eHijklðnÞ ¼ eK�1

ik xjxl with eKik ¼
eLijklxjxl. Moreover, following Willis (1977), the symmetric second-order tensor

Z0 serves to characterize the ‘‘shape’’ and ‘‘orientation’’ of the assumed ellipsoidal distribution of the two laminations
directions, Nð1Þ and Nð2Þ, in the undeformed configuration. In this regard, it is fitting to recall that the estimate (15) contains
information about the one- and two-point statistics describing the initial microstructure of the composite (Willis, 1977).
From a computational point of view, it is also important to remark that expression (15) constitutes an implicit equation for eL
that must, in general, be determined numerically.

Summary of the 3D constitutive model: In summary, by exploiting the explicit form (13) for Fð2Þ, Eqs. (12) and (15) can be
seen to reduce to a closed system of 54 nonlinear algebraic equations for the 54 scalar unknowns formed by the nine
components of Fð1Þ and the 45 independent components of eL, which in general must be solved numerically. Having
computed all the components of Fð1Þ and eL for a given loading (F), given phases (W ð1Þ and W ð2Þ), and given initial
microstructure (cð1Þ0 ; cð2Þ0 , and Z0), the tangent second-order estimate (9) for the effective stored-energy function bW of NSC

TPEs can be readily obtained. It should be emphasized that these second-order estimates are valid for arbitrary
heterogeneity contrast, or equivalently, for any value of dQ . However, the main interest of this work is for NSC TPEs with dQ
small. For this reason, the limit as dQ ! 0 of the second-order estimate (9) is considered in Appendix A, and the asymptotic
expression (43)—exact to second order in dQ—is derived.

4.2. Microstructure evolution

The preceding subsection has provided an estimate for the effective mechanical properties of NSC TPEs. In this
subsection, with the aim of gaining a more fundamental understanding on the behavior of these materials, we identify
relevant microstructural variables and provide expressions for their evolution along a given macroscopic loading path.

It is plain that under finite deformations the size, shape, orientation, and distribution of the underlying grains in the
type of granular materials of interest here will not remain fixed, but will instead evolve at every step of the deformation.
For brevity, however, these issues will be considered elsewhere. In this work, we will focus on the evolution of the lamellar
structures within the grains. Thus, the relevant microstructural variables are identified here as: (i) the average repeat

lengths, Lð1Þ and Lð2Þ and (ii) the average lamination directions, nð1Þ and nð2Þ, in the two families of grains—with initial
lamination directions Nð1Þ and Nð2Þ—in the deformed configuration (see Fig. 5). More precisely, the relevant microstructural
variables are (see Appendix B in Lopez-Pamies and Ponte Castañeda, 2008 for a derivation of these expressions):

LðrÞ ¼
1

jOðrÞ0 j

Z
OðrÞ

0

kF�T
ðXÞNðrÞk�1L0 dX (17)

and

nðrÞ ¼
1

jOðrÞ0 j

Z
OðrÞ

0

kF�T
ðXÞNðrÞk�1F�T

ðXÞNðrÞ dX. (18)
N(2)

N(1)

L0 L0

n(2)

n(1)

L(2) L(1)

F

Fig. 5. Schematic representation of the evolution of the repeat length, L0, and direction of laminations, Nð1Þ and Nð2Þ , in the two underlying crystal

orientations along a given macroscopic loading path F.
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In general, the exact computation of expressions (17) and (18) is an extremely difficult task. However, they may be readily
approximated by

LðrÞ ¼ kFðrÞ�TNðrÞk�1L0 (19)

and

nðrÞ ¼ kFðrÞ�TNðrÞk�1FðrÞ�TNðrÞ, (20)

where it is recalled that Fð1Þ and Fð2Þ, which stand for the phase average deformation gradients in the relevant LCC, are given
by expressions (12) and (13), respectively. In this connection, it is relevant to emphasize that relations (19) and (20)
coincide with expressions (17) and (18), respectively, to first order in the heterogeneity contrast (i.e., to OðdQ Þ). Moreover,
as dQ deviates from zero far beyond order dQ , the accuracy of the approximations (19) and (20) is expected to worsen.

5. A plane-strain idealization of the problem

With the objective of gaining insight into the properties of the above-proposed constitutive model, in this section we
further idealize the problem described in the previous section keeping only the features that are essential to describe at
least qualitatively the observed experimental results. More detailed comparisons of the above-developed theoretical
results with macroscopic stress–strain and in situ SAXS measurements in SBS triblock-copolymer films subjected to various
types of loading conditions will be provided elsewhere.

Thus, we study here the problem of plane-strain loading (in the e1–e2 plane): F ¼ F11e1 � e1 þ F12e1 � e2 þ F21e2 � e1þ

F22e2 � e2 þ e3 � e3, of a subclass of the general type of granular material systems described in Section 4. More specifically,
we consider that the two different crystal orientations—with initial volume fractions cð1Þ0 and cð2Þ0 ð¼ 1� cð1Þ0 Þ—are
characterized by the in-plane unit vectors Nð1Þ ¼ e1 and Nð2Þ ¼ QNð1Þ ¼ cosfð2Þ0 e1 þ sinfð2Þ0 e2, so that the ‘‘crystal’’
heterogeneity contrast is determined by the small parameter dQ ¼ ðcosfð2Þ0 � 1Þðe1 � e1 þ e2 � e2Þ þ sinfð2Þ0 ðe2 � e1�

e1 � e2Þ. Moreover, the spatial distribution of the lamination directions Nð1Þ and Nð2Þ is considered to be random and
transversely isotropic (with symmetry axis e3) in the undeformed configuration. Making contact with the microstructural
tensor (16), this means that Z0 ¼ diagð1;1; �Þ, where �! 0 (see, e.g., Willis, 1982, for further details). Finally, at the smaller
length scale within the underlying grains, we assume that the perfect lamellar structures are made up of Neo-Hookean
phases—denoted here by superscripts ‘‘B’’ and ‘‘S’’ for clarity of notation—with local stored-energy functions:

W ðBÞ
ðFÞ ¼

mðBÞ

2
ðF � F� 3Þ � mðBÞ lnðdet FÞ þ

kðBÞ

2
�
mðBÞ

3

� �
ðdet F� 1Þ2,

W ðSÞ
ðFÞ ¼ tW ðBÞ

ðFÞ (21)

and corresponding initial volume fractions cðBÞ0 and cðSÞ0 (¼ 1� cðBÞ0 ). In these expressions, mðBÞ and kðBÞ denote the shear and
bulk moduli of phase B at zero strain, while the parameter t quantifies the ‘‘layer’’ contrast between phases B and S.

In order to carry out the specialization of the tangent second-order estimate (9) to the above-stated model problem,
first, it is useful to establish the specific forms for the stored-energy functions W ðrÞ

ðFðrÞÞ, stresses SðrÞ
ðFðrÞÞ, and incremental

modulus tensors LðrÞ
ðFðrÞÞ ðr ¼ 1;2Þ associated, respectively, grains with the two initial lamination directions Nð1Þ and Nð2Þ.

Making use of the results of Lopez-Pamies and Ponte Castañeda (2008), we have that

W ð1Þ
ðFð1ÞÞ ¼ cðBÞ0 W ðBÞ

ðFðBÞÞ þ cðSÞ0 W ðSÞ
ðFðSÞÞ, (22)

Sð1Þ
ðFð1ÞÞ ¼ cðBÞ0 SðBÞ

ðFðBÞÞ þ cðSÞ0 SðSÞ
ðFðSÞÞ, (23)

Lð1Þ
ðFð1ÞÞ ¼LðBÞ

ðFðBÞÞ þ cðSÞ0 ½c
ðBÞ
0 Hð1Þ � ðLðBÞ

ðFðBÞÞ �LðSÞ
ðFðSÞÞÞ�1

��1, (24)

where Hð1Þijkl ¼ ðK
ðBÞ
ik ðF

ðBÞ
ÞÞ
�1Nð1Þj Nð1Þl , with K ðBÞik ðF

ðBÞ
Þ ¼LðBÞipkqðF

ðBÞ
ÞNð1Þp Nð1Þq and FðSÞ ¼ 1=cðSÞ0 Fð1Þ� cðBÞ0 =cðSÞ0 FðBÞ. Moreover, making use

of the rectangular Cartesian basis feig as the laboratory frame of reference, FðBÞm2 ¼ F
ð1Þ

m2, FðBÞm3 ¼ F
ð1Þ

m3 ðm ¼ 1;2;3Þ, FðBÞ31 ¼ 0, and
FðBÞ11 and FðBÞ21 are determined by the following two (coupled) equations:

SðBÞ11 ðF
ðBÞ
Þ �SðSÞ11ðF

ðSÞ
Þ ¼ 0; SðBÞ21 ðF

ðBÞ
Þ �SðSÞ21ðF

ðSÞ
Þ ¼ 0, (25)

which, although nonlinear, can be solved in closed form. Because of their bulkiness, however, the final explicit expressions
for FðBÞ11 and FðBÞ21 will not be included here.

Next, we note that the corresponding expressions for W ð2Þ
ðFð2ÞÞ, Sð2Þ

ðFð2ÞÞ, Lð2Þ
ðFð2ÞÞ can be readily obtained by making

use of relations (22)–(24) together with the following conditions:

W ð2Þ
ðFÞ ¼W ð1Þ

ðFQ Þ; Sð2Þij ðFÞ ¼Sð1Þim ðFQ ÞQjm; Lð2ÞijklðFÞ ¼Lð1ÞipkqðFQ ÞQjpQlq, (26)

where it is recalled that Q ¼ cosfð2Þ0 ðe1 � e1 þ e2 � e2Þ þ sinfð2Þ0 ðe2 � e1 � e1 � e2Þ þ e3 � e3.
Having established the relevant constitutive relations for both grain orientations in the granular material, we consider

next the computation of the average deformation gradients Fð1Þ and Fð2Þ, also needed in the estimate (9). As already stated,
Fð2Þ can be simply obtained from the global average condition (13). On the other hand, Fð1Þ must be determined from the
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tensorial equation (12), which contains nine scalar equations. For the model problem at hand, it is easy to check that five
out of these nine scalar equations are satisfied identically by the choices:

Fð1Þ33 ¼ 1; Fð1Þ13 ¼ Fð1Þ31 ¼ Fð1Þ23 ¼ Fð1Þ32 ¼ 0, (27)

while the remaining four equations for the four in-plane components Fð1Þ11 , Fð1Þ12 , Fð1Þ21 , Fð1Þ22 can be compactly written as

Fð1Þab ¼ Fab þ
1

cð1Þ0

DL�1
abgdð

eLgdzZ �LgdzZÞDL
�1
zZxr½S

ð1Þ
xrðF

ð1Þ
Þ �Sð2ÞxrðF

ð2Þ
Þ þLð1ÞxrtuðF

ð1Þ
ÞðFtu � Fð1Þtu Þ �Lð2ÞxrtuðF

ð2Þ
ÞðFtu � Fð2Þtu Þ�.

(28)

In this last expression and below, Greek indices range from 1 to 2. In addition, it is recalled that DL ¼Lð1Þ
ðFð1ÞÞ �Lð2Þ

ðFð2ÞÞ
and L ¼ cð1Þ0 Lð1Þ

ðFð1ÞÞ þ cð2Þ0 Lð2Þ
ðFð2ÞÞ, and, by simplifying relation (15), the in-plane components of the self-consistent

modulus tensor eL can be shown to be expediently determined by the implicit relation:eLabgd ¼Lð1ÞabgdðF
ð1Þ
Þ þ cð2Þ0 ½

ePabgd � cð1Þ0 ð
eLabgd �Lð2ÞabgdðF

ð2Þ
ÞÞ
�1
��1, (29)

where

ePabgd ¼ 1

2p

Z 2p

0
ðeLatguxtxuÞ�1xbxd dy (30)

with x1 ¼ cosy and x2 ¼ sin y.
Finally, making contact with the evolution of microstructure, it is also helpful to spell out (for later use) that the average

lamination directions in the deformed configuration, as determined by relation (20), reduce to the in-plane unit vectors:

nðrÞi ¼ ðcosfðrÞ; sinfðrÞ;0ÞT (31)

ðr ¼ 1;2Þ, where fð1Þ ¼ tan�1ð�Fð1Þ12=Fð1Þ22 Þ and fð2Þ ¼ tan�1ððFð2Þ12 cosfð2Þ0 � Fð2Þ11 sinfð2Þ0 Þ=ðF
ð2Þ
21 sinfð2Þ0 � Fð2Þ22 cosfð2Þ0 ÞÞ.

Summary of the 2D constitutive model: Relations (28) and (29) constitute a closed system of ð4þ 10 ¼Þ14 coupled,
algebraic equations for the 14 unknowns formed by the four in-plane components of Fð1Þ (Fð1Þab) and the 10 in-plane
independent components of eL (eLabgd). Knowledge of these variables, together with the explicit relations (13) and (27),
suffices to compute the tangent second-order estimate (9) for bW corresponding to the 2D model problem of interest here.
A FORTRAN program has been written for this purpose and is available upon request.

6. Results and discussion

In this section, we investigate the strongly anisotropic character of the above-described model for the special case of
Neo-Hookean behavior for the ‘‘hard’’ and ‘‘soft’’ phases in the SCs. The objective of this section is to elucidate the critical
role that is played by the possible re-orientation of the microstructure, which may introduce enough softening
(or stiffening) in the overall response of the material to lead to (or prevent) the development of ‘‘macroscopic instabilities’’
through loss of ellipticity. A more complete description of the response of the oriented TPEs requires consideration of more
realistic (than Neo-Hookean) models for both the ‘‘soft’’ and ‘‘hard’’ phases, including plasticity for the latter, but this will
be delayed until the next section where a first comparison with experimental results for SBS triblock-copolymer films will
be attempted. However, as will be seen in this section, the effect of the microstructure evolution is robust enough to be
observed even with the simplest of descriptions for the finite strain response of the two phases.

For simplicity and definiteness, our attention is primarily restricted here to macroscopic pure shear loadings of the form

Fab ¼
cos y � sin y
sin y cos y

" #
l 0

0 l
�1

" #
cos y sin y
� sin y cos y

" #
, (32)

where l and l
�1

denote the in-plane macroscopic principal stretches, and y serves to characterize the orientation (in the
counter-clockwise sense relative to the fixed laboratory frame of reference) of the macroscopic, in-plane, Lagrangian
principal axes (i.e., the principal axes of FTF). Results are given for volume fractions, cð1Þ0 ¼ 0:5, cðBÞ0 ¼ 0:6, corresponding to
typical values for TPEs with lamellar microstructures (see, e.g., Garcia, 2006), while the shear modulus of the soft phase mðBÞ
is normalized to 1. On the other hand, we consider variable values of the bulk modulus kðBÞ, ‘‘layer contrast’’
t ¼ mðSÞ=mðBÞ ¼ kðSÞ=kðBÞ, and initial lamination misalignment (or ‘‘crystal contrast’’) fð2Þ0 , which provide the sources of
nonlinearity and heterogeneity in the material. It is noted that all results are computed up to the point at which the
effective behavior is found to lose strong ellipticity (namely, up to the point at which relation (8) ceases to hold true), or
truncated at some sufficiently large deformation if no such loss is found. For clarity, the points at which the overall
behavior of the material loses strong ellipticity are indicated with the symbol ‘‘�’’ in the figures.

The results presented here are organized as follows. First, we illustrate results for pure shear at y ¼ 0, which
corresponds (approximately) to compression along the underlying layers within the grains. We then show results for pure
shear loading at y ¼ 90�, which corresponds (approximately) to tension along the layers within the grains. Finally, we show
results for pure shear loading at y ¼ 45�, corresponding to diagonal loading. These specific choices of loading conditions are
particulary useful to illustrate the different mechanisms that govern the overall behavior of oriented TPEs with lamellar
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morphology. In addition, they help to bring out the differences between SC (i.e., perfect) and NSC (i.e., imperfect)
morphologies, as well as the relative importance of the various material parameters in these systems, in particular, the
layer heterogeneity contrast t and the bulk modulus of the softer phase kðBÞ.

Pure shear loading at y ¼ 0: In Fig. 6, the estimates for the effective response and microstructure evolution of an NSC

with misalignment fð2Þ0 ¼ 1� are compared with the corresponding estimates for a (perfect) SC under pure shear loading at
y ¼ 0. Results are shown for bulk modulus kðBÞ ¼ 10 and layer contrast t ¼ 10, as a function of the macroscopic stretch l.
Part (a) shows the macroscopic stress S ¼ d bW=dl, and part (b), the corresponding grain reorientation angles fð1Þ and fð2Þ.
An immediate observation from Fig. 6(a) is that the effective stress–stretch relationship of the NSC is initially very similar to
that of the SC. This is consistent with the fact that the initial morphology of the NSC is but a slight perturbation of that of
the SC (i.e., fð2Þ0 ¼ 1�). Note, however, that the stress in the NSC—in contrast to the stress in the SC—undergoes a sudden
drop at deformations near loss of strong ellipticity (denoted by ‘‘�’’ in the plots). To understand the source of this sudden
drop in the stress, it is useful to consider the corresponding results for the evolution of the underlying microstructure. Thus,
Fig. 6(b) shows the evolution of the average angles of rotation of the layers, fð1Þ and fð2Þ, of the two families of grains with
initial lamination directions Nð1Þ and Nð2Þ (defined by expression (31)), as functions of the applied stretch l. It is observed in
this figure that the layers with initial lamination direction Nð1Þ in the NSC rotate clockwise, while the layers with initial
lamination direction Nð2Þ rotate counter-clockwise. That is, the underlying laminates in the two families of grains rotate in

opposite directions. Furthermore, they rotate ‘‘faster’’ with increasing stretch, especially as the loss of strong ellipticity
condition is approached. This entails a geometric softening mechanism consisting in the reorientation of the layers in each
family of grains in a direction that is more favorable to shear, and therefore less stiff than the original orientations. In this
connection, it is emphasized that the layered structures in the grains exhibit a ‘‘soft’’ mode of deformation for shear parallel
to the layers (like a deck of cards). Thus, the sudden drop in the stress shown in Fig. 6(a) is seen to be a direct consequence
of the reorientation of the layers depicted in Fig. 6(b). In addition, it is also important to remark that the rotation of the two
families of layers in opposite directions is entirely consistent with the development of ‘‘chevron’’ patterns (or zig-zag
structures), which have been observed experimentally in TPEs subjected to tensile loadings in the direction perpendicular
to the lamellae (see, e.g., Cohen et al., 2000). By contrast, because of the symmetry, the layers in the (perfect) SC do not
rotate at all, but instead remain aligned with the applied loading axes all the way up to the loss of strong ellipticity.

Having analyzed the overall behavior and evolution of microstructure, next we examine the development of instabilities
in more detail. This requires consideration of the evolution of the effective incremental moduli, as a function of the applied
stretch. Now, Fig. 7(a) clearly shows that the effective incremental behavior of the NSC, as measured by the effective
modulus cL2222, increases initially but then softens dramatically, recovering somewhat, before the material eventually loses
ellipticity with cL1212 tending to zero. This loss of ellipticity corresponds to the possible development of a ‘‘macroscopic
instability’’ (Geymonat et al., 1993), as will be discussed in more detail in the next paragraph. In this context, it is worth
remarking from Fig. 7(a) that the corresponding effective normal modulus cL2222 of the SC—as opposed to that of the
NSC—does not decrease at all, but instead increases monotonically up to loss of ellipticity. On the other hand, the effective
shear modulus cL1212 of the SC, as well as most of the remaining effective moduli cLijkl (not shown here for conciseness), are
practically indistinguishable from those of the NSC (although the SC loses ellipticity a little later than the NSC). Thus, the
overall responses of the NSC and SC, though similar, exhibit differences that are consistent with the fact that the NSC is an
‘‘imperfect’’ version of the SC.
Fig. 6. Effective behavior and microstructure evolution in a near-single-crystal ðNSCÞ with fð2Þ0 ¼ 1� , subjected to pure shear at y ¼ 0. The results

correspond to bulk modulus kðBÞ ¼ 10 and layer contrast t ¼ 10, and are shown as functions of the macroscopic stretch l. (a) The macroscopic stress

S ¼ d bW=dl. (b) The evolution of the average angles of rotation of the layers fð1Þ and fð2Þ . The corresponding results for a single crystal (SC) have been

included (in dotted lines) for comparison purposes.
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Fig. 7. Effective moduli and loss of ellipticity. (a) The effective incremental moduli cL2222 ¼ q2 bW=qF2
22 and cL1212 ¼ q2 bW=qF2

12, corresponding to the near-

single-crystal ðNSCÞ and single crystal ðSCÞ defined in Fig. 6, as functions of the macroscopic stretch l. (b) The critical stretch, lcrit , at which loss of strong

ellipticity takes place for various values of the bulk modulus kðBÞ , as a function of the layer contrast t, for pure shear loading at y ¼ 0 of an NSC with

fð2Þ0 ¼ 1� and an SC.

Fig. 8. Effective behavior of a near-single-crystal ðNSCÞwith fð2Þ0 ¼ 1� and a single crystal ðSCÞ subjected to pure shear at y ¼ 90� . The results correspond to

bulk modulus kðBÞ ¼ 10 and contrast t ¼ 10, and are shown as functions of the macroscopic stretch l. (a) The macroscopic stress S ¼ d bW=dl. (b) The

evolution of the average angles of rotation of the layers fð1Þ and fð2Þ .
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Fig. 7(b) provides results for the critical stretch, lcrit, at which the NSC with fð2Þ0 ¼ 1� and SC first lose strong ellipticity
under pure shear at y ¼ 0 for bulk moduli kðBÞ ¼ 1;10, and 100, as a function of the layer contrast t. A key observation from
this figure is that, under pure shear at y ¼ 0, the NSC and SC become macroscopically unstable at smaller stretches lcrit for
higher values of the contrast t. In this connection, it is noted that lcrit !1 as t! 1. This asymptotic behavior derives from
the fact that in the absence of heterogeneity between the lamellae, the material reduces to a homogeneous Neo-Hookean
solid (i.e., bW ¼W ðBÞ), which is known to be strongly elliptic for all deformations. On the other hand, lcrit ! 1 as t!1, so
that in the limiting case when the stiffer layers are taken to be rigid, the material is already unstable at zero strain (but not

at zero stress of course). It is also noted from Fig. 7(b) that the macroscopic stability of the NSC and SC worsens significantly
with increasing incompressibility, as measured by the bulk modulus kðBÞ. Furthermore, it is interesting to remark that the
NSC loses strong ellipticity at very similar (but not identical) critical stretches lcrit as the SC. In other words, a small
perturbation (e.g., here, fð2Þ0 ¼ 1�) in the perfect morphology of an SC results in a small perturbation in the critical stretch at
which the material becomes macroscopically unstable.

Pure shear loading at y ¼ 90�: Fig. 8 provides results for the effective response and microstructure evolution of a NSC

with fð2Þ0 ¼ 1� and an SC under pure shear loadings (32) with tensile axis aligned with the layers (y ¼ 90�). Results are
shown for bulk modulus kðBÞ ¼ 10 and layer contrast t ¼ 10, as a function of the applied stretch l. Parts (a) show the
macroscopic stress S ¼ d bW=dl, and parts (b), the evolution of the average angles of rotation of the layers, fð1Þ and fð2Þ. It is
observed from Fig. 8(a) that both the NSC and SC materials remain strongly elliptic for the whole range of deformations. In
addition, the overall stress–stretch relation of the NSC is practically identical to that of the SC for the entire range of
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Fig. 9. Effective behavior of a near-single-crystal ðNSCÞwith fð2Þ0 ¼ 1� and a single crystal ðSCÞ subjected to pure shear at y ¼ 45� . The results correspond to

bulk modulus kðBÞ ¼ 10 and contrast t ¼ 10, and are shown as functions of the macroscopic stretch l. (a) The macroscopic stress S ¼ d bW=dl. (b) The

evolution of the average angles of rotation of the layers fð1Þ and fð2Þ .
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deformations considered. Correspondingly, Fig. 8(b) shows that the microstructure evolution for both the NSC and SC are
practically identical and—in contrast with the previously studied cases—there is no evidence of the development of any
instabilities. More specifically, this figure shows that both families of layers in the NSC, with initial laminations Nð1Þ and
Nð2Þ, rotate (very slightly) in such a manner that they tend to align themselves with the axis of tensile loading (i.e., fðrÞ ! 0
as l!1), which is the stiffest direction for these materials. On the other hand, the layers in the SC do not rotate at all
since they are already perfectly aligned with the tensile axis. Thus, for pure shear at y ¼ 90�—as opposed to the preceding
case for loading at y ¼ 0—there is hardly any rotation of the layers in the two families of grains for the NSC (or of the layers
in the SC), and so there is no softening mechanism which can give rise to a macroscopic instability. The macroscopic
response is controlled by the (strongly elliptic) behavior of the phases in this case.

Pure shear loading at y ¼ 45�: Fig. 9 shows the corresponding results for the effective response and microstructure
evolution of the NSC with fð2Þ0 ¼ 1� and an SC under pure shear loadings (32) with y ¼ 45�, as a function of the applied
stretch l. It is again observed from Fig. 9(a) that both the NSC and SC materials remain strongly elliptic for the whole range
of deformations. In addition, the overall stress–stretch relation of the NSC is practically identical to that of the SC for the
entire range of deformations considered. Correspondingly, Fig. 9(b) shows that the microstructure evolution for both the NSC

and SC are also practically identical. More specifically, we note from Fig. 9(b) that the layers with initial laminations Nð1Þ

and Nð2Þ in the NSC follow essentially the same rotation as the layers in the SC—namely, they rotate clockwise to align
themselves with the axis of tensile loading (i.e., fðrÞ ! �45� as l!1). Given the relatively large changes in orientation of
the layers, the question then arises as to why no instabilities are observed in this case. The fact is that the reorientation of
the layers (past 45�) actually tends to stiffen the material since the limiting orientation of 90� is actually incrementally
stiffer than that of 45� (all other variables being held fixed). This is in contrast with the unstable cases discussed in the
context of the results for y ¼ 0, where the reorientation of the layers leads to a ‘‘softer’’ incremental response due to the
more favorable orientation for shear loading parallel to the layers (which is the softest deformation mode for these
laminated structures). Thus, in conclusion, for pure shear at y ¼ 45�, the rotation of the layers in the NSC (and in the SC)
provides a stiffening mechanism that actually hinders the possible development of macroscopic instabilities in this case.
7. Comparisons with uniaxial tension experiments on SBS films

The preceding section has provided much (qualitative) insight into the constitutive model developed in this work for
oriented TPEs with lamellar morphology. To further assess the ability of our models to describe the complex overall
mechanical properties of this class of materials, in this section we present comparisons of our theoretical predictions with
experimental measurements of the stress–stretch relation in SBS films under uniaxial tensile loading in the parallel,
perpendicular, and diagonal directions. As already mentioned, the Neo-Hookean model (21) utilized in Section 5 is clearly
too simplistic to characterize the behaviors of the underlying PB and PS constituents in actual SBS films. Therefore, in this
section, we will make use of more realistic models for the constitutive behaviors of these elastomeric and glassy phases.
However, it is important to emphasize that more thorough quantitative comparisons between the proposed model and
experimental results, including microstructure evolution data, would require more precise control on the material
microstructure and on the measurements. (Refer to the thesis of Garcia, 2006 for a detailed discussion of the difficulties
and sources of experimental error in the measurement of microstructure evolution, and stress and strain in SBS films.) On
the other hand, our model, which is based on a homogenization approach, cannot be expected to work beyond the onset of
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instabilities. For this reason, we will focus our attention here only to applied stretches up to the onset of any instabilities,
which are anticipated to occur based on the results of the previous section, and observed in the experiments, for certain
loading conditions. In the sequel, we first describe the experimental results (shown in Fig. 10(a)) and then turn to the
discussion of the corresponding theoretical results (shown in Fig. 10(b)).

Fig. 10(a) displays experimental stress–stretch measurements for the class of oriented, lamellar, SBS triblock-copolymer
films described in Section 2. The results correspond to uniaxial tension at loading angles y ¼ 0; 45�, and 90� with respect to
the average lamination direction in the undeformed configuration. For small enough deformations, it is observed that the
films exhibit a linear stress–stretch response with overall Young’s moduli eE0 ¼ 29 MPa, eE45� ¼ 13 MPa, and eE90� ¼ 260 MPa,
for the tensile loadings at y ¼ 0; 45�, and 90�, respectively. The rather interesting anisotropy of this response—which is in
accord with the earlier experimental observations of Allan et al. (1991) and Cohen et al. (2000)—can be explained as
follows. Physically, uniaxial tension at y ¼ 90� corresponds to tensile loading parallel to the layers, which results in the
stretching of the hard phase (i.e., the glassy PS) and consequently leads to a stiff overall response. On the other hand,
uniaxial tension at y ¼ 45� corresponds to shear loading parallel to the layers,which results in the shearing of the soft phase
(i.e., the rubbery PB) and consequently in a soft overall response. Finally, uniaxial tension at y ¼ 0 corresponds to tensile
loading perpendicular to the layers, which entails the stretching of the soft phase. However, because of the relatively low
compressibility of the soft rubbery phase, the resulting Poisson effect provokes a significant stretching of the hard phase as
well, and thus the linear response for y ¼ 0 lies in between those for y ¼ 90� and 45�.

Beyond the linear response, the three stress–stretch curves in Fig. 10(a) exhibit a markedly different nonlinear behavior.
For uniaxial tension at y ¼ 90�, the distinct rollover and actual drop in the macroscopic stress–stretch curve is due to the
plastic yielding and breaking of the PS layers (see Cohen et al., 2000; Garcia, 2006). By contrast, for uniaxial tension at y ¼ 0,
the distinct (but less strong) rollover in the macroscopic stress–stretch response is not due to microscopic plastic
yielding, but instead to a rapid evolution of microstructure—which ultimately leads to the formation of ‘‘chevron’’
patterns—corresponding to an elastic instability (see Cohen et al., 2000; Garcia, 2006). For uniaxial tension at y ¼ 45� there
is neither microscopic yielding nor elastic instabilities (within the range of deformations considered in Fig. 10(a)). In this
case, the nonlinearity in the macroscopic stress–stretch curve is due to the inherent nonlinear elastic behavior of PB at
finite deformations, as well as to the smooth rotation of the underlying layers. In this connection, it is also interesting
to remark that the overall response at y ¼ 45�—which is initially the ‘‘softest’’—eventually becomes ‘‘harder’’ than the
response at y ¼ 0 beyond approximately l ¼ 1:34.

Before proceeding with the discussion of the theoretical predictions illustrated in Fig. 10(b), we provide some details on
the modeling. As pointed out above, the Neo-Hookean behavior utilized in Section 5 is too ‘‘crude’’ to model the actual
behavior of the PB and PS phases in SBS films. Accordingly, for the rubbery PB phase, we make use here of the more realistic
hyperelastic constitutive relation:

W ðBÞ
ðFÞ ¼

XM
i¼1

mðiÞ

2aðiÞ3aðiÞ�1
½ðJ�2=3IÞa

ðiÞ

� 3aðiÞ
� þ

kðBÞ

2
ðJ � 1Þ2, (33)

where mðiÞ;aðiÞ;kðBÞ are material parameters, and it is recalled that I ¼ F � F ¼ l2
1 þ l2

2 þ l2
3 and J ¼ det F ¼ l1l2l2. The

(compressible) generalized Neo-Hookean stored-energy function (33)—which, similar to the Arruda and Boyce (1993)
8-chain and the Gent (1996) models, is able to account for the typical limiting chain extensibility of elastomers—has been
recently shown to accurately describe the behavior of rubber elastic materials over the entire range of deformations
Fig. 10. (a) Experimental stress–stretch results for oriented lamellar SBS triblock-copolymer films subjected to uniaxial tension at three different angles y
with respect to the average initial lamination direction. (b) Theoretical stress–stretch predictions for a near-single crystal SBS triblock-copolymer film

with PB phase characterized by the rubber elastic solid (33), and PS phase characterized by the elastic–plastic solid (34).
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(Lopez-Pamies, 2008). On the other hand, for the glassy PS phase, we make use of the following piecewise elastic-plastic

model:

W ðSÞ
ðFÞ ¼

3mðSÞ

2
e2

eq þ
kðSÞ

2
ðln JÞ2 if eeqpeY ;

3mðSÞe2
Y

mþ 1

eeq

eY

� �mþ1

þ
3mðSÞðm� 1Þ

2ðmþ 1Þ
e2

Y þ
kðSÞ

2
ðln JÞ2 if eeqXeY :

8>>><>>>: (34)

In this expression, mðSÞ, kðSÞ, eY , m are material parameters, and e2
eq ¼

4
9 ðe

2
1 þ e2

2 þ e2
3 � e1e2 � e2e3 � e1e3Þ with ei ¼ ln li

ði ¼ 1;2;3Þ. Note that Eq. (34) corresponds to a (compressible) finite-deformation version of the elastic–plastic (with
power-law hardening) constitutive relation commonly used in deformation theory of plasticity (see, e.g., Abeyaratne and
Triantafyllidis, 1981). Thus, the parameters mðSÞ and kðSÞ serve to characterize the shear and bulk modulus of the initially
elastic response of the PS, whereas eY and m characterize, respectively, the yield strain and hardening exponent of its plastic
response.

Having spelled out the functional form of the constitutive behavior and spacial distribution of the PB and PS phases, we
turn to a brief description of how the material parameters for the model are obtained. First, the parameters kðBÞ, mðSÞ, and
kðSÞ are computed by fitting the small-strain, linearly elastic data for the three loadings at y ¼ 0;45�; and 90� in Fig. 10(a).
Second, the parameters mðiÞ and aðiÞ ði ¼ 1;2;3Þ are determined by fitting the large-deformation experimental response at
y ¼ 45�. Thirdly, eY is set to fit the experimentally measured yield stress at y ¼ 90�, while the other plastic parameter, m, is
chosen rather arbitrarily, since it does not play a significant role in the results. Finally, the microstructural parameters cðBÞ0 ,
cð1Þ0 , and fð2Þ0 , as defined in Section 5, are chosen to approximate the SAXS data presented in Section 2. The specific values of
all the parameters, as computed for the SBS triblock copolymers of interest here, are listed in Table 1.

Making use of the PB and PS models (33) and (34), together with the material parameters listed in Table 1, in the
approach described in Sections 4 and 5 leads to a constitutive model for the macroscopic behavior of oriented SBS triblock-
copolymer materials. (A FORTRAN program has been written for this purpose and is available from the authors upon
request.) Fig. 10(b) shows the resulting model predictions for uniaxial tensile loading at angles y ¼ 0;45�, and 90� with
respect to the initial lamination direction Nð1Þ ¼ e1. Note that in the small-deformation regime, the model results exhibit
(of course) behaviors identical to the actual SBS films for all three loading conditions (see Fig. 10(a)). The more interesting
large-deformation response is discussed next.

For uniaxial tension at y ¼ 0, the model prediction develops a macroscopic (elastic) instability (indicated with the
symbol ‘‘�’’ in the plot) at relatively small deformations in a way (discussed in the previous section) that is consistent with
the experimentally observed development of ‘‘chevron’’ patterns in the SBS films. It should be noted, however, that the
critical stretch at which the model predicts the development of the instability (l

th

crit ¼ 1:125) is higher than the critical
stretch at which the instability is observed to appear in the experiments (l

exp

crit ¼ 1:07). The nature of this discrepancy is
consistent with the fact that l

th

crit, as computed by the loss of strong ellipticity of the macroscopic response, corresponds to
an upper bound for any other types of instabilities (Geymonat et al., 1993). For illustrative purposes, the model response
has been included in the plot (in dashed lines) for values of l beyond l

th

crit. However, it should be emphasized that the
proposed model is expected to be valid at most up to loss of strong ellipticity.

For y ¼ 90�, it is seen that the model is able to capture the onset of macroscopic yield (denoted by the symbol ‘‘�’’ in the
plot) by keeping track of the local stress levels in the PS layers. The model response after yielding is depicted in the plot
with a dashed line to suggest that, in reality, the PS layers are expected to break soon after yielding and therefore a more
sophisticated approach than the one used here (e.g., including the formation and growth of a porous phase) would be
needed to characterize accurately the response of the films beyond the yielding and breaking of the PS layers.

Finally, for uniaxial tension at y ¼ 45�, the theoretical response remains in excellent agreement with the experimental
result in the large-deformation regime. More specifically, the experimental results are much smoother and there is no
evidence of a macroscopic instability. As already anticipated in the previous section, this interesting phenomenon is due to
the fact that while the rotation of the layers for y ¼ 0 leads to an elastic instability (due to the kinematically induced
geometric softening) producing a markedly ‘‘softer’’ response after the onset of the instability, the corresponding rotation of
the layers for y ¼ 45� actually has a stiffening effect, helping to maintain the macroscopic deformation stable at all times.
Moreover, the large rotation of the layers for the y ¼ 45� case provides an ‘‘accommodating’’ mechanism allowing these
Table 1
Material parameters

kðBÞ (MPa) mð1Þ (MPa) mð2Þ (MPa) mð3Þ (MPa) að1Þ að2Þ að3Þ

15 0.0693 1.2038 0.6019 1.5093 0.3510 �4.6650

mðSÞ (MPa) kðSÞ (MPa) eY m cðBÞ0 cð1Þ0 fð2Þ0

213 690 0.0188 0.1 0.58 0.5 1�
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materials to undergo large macroscopic stretches without failure. In fact, for very large stretches they can support even
larger stresses than the y ¼ 90� loading orientation (which is initially the stiffest response).

8. Concluding remarks

In this paper, we have developed a constitutive model for the finite-deformation behavior of oriented thermoplastic
elastomers with lamellar morphology by means of a two-scale homogenization procedure. In particular, motivated by
experimental evidence, we have idealized this class of oriented TPEs as granular systems where the grains are made up of
the same, perfect, lamellar structure (single crystal) with different lamination directions (crystal orientations).

With the aim of illustrating the capabilities of the proposed model for the overall response of oriented TPEs,
comparisons have been provided with experimental results for the overall stress–strain response of near-single-crystal SBS
films under uniaxial tension. These comparisons have revealed a rich range of behaviors for these materials. When loaded
in tension along the layer direction, the model shows that the stiffer PS layers in the material yield plastically. In the
experiments, this phenomenon is followed by failure of the PS layers and the opening of gaps in the material, which is
manifested macroscopically by necking in the damaged region. For the other two loadings considered (tension
perpendicular and diagonal to the layer direction), no plastic deformation was observed, but the elastic response of the
material was found to be very different. Thus, when loaded perpendicular to the layer direction, the stiff layers in the grains
tend to undergo rapid rotations (in opposite directions) leading to the development of a macroscopic (elastic) instability
that have been found to be consistent with the formation of ‘‘chevron’’ patterns in experimental results (see, e.g., Cohen et
al., 2000) for these materials. On the other hand, when loaded in tension at 45� with respect to the layer direction, the stiff
layers in the grains undergo slow rotations (in the same direction), and the material remains macroscopically stable for all
deformations. In conclusion, the possible rotation of the layers has been found to play a crucial role in determining the
overall response of the oriented TPEs by providing a geometric softening (or stiffening) mechanism, which can tend to
destabilize (or stabilize) the macroscopic response of the material, depending rather sensitively on how the material is
loaded.

According to the proposed constitutive model, the possible development of ‘‘chevron’’ patterns for loadings involving
compression along the layers is due mainly to the combination of two factors: the existence of (slightly) different
lamination directions in the material, and the high heterogeneity contrast between the ‘‘hard’’ and ‘‘soft’’ blocks forming
the lamellar nanostructures. In this regard, it should be mentioned that other investigators (Read et al., 1999;
Tzianetopoulou and Boyce, 2004) have simulated (with FEM) the development of ‘‘chevron’’ patterns by considering
oriented TPEs as laminates—made up of alternating ‘‘hard’’ and ‘‘soft’’ layers—perturbed with a low-amplitude sinusoidal
undulation. This approach is actually not so different from the approach presented in this work. Indeed, the introduction of
a low-amplitude waviness also allows these models to account for having a distribution of slightly different lamination
directions in the material—which is the essential feature for the formation of ‘‘chevron’’ patterns. However, the approach
presented in this paper has the advantage that it can be easily generalized to account for more general distributions of layer
orientations in the constituent grains, such as would be present in ‘‘unoriented’’ samples. In fact, the model is general
enough to handle variations in the initial ‘‘texture’’ of the sample. This issue is currently being investigated and will be
reported elsewhere.
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Appendix A. Asymptotic analysis for dQ ! 0

In this appendix, we present a brief outline of the asymptotic analysis corresponding to the limit of small heterogeneity
contrast of the tangent second-order estimate (9) for granular materials made up of two crystal orientations.

We start by assuming that the principal unknown, Fð1Þ, in the effective stored-energy function (9) admits the following
regular asymptotic expansion in the limit as dQ ! 0:

Fð1Þ ¼ Fþ Að1ÞdQ þ Að2Þ½dQ ; dQ � þ OðdQ 3
Þ, (35)

where Að1Þ and Að2Þ are, respectively, constant fourth- and sixth-order tensors to be determined from the asymptotic
analysis that follows. Note that the leading order term in Eq. (35) is given by the macroscopic deformation gradient F, as
suggested by the absence of heterogeneity. Note also that the notation Að2Þ½dQ ; dQ � ¼ Að2ÞijklmndQkldQmn has been utilized in
Eq. (35) for convenience.
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Having introduced the expansion for Fð1Þ, it is now a simple matter to obtain the corresponding asymptotic expression
for Fð2Þ with the help of relation (13). The result is

Fð2Þ ¼ F�
cð1Þ0

cð2Þ0

Að1ÞdQ �
cð1Þ0

cð2Þ0

Að2Þ½dQ ; dQ � þ OðdQ 3
Þ. (36)

For later use, it is helpful to spell out the asymptotic expansions for the stored-energy functions W ð1Þ
ðFð1ÞÞ and W ð2Þ

ðFð2ÞÞ,
which are needed in the computation of estimate (9). Thus, by making use of relation (35), we have that in the limit as
dQ ! 0:

W ð1Þ
ðFð1ÞÞ ¼W ð1Þ

ðFÞ þSð1Þ
ðFÞ � Að1ÞdQ þSð1Þ

ðFÞ � Að2Þ½dQ ; dQ � þ 1
2Að1ÞdQ �Lð1Þ

ðFÞAð1ÞdQ þ OðdQ 3
Þ. (37)

Further, by making use of Eq. (36) together with relation (14) we have that

W ð2Þ
ðFð2ÞÞ ¼W ð1Þ

ðFÞ �
cð1Þ0

cð2Þ0

Sð1Þ
ðFÞ � Að1ÞdQ þSð1Þ

ðFÞ � FdQ þ
cð1Þ0

cð2Þ0

Sð1Þ
ðFÞ � Að2Þ½dQ ; dQ � þ

ðcð1Þ0 Þ
2

2ðcð2Þ0 Þ
2

Að1ÞdQ �Lð1Þ
ðFÞAð1ÞdQ

�
cð1Þ0

cð2Þ0

Sð1Þ
ðFÞ � Að1ÞdQdQ �

cð1Þ0

cð2Þ0

Lð1Þ
ðFÞAð1ÞdQ � FdQ þ

1

2
FdQ �Lð1Þ

ðFÞFdQ þ OðdQ 3
Þ. (38)

In addition, it proves useful to write down the asymptotic expansions for the corresponding stresses Sð1Þ
ðFð1ÞÞ and

Sð2Þ
ðFð2ÞÞ, which are also needed in the computation of Eq. (9). The results read as follows:

Sð1Þ
ðFð1ÞÞ ¼Sð1Þ

ðFÞ þLð1Þ
ðFÞAð1ÞdQ þ OðdQ 2

Þ (39)

and

Sð2Þ
ðFð2ÞÞ ¼Sð1Þ

ðFÞ þSð1Þ
ðFÞdQ T

�
cð1Þ0

cð2Þ0

Lð1Þ
ðFÞAð1ÞdQ þLð1Þ

ðFÞFdQ þ OðdQ 2
Þ. (40)

At this stage, with the aid of expressions (35)–(40), it is straightforward to compute the asymptotic expansion for the
effective stored-energy function (9) in the limit as dQ ! 0. The result reads as follows:

bWðFÞ ¼W ð1Þ
ðFÞ þ cð2Þ0 Sð1Þ

ðFÞ � ðFdQ Þ þ
cð2Þ0

2
FdQ �Lð1Þ

ðFÞFdQ �
cð1Þ0

2
½Sð1Þ

ðFÞdQ T
þLð1Þ

ðFÞFdQ � � Að1ÞdQ þ OðdQ 3
Þ. (41)

Note that to second order in dQ expression (41) depends on the linear correcting term Að1Þ, which is computed next.
In order to determine Að1Þ, we turn our attention to Eq. (12). In particular, we substitute relations (35) and (36) in

Eq. (12) and subsequently expand in dQ to generate a hierarchical system of equations for the unknown tensorial
coefficients introduced in (35): Að1Þ, Að2Þ, as well as for higher-order correcting terms. The first non-trivial equation, of order
dQ , can be shown to yield the following relation for Að1Þ:

Að1ÞdQ ¼ cð2Þ0 P½Sð1Þ
ðFÞdQ T

þLð1Þ
ðFÞFdQ �, (42)

where the microstructural tensor P is given by expression (44) in the main body of the text. The following hierarchical
equations—which serve to determine Að2Þ and the higher-order correcting terms—will not be included here, since they are
not relevant for our purposes.

Having determined relation (42), it is now a simple matter to establish that—to second order in dQ —the tangent second-
order estimate (9) for the effective stored-energy function of granular materials made up of two crystal orientations is
given by

bWðFÞ ¼W ð1Þ
ðFÞ þ cð2Þ0 Sð1Þ

ðFÞ � ðFdQ Þ þ
cð2Þ0

2
FdQ �Lð1Þ

ðFÞFdQ

�
cð1Þ0 cð2Þ0

2
½Sð1Þ

ðFÞdQ T
þLð1Þ

ðFÞFdQ � � P½Sð1Þ
ðFÞdQ T

þLð1Þ
ðFÞFdQ � þ OðdQ 3

Þ, (43)

where the microstructural tensor P is given (in component form) by

Pijkl ¼
1

4pdet Z0

Z
knk¼1

ðLð1ÞipkqðFÞxpxqÞ
�1xjxl

kZ�1
0 nk3

dS. (44)

Note from Eq. (43) that to order 1 the effective behavior of the composite reduces to that of the homogeneous SC, as
expected. Moreover, to order dQ , the effective stored-energy function (43) coincides identically with the Voigt bound
(Ogden, 1978): bWVoigtðFÞ ¼ cð1Þ0 W ð1Þ

ðFÞ þ cð2Þ0 W ð2Þ
ðFÞ ¼ cð1Þ0 W ð1Þ

ðFÞ þ cð2Þ0 W ð1Þ
ðFþ FdQ Þ ¼ cð1Þ0 W ð1Þ

ðFÞ þ cð2Þ0 ðW
ð1Þ
ðFÞ þSð1Þ

ðFÞ �
ðFdQ Þ þOðdQ 2

ÞÞ, also as expected. In this regard, it is important to recall that the Voigt bound depends only on the
initial volume fraction of the phases (or one-point statistics), cð1Þ0 and cð2Þ0 , and contains no dependence on higher-order
statistical information about the initial microstructure. On the other hand, to order dQ 2, the exact asymptotic expression
(43) is seen to depend on the microstructural tensor (44), which accounts for two-point statistics.
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For completeness, it is also noted that in the limit as dQ ! 0 the average deformation gradients in the phases of the
granular composite simplify to

Fð1Þ ¼ Fþ cð2Þ0 P½Sð1Þ
ðFÞdQ T

þLð1Þ
ðFÞFdQ � þ OðdQ 2

Þ, (45)

Fð2Þ ¼ F� cð1Þ0 P½Sð1Þ
ðFÞdQ T

þLð1Þ
ðFÞFdQ � þ OðdQ 2

Þ, (46)

which are exact to order dQ.
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Lopez-Pamies, O., Ponte Castañeda, P., 2006b. On the overall behavior, microstructure evolution, and macroscopic stability in reinforced rubbers at large

deformations. II—Application to cylindrical fibers. J. Mech. Phys. Solids 54, 831–863.
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