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This paper presents an analytical framework to construct approximate homogenization
solutions for the macroscopic elastic dielectric response — under finite deformations and
finite electric fields — of dielectric elastomer composites with two-phase isotropic par-
ticulate microstructures. The central idea consists in employing the homogenization so-
lution derived in Part I of this work for ideal elastic dielectric composites within the
context of a nonlinear comparison medium method — this is derived as an extension of
the comparison medium method of Lopez-Pamies et al. (2013) in nonlinear elastostatics to
the coupled realm of nonlinear electroelastostatics — to generate in turn a corresponding
solution for composite materials with non-ideal elastic dielectric constituents. Com-
plementary to this analytical framework, a hybrid finite-element formulation to construct
homogenization solutions numerically (in three dimensions) is also presented.

The proposed analytical framework is utilized to work out a general approximate
homogenization solution for non-Gaussian dielectric elastomers filled with nonlinear
elastic dielectric particles that may exhibit polarization saturation. The solution applies to
arbitrary (non-percolative) isotropic distributions of filler particles. By construction, it is
exact in the limit of small deformations and moderate electric fields. For finite deforma-
tions and finite electric fields, its accuracy is demonstrated by means of direct compar-
isons with finite-element solutions. Aimed at gaining physical insight into the extreme
enhancement in electrostriction properties displayed by emerging dielectric elastomer
composites, various cases wherein the filler particles are of poly- and mono-disperse sizes
and exhibit different types of elastic dielectric behavior are discussed in detail. Contrary to
an initial conjecture in the literature, it is found (inter alia) that the isotropic addition of a
small volume fraction of stiff (semi-)conducting/high-permittivity particles to dielectric
elastomers does not lead to the extreme electrostriction enhancements observed in ex-
periments. It is posited that such extreme enhancements are the manifestation of inter-
phasial phenomena.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction and main analytical result

In Part I of this work (Lefévre and Lopez-Pamies, 2016), we determined a general approximate homogenization solution
for the macroscopic elastic dielectric response of Gaussian dielectric elastomers filled with any type of non-percolative
isotropic distribution of ideal elastic dielectric particles. In this Part II of the work, we make use of this fundamental result as
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a building block to construct in turn a general approximate analytical solution for the macroscopic response of isotropic
dielectric elastomer composites with non-ideal elastic dielectric constituents. This is accomplished by means of a nonlinear
comparison medium method.

We recall that comparison medium methods are analytical techniques that allow one to construct variational approx-
imations for the macroscopic properties of a given composite material in terms of the macroscopic properties of another
material. The latter is referred to as the comparison medium. The central defining idea of these methods can be traced back’
to the pioneering work of Talbot and Willis (1985) who laid out a complete comparison medium formalism — where the
comparison medium is of arbitrary choice, possibly nonlinear and heterogeneous — for properties characterized by convex
potentials of a single field. By introducing suitable partial Legendre transforms, Lopez-Pamies et al. (2013) extended the
general formalism of Talbot and Willis (1985) to nonlinear properties characterized by the class of non-convex potentials
that are inherent to nonlinear elasticity. In this paper, we work out an extension of the comparison medium method of
Lopez-Pamies et al. (2013) to the coupled realm of nonlinear electroelastostatics, where the properties of interest are
characterized by non-convex potentials that are functions of two (one mechanical and one electrical) fields. With suitably
selected ideal elastic dielectric composites as choices for the comparison medium, we then employ this new formulation to
construct a general approximate homogenization solution for the macroscopic elastic dielectric response of non-Gaussian
dielectric elastomers filled with nonlinear elastic dielectric particles that may exhibit polarization saturation. The solution is
valid for any non-percolative two-phase isotropic particulate microstructure of choice. Aimed at scrutinizing experimental
results for emerging dielectric elastomer composites, we work out and discuss in detail its specialization to two specific
types of microstructures: (i) an isotropic iterative microstructure wherein the particles are infinitely polydisperse in size and
(ii) an isotropic distribution of monodisperse spherical particles.

Complementary to the analytical approach outlined above, we also present in this paper a hybrid finite-element (FE)
formulation to construct homogenization solutions numerically for the macroscopic elastic dielectric response of isotropic
dielectric elastomer composites. These are viewed as infinite periodic media where their defining repeated unit cells contain
a large but finite number of particles that are randomly distributed (as dictated by a sequential adsorption algorithm) so as
to approximate their isotropy. The independent variables in the conforming hybrid FE formulation that we adopt are taken
as the displacement field, the electric potential, and a pressure field which allow for the analysis of the incompressible
behaviors of the matrix and filler particles of interest in this work. The nonlinear algebraic equations that result from the FE
discretization are solved by means of an arc-length method in order to be able to carry calculations passed the electro-
mechanical limit loads inherent to nonlinear electroelastostatics. Also in complement to the analytical results to be worked
out from the comparison medium method, we work out and discuss in detail FE solutions for two types of microstructures:
(i) an isotropic distribution of polydisperse spherical particles of a finite number of different sizes and (ii) an isotropic
distribution of monodisperse spherical particles.

The presentation of the work is organized as follows. Section 2 introduces some basic notation and formulates the
problem that defines the macroscopic response of non-Gaussian dielectric elastomers, filled with an arbitrary isotropic
distribution of nonlinear elastic dielectric particles, under finite deformations and finite electric fields. Section 3 presents the
comparison medium method for nonlinear electroelastostatics in its general form. Its application to the class of dielectric
elastomer composites described in Section 2, which constitutes the main analytical result of this paper, is presented in
Section 4. For convenience, we record this main result here:

The macroscopic elastic dielectric response of a non-Gaussian dielectric elastomer with (incompressible) free-energy function
Wi = ¥ (L)) — l£[2, filled with any type of isotropic distribution of nonlinear elastic dielectric particles with (incompressible) free-
energy function W, = u,[2[] - 3] - SdE) at volume fraction c, is characterized by the (incompressible) effective free-energy
function

(
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where I = FF, I} = EE, I_SE —F'EF 'E are isotropic invariants of the macroscopic deformation gradient F and macroscopic
Lagrangian electric field E,
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and fiy, &, My, are microstructure-dependent coefficients that are defined in terms of the solutions of two uncoupled linear pdes
(given by expressions (49) below), while the variables uo and e, are implicitly defined as the solution of the following system of
two nonlinear algebraic equations:

/ €0,
Filug: c0,) = ¥' () = 22 =0, Falug, e05) = ST = =2 = 0.

Sections 4.1 and 4.2 report the specialization of the proposed solution to the infinitely polydisperse and the

! The interested reader is referred to Lopez-Pamies et al. (2013) for a discussion of the historical development of comparison medium methods and
further references on this topic.
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monodisperse microstructures mentioned above. Section 5 presents the FE formulation. Section 6 provides sample results
determined from the analytical approximate solution derived in Section 4 together with comparisons to FE solutions. Finally,
Section 7 confronts the theoretical constitutive results derived in this work to experimental data and records some con-
cluding remarks.

2. The problem

The general problem to be addressed is that of determining the macroscopic elastic dielectric response of a dielectric
elastomer, filled with an isotropic distribution of particles firmly bonded across interfaces, that is subjected to arbitrarily
large deformations and electric fields. The sizes of the particles are taken to be much smaller than the macroscopic size. The
constitutive behaviors of the dielectric elastomer and filler particles are characterized by “total” free-energy functions Wy,
and W, of the deformation gradient F and Lagrangian electric field E so that the Lagrangian pointwise (or local) constitutive
relation for the dielectric elastomer composite is formally given by

S=M(X,F,E) and D= —M(X,F,E)
F oE

0 M

with
WX, F, E) = [1 — 6(X)]Win (F, E) + 0X)W, (F, E). )

Here, S and D denote the first Piola-Kirchhoff stress tensor and Lagrangian electric displacement field, while 6 is the in-
dicator function of the spatial regions occupied collectively by the particles, taking the value of 1 if the position vector X lies
in a particle and zero otherwise.

The dielectric elastomer composite is considered to occupy a domain £, with boundary 02, in its undeformed stress-free
polarization-free configuration and, for convenience, units of length are chosen so that £ has unit volume. The macroscopic
response of the material is defined as the relation between the averages of the first Piola-Kirchhoff stress S and the de-
formation gradient F over the volume 2 under affine displacement and electric potential boundary conditions: x = FX and
@ = — E-X on o, where the second-order tensor F and vector E are prescribed quantities. In this case, it follows from the
divergence theorem that fg F(X)dX = F and /Q E(X)dX = E, and hence the derivation of the macroscopic response reduces
to finding the average stress § = f! , S(X)dX and average electric displacement D= /ﬁ , DX)dX for given F and E. The result

reads formally as (Lopez-Pamies, 2014)

- oW, = = _ oW~ —

S=—(EE ¢) and D= - ﬁ(F, E c) 3)
with

W(F.E ) =minmax [ W(X,F,E)X. @

In these last expressions, W corresponds physically to the total electroelastic free energy (per unit undeformed volume) of
the composite, ¢ = fg 0(X)dX is the initial volume fraction or concentration of particles, and K, & denote sufficiently large
sets of admissible deformation gradients F and curl-free electric fields E consistent with the applied affine boundary

conditions.
The F and D formulation: At several passages in the sequel, it will prove useful to treat the local and macroscopic electric

displacement fields D and D as the independent local and macroscopic electric variables instead of the electric fields E and E.
Among several possibilities, this can be readily accomplished with help of suitable partial Legendre transforms. Indeed, for
the case of interest here when W (X, F, E) is concave in E, the partial Legendre transform
W*X,F, D) =sup{D-E+ WX, F,E)},
E )
which physically corresponds to the local Helmholtz free energy, allows us to write formally the local constitutive relation
for the dielectric elastomer composite in the form

% 3k
W X FED and E=Y X F D),

S
oF oD (6)

where now D plays the role of independent electric variable. Similarly, for the case when W (F, E, ¢) is concave in E, the
partial Legendre transform

W*E,D,c)=sup{DE+WGEE,c
( ) Ep{ ( )} o

allows us to write formally the macroscopic constitutive relation for the dielectric elastomer composite in the form



V. Lefévre, O. Lopez-Pamies / J. Mech. Phys. Solids 99 (2017) 438-470 441

— ok
s W - o = oW = =
S= a—l_:(F, D,c) and E= 0—5(1{ D, ¢)
with D now as the independent macroscopic electric variable.
For later reference, we note that the effective Helmholtz free energy W™ defined by the partial Legendre transform (7)

can be computed directly from the minimization of the local Helmholtz free energy (5):

®)

ok = = . . s
W"(F.D, ) = minmin [ W*(X, F, D)X,

FekX DeD

©

Here, it is recalled that K stands for a sufficiently large set of admissible deformation gradients F consistent with affine
boundary conditions and, similarly, © denotes a sufficiently large set of divergence-free electric displacement fields D also
consistent with affine boundary conditions.

2.1. Non-Gaussian dielectric elastomers isotropically filled with nonlinear elastic dielectric particles

The object of this paper is to generate solutions for the effective free energy W defined by the variational problem (4) for
the practically relevant case of dielectric elastomer composites wherein the distribution of filler particles is isotropic, the
elastomeric matrix is non-Gaussian, and the particles are nonlinear elastic dielectrics whose polarization may possibly
saturate.

Non-Gaussian dielectric elastomers: In particular, we consider in this work elastomeric matrix materials characterized by
free-energy functions of the form

¥ - SIE if detF =1
W, (F. E) = (h) >l
+ o otherwise, 10)

where I, = F-F, IE = FTE-F'E, ¥ is any non-negative function of choice (suitably well-behaved) satisfying the linearization
conditions
) H
¥3)=0 and ‘P(3)—§ an
with x and e denoting the initial shear modulus and the initial permittivity of the material; throughout this paper, we make
use of the convention y’(x) = dy(x)/dx to denote the derivative of functions of a single scalar variable. We recall that basic
physical considerations dictate that x > 0 and > &5, Where &y ~ 8.85 x 1072 F/m stands for the permittivity of vacuum.
We remark that free-energy functions of the form (10) have been shown to describe reasonably well the response of a
broad variety of dielectric elastomers over wide ranges of deformations and electric fields (see, e.g., Wissler, 2007; Lopez-
Pamies, 2010). While analytical results will be worked out in Section 4 for arbitrary choices of the function ¥, in Section 6
sample numerical results will be presented in particular for the choice
1 —aq 1—a2

3 3
() = I - 3
(1) 2&1 /4][1 ] + Zaz

a a
Hy 172 — 3721, 12)
In this expression, p1, u2, a1, ay are real-valued material parameters that may be associated with the non-Gaussian statistical
distribution of the underlying polymer chains. In addition to its mathematical simplicity and physical meaning of its
parameters, we choose this class of functions because of its rich functional form and demonstrated descriptive and pre-
dictive capabilities (Lopez-Pamies, 2010).

For later use, we note that the partial Legendre transform (5) corresponding to the local free-energy function (10) is
simply given by

15 . ~
Wi (F, D) = sup{DE + Wn(F,E)} = ¥+ 515 if detF =1
E

+ o otherwise, 13)

where 2 = FD-FD.
Nonlinear elastic dielectric particles: On the other hand, we consider the elastic dielectric behavior of the filler particles to
be characterized by free-energy functions of the form

Hp oo ar gy _
W, (F, E) = 2[11 3] - 8ds) ifdetF=1

+ o0 otherwise, 14)

where, again, I; = FF, If = FTE-FE, #p Stands for the initial shear modulus of the particles, and S is any function of choice
satisfying the linearization conditions
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- ’ — Sp
S0)=0 and S'0) = 5 (15)

with ¢, denoting the initial permittivity of the particles, and the convexity conditions
S'IEy>0 and S'dE) +2IES8"UE) > 0. (16)

The inequalities (16) on the function S ensure that the free energy (14) is, much like (10), concave in E.

Free-energy functions of the form (14) are general enough to adequately model the elastic dielectric responses over wide
ranges of deformations and electric fields of hard polymers such as polyaniline (PANI) and copper phthalocyanine oligomers
(O-CuPc), ceramics such as titania (TiO,), and liquids such as Galinstan, which have been utilized/suggested as filler particles
in experimental investigations (see, e.g., Li et al., 2004; Huang et al., 2005; Liu et al.,, 2013; Fassler and Majidi, 2015). We
emphasize in particular that free-energy functions of the form (14) are general enough to model (albeit ignoring dissipative
effects) polarization saturation phenomena typical, for instance, of ferroelectric ceramics at large electric fields. In this case,
noting that the polarization p (per unit deformed volume) implied by (14) is given by the expression

W,

- 2>
P OE

—T ’ —T
(F,E) — eoF 'E = [25 £y - go]F E, a7

in addition to the linearization and convexity conditions (15)-(16), it must be required that

S(IE) = LI S 0(1/@)

2 2 i (18)
in the limit as If - . In this last expression, the positive material constant ps characterizes the magnitude of the saturated
polarization. While analytical results will be worked out in Section 4 for any function S of choice, in Section 6 sample
numerical results will be presented in particular for the classical polarization-saturation model due to Debye (Langevin,
1905; Debye, 1929):

2 _ £ ~ -
S(ISE) =20+ B ln[sinh[ 3@ 80)@]] - m[ 3 eo)ﬂ] .
S

2 3(8]) - 50) D ps

19)
Also for later use, we note that the partial Legendre transform (5) corresponding to the local free-energy function (14) is

given by

Hp oDy
P — I f F=1
W3, D) = sup| DE + Wy(F, B)} = 2 " 31+ 8745 if det

E

+ o otherwise, (20)

where, again, I? = FD-FD and S*(I?) = I?/28'z" ' (1)) — Sz”'(1?)) with z~ " denoting the inverse of the function z defined by
Z(x) = 4x(S'(x))*. Given the properties (15)-(16) of the function S, it follows that

, 1
S*0)=0, S*0)=—,
O ) 26 21
and
S*aP) >0, S¥UP) + 2128 (1P) > 0, (22)

the latter of which implies that the free-energy function (20) is convex in D, in agreement with its very definition.

The macroscopic response: Owing to the assumed isotropy of the microstructure and the constitutive isotropy and in-
compressibility of the matrix material (10) and filler particles (14), the resulting macroscopic elastic dielectric response is
isotropic and incompressible. This implies that the effective free-energy function (4) in this case only depends on the
macroscopic deformation gradient F and macroscopic Lagrangian electric field E through five invariants and becomes un-
bounded for non-isochoric deformations when det F # 1. Consistent with the variables employed in Part I, with a slight
abuse of notation, we write

WEE o {v—va}, LILE I o ifdetF=1
+ otherwise (23)

in terms of the five standard invariants

L=FF, L=F'F' I=EE FE=F'EF'E I=FF'EFF'E 24)

Similarly, we write the partial Legendre transform (7) of the effective free-energy function (23) as
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W'E.D. o {W* (B I2 12 12 0) if detF=1
+ o0 otherwise (25)

in terms of the five standard invariants (24);, and

i’-pD, I’-FDFD, I2=FFD.FFD. 26)

3. A nonlinear comparison medium method in nonlinear electroelastostatics

In this section, we put forth a comparison medium method that allows us to generate variational approximations for the
effective free-energy function W of a given two-phase elastic dielectric composite, as defined by the variational problem (4),
in terms of the effective free-energy function, Wj say, of another elastic dielectric composite (possibly comprising finitely or
infinitely many phases). For clarity of exposition, the method is presented in its general form. Its specialization to the non-
Gaussian dielectric elastomers isotropically filled with nonlinear elastic dielectric particles of interest in this work will be
presented in Section 4.

As will become apparent below, contrary to the minimax nature of the variational problem (4) defining W, the overall
minimum nature of the variational problem (9) defining W* shall prove gainful in our strategy. We thus begin by con-
sidering an elastic dielectric composite characterized locally by the (possibly compressible and anisotropic) two-phase
Helmholtz free-energy function W*(X, F, D) = [1 — 0(X)|W} (F, D) + 6 (X)W} (F, D), where the indicator function 6 is the
same as in (2). Following Lopez-Pamies et al. (2013), we consider as well an arbitrary comparison medium with pointwise
free energy Wg (X, F, D), introduce the functions f=f(X, F, J, D) and f; = f;(X, F, ], D) such that

fX,F,J,D) = W*X, F, D) = [1 - 6X)IW}(F, D) + 9(X)W3(F, D) when ] = detF Q7)
and

foX,F, ], D)= W§(X,F,D) when J = detF, 28)
and define the Legendre transform

F-f)X P,Q,R = sup[FP +JQ+DR-fXFJ, D)+ f,X, FJ D]l
FJ.D (29)

Now, for any P, Q, and R it follows from (29) that
fXFL,D)>f,X FJ]D+FP+]JQ+DR- (f—fo)*(X, P,Q,R 30

and therefore that

W*(F, D, c) > min min f [fyX, F, ], D) + F-P + JQ + D-RdX — f ¢ - f,)"X, P, Q, RydX,
Q Q

FeX DeD

3D

where ] = det F here and henceforth. We recall that the minima sought in the right-hand side of (31) are over the sets K and
D of admissible deformation gradients F(X) with prescribed volume average F and of admissible divergence-free electric
displacement fields D(X) with volume average D. A well-known property of minima of sums yields the further inequality
W*(F, D, ¢) > W, D) + min [ FPdX + mi X + min [ D-RdX - - f(X, P, Q, RdX
(F.D.)> Wi (k. D)+ min | FPAX-+ min /. JQdX + min | DRAX — [/~ fo)'X.P. Q. R, @
where the notation W, has been introduced to denote the effective free-energy function of the comparison medium with
local free energy fy (X, F, J, D) = W§ (X, F, D):
Vil ol » . .
W (F, D) = min min f!2 fy X, F, ], D)dX. @3
The second, third, and fourth terms in the right-hand side of (32) are bounded from below provided that P is a divergence-
free field, Q is a constant, and R is a curl-free field. For simplicity, we select all these fields to be constant and denote them by

P=P,Q=Q, and R = R. After a standard calculation, this simplifying prescription gives

e = e = = o = =~ =
W'(F,D,c)> W, (F,D)+FP+]Q +DR - fg f - fo)"X, P, Q, RydX, (34)
where the definition J = det F has been employed.

The inequality (34) is valid for any choice of constant fields P, Q, and R, as well as for any choice of local free-energy
function f; (X, F, J, D) describing the microstructure and local elastic dielectric behavior of the comparison medium. Opti-
mizing with respect to P, Q, and R yields
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W*(F, D, c) > Wi F, D) + _sgp_{ FP+JQ+DR- [ (- X P.Q, R)dx} - W (F, D)

P,Q.R
+( fn - fo)*dx)*(F,]_, D). 35)

Optimizing in turn with respect to f, leads formally to

*
W*(E,D, c) > sup{wg‘w, D) + (/ (f_fo)*dx) F7, D)}.
fo f (36)

3.1. A partially optimized explicit formulation

The computation of the optimized bound (36) involves two technical difficulties. The first one is that the function (f - f;)*
may exhibit corners, and hence the computation of the Legendre transform of its average in (36) may require the use of
subgradients as opposed to standard differentiation; this is a difficulty that already appears in the classical context of convex
energies of a single field (see, e.g., Willis, 1991). The second and more severe technical obstacle is that the supremum
operation in (36) involves the optimization with respect to the microstructure of the comparison medium (in addition, as
well, to the optimization with respect to its constitutive elastic dielectric behavior). Such an optimization requires the
computation of complicated integrals involving the product of different indicator functions — the indicator function 4 (X)
associated with fand the indicator function, 6y (X) say, associated with fo — in the second term of the right-hand side of (36).
In this work, in the interest of analytical tractability, we shall be content with employing a partially optimized version of the
result (34) — and not the fully optimized bound (36) — which avoids the two above-mentioned technical difficulties
altogether.

Thus, in order to avoid the use of subgradients we set P =0, Q = 0, and R = 0 so that, upon recognizing the string of
equalities

fF-f)X,0,0,0)=sup[ - fX,A, a,B)+fX,A aB]= - gnfs[f(x, A a,B) - fyX, A a,B)],
.,

AaB 37

relation (34) reduces to

vl IR = Vel I oY .
W*(F, D, c) > W, F, D) + fQATJf;[f(X, A a,B) - f,(X, A a, B)ldX. a8)

Further, in order to avoid the computation of complicated integrals in (38) we restrict attention to comparison media with
the same microstructure as the actual elastic dielectric composite, namely,

fO (x' Fv ]v D) = [1 - 9(X>]f0m (Fv ,]v D) + e(x)fop (Fv]v D), (39)

where the indicator function 6 is the same as in (2). With this choice, relation (38) leads? to the following lower bound for
-

w:

vadd Vil ol 2 : ;
W' (F,D,c) > Wy'(F, D)+ (1 - C),i,r},fg[fm (A a,B)-f, (A aB)]+ C,{E.f;[fP(A' a,B) - fo, A, a,B)], 40)
where, in analogy with (27), we have made use of the notation f, (F, J, D) = W (F, D) and f, (F, J, D) = W (F, D). Moreover,
the symmetry of relation (38) in the pairs (V_V*, f) and (W, fo) implies as well the following upper bound:

W*(F, D,c)<WyF D)+ (1 -c)suplf, (A, a,B) - f, (A a,B)+c suplf, (A, a, B) - f, (A, a, B)].
A,a,B

AaB 41

Note that the lower bound (40) is non-trivial provided that f,, — f, > - oo and f;, - fOp > — oo, While the upper bound (41) is
non-trivial provided that f, - fo . < o and f, —fOD < c0. Combining the inequalities (40) and (41) leads to the following
approximate solution for the effective free-energy function (9):

2 An alternative direct derivation of the formula (40) follows from a straightforward extension of the derivation of Willis (see, e.g., equation (3.3) in
Willis, 1991; see also deBotton and Shmuel, 2010) of the bound of Ponte Castaiieda (1991) in the context of convex energies of a single field:
W* = mingeg minDE@/Q[wg W - wg)]dx >Wo+ f, min(W* - Wg)dX.
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ok = = .
WoF, D)+ (1- C)R”lal‘g[fm (A, a,B) —fom (A, a, B)] : fn _fom > -
fp —fop > — o

+C Et]z?l?[fp A, a,B) —fOp (A, a, B)]

S
/‘f
i
=]
Na
Il

fp _fOp < o,

e
WoE D)+ (1 -cmaxify, A a.B) - fo, @A a B)] : { o = o, < 00
+c mﬂi([fp (A, a,B) - fo (A, a,B)] 42)

where the equality in this last expression has been used in the sense of a variational approximation. The result (42) is valid
for any choice of free-energy functions f, and fOp describing the elastic dielectric behaviors of the matrix and filler particles
in the comparison medium. Optimizing (42) with respect to these free energies leads formally to

fom-fop 1

sup {Wo FD+ (1- C)Klaig[fm (A, a,B) - fo, (A a, B)] NS = for > —
fp —fop > —

+e minif, A, a.B) - f;, (A 0. B }

fom.fop

. 7k s o
inf {WO FED+ (1- c)rﬁ{}%[fm(A. a, B) - fo,. (A, a, B)] ~f{fm —fy, <
1

+c max|[f, (A, a, B) - fo (A, q, B)]}
AaB P 43)

Expression (43) constitutes the main result of this section: it provides a variational approximation for the effective free-
energy function (9) of a two-phase elastic dielectric composite with local free energy (27) in terms of the effective free-
energy function (33) of another two-phase elastic dielectric composite with local free energy (39). For the case when the
effective Helmholtz free-energy function W" resulting from (43) is convex in D, the corresponding effective free-energy
function W in terms of F and E can be expediently computed via the following partial Legendre transform:

- o —

WEF E )= —supiDE-W (F,D,¢);.

(F.E c)= - sup F.D, 0} s

It is plain that the usefulness of the variational approximation (43) — or more generally (42) — hinges upon having
knowledge of the effective free-energy function W, for the comparison medium. While there have been no prior results
available heretofore, we now have at our disposal the results for ideal elastic dielectric composites worked out in Part I.

4. Application to non-Gaussian dielectric elastomers isotropically filled with nonlinear elastic dielectric particles

In the sequel, we make use of the ideal elastic dielectric composites considered in Part [ as choices for the comparison
medium in the formulation (43)-(44) in order to construct an approximate homogenization solution for the effective free
energy (4) of non-Gaussian dielectric elastomers, characterized by free-energy functions of the form (10), isotropically filled
with nonlinear elastic dielectric particles characterized by free-energy functions of the form (14).

We begin by setting

W(11)+2i15? ifj=1 %[1]—3]+3*(159) ifj=1
€

fu(F.J, D) = f(F ], D)=
+ o0 otherwise, + otherwise, (45)
and
Ho 1 D : ”Op 1 D :
—|L-3]|+ 12 if]=1 —|h-3|+—15 if]j=1
fon 0Dy =] 2 L1731 g i fy,F.J, D) = 2 =31 50,0
+ o otherwise, + o otherwise. (46)

Upon substitution of these expressions in the general variational approximation (43), it is not difficult to deduce that the
optimal comparison medium is such that ¢, = ¢, Ho, = Hp and, moreover, that
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max {W(;‘(F D) + (1 — omin[¥ (%) - 2251 - 3)]
H0,€0p N 2 ] {Y’(Jl)—ﬂoﬁ/z>—oo
28* - : -
+¢ min[S*(Js) — Lffs]} S™(J5) — Tsleo, > — o0
N3 280p

W'(F.D ifJ =1
W (F,D, c) = . L e

min { Wy (F, D) + (1 - oomax([¥ (J1) — = (J1 — 3)]

H0,£0p Nj 2 ) {lp(ﬁ)_llomlz <o

28* -
+¢ max[S*(Js) — L%]} S(Js) — Tsleo, <
J5 2¢q,

e otherwise  (47)

In this result, it is worth remarking that the macroscopic incompressibility constraint J = 1 that ensues from the local
incompressibility constraint J=1 in (45)-(46) is indeed the exact constraint (within the broad context of comparison
medium methods, this is a highly non-trivial result, see, e.g., Lahellec et al., 2004, deBotton and Shmuel, 2010).

Next, we recall from Part I that the effective free-energy function (33) of an elastic dielectric composite wherein the
matrix and filler particles are characterized by the ideal elastic dielectric free energies (46) reads as

Aort I+ 321 + folhls - L,
e @[11_3]+ ~1 5 '704 folhls — I ] 7 =1
WO (F,D) = 2m1<0 1+ ,70 + ,]O 12 4 7/0]1
+ o otherwise, 48)

where the coefficient 7, = (& — fik,)/fMk, has been introduced to ease notation and the effective coefficients fi, &, iy, are
given by

o= 3 / ([1 - G(X)]ﬂo + e(x)/‘p)(](klmnfmklndx

" 1

fo=13 fg([l - H(X)]g + H(X)gop)ym'mdx’

ﬁ g L ( 1 - G(X)]g + g(x)éop)(]{ljklrm S(}(TSMVVL, kyvldx (49)

In these formulae, explicit use has been made of the optimality conditions eo,=¢ and pug, =u,
Kijw = 1/2Siksj1 + Sadjk) — 1/368;61 with 5; denoting the Kronecker delta, the notation ,; represents partial differentiation with
respect to the material point coordinate X;, and the tensor fields I' and y are defined as the solutions of the following
uncoupled linear boundary value problems:

1
|:([‘l - g(x)]ﬂo + H(X)ﬂp)qﬁjmn[‘mkl,n + Eﬁijqkl] =
J

Ink,m = 0 (50)

for Xe R, TIiy=06X forXeoR

and

[([1 —0X)]e + H(X)sop)yivj].i =0 forXe® p=X forXeaQ. 1)

Granted the result (48) for the effective free-energy function of the comparison medium, irrespectively of the growth
conditions of the functions ¥ and S*, the variational approximation (47) can be shown to reduce to

1-c¢ Hor -
A -0¥) - %m 31+ 22[h-3]
e b7 if] =1
W*(E, D, c)= c 1| 2+ 5202 + m[RIP - 12
( ) +CSI(J;5)_E‘75+2m 51 Mo !4 zlfilsNie
b Ko +'70+’702+'701
+ o0 otherwise (52)

with
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1| . Loy 1 o | 3R+ 20hEe + I -1+ L + Ty — g
J=— (11_3)—_? ~3 . ~2T ~ T
1-c¢ Oug Mg, Oug 1 +175 + figh + figh

(18 + 7217 + WMk = 1) (B + Aol + 21 + 2126 + 31 + 377

— - +3
[1+ﬁ+%b+%@ 53)
and
2 o | D, D2 o~ 77D D 2 — N
= €0, oM, I+ 1, ﬂg + 110[1115 -I5'] + €0p a4+ )amKO ~ 9%
Mg, oeo, | 1+ 73 + W2k + figh cfmz, 0" deo, e,
77D _ 1D, 9m 7D 2+ 200 + (R - I21)( T + 26,E + 372
his —Ig" + 2]y 5 +thgly +1plhis 6 1 Nol2 U
- . — ’
1T+ Aol o [1+73 + 7%+ 78] 4

where the variables yo and ¢, are defined implicitly as the solution of the following system of two nonlinear algebraic
equations:

s 1
g €0p) = V(T — 22 =0,  F3{ug, ey} =S*¥(Js) — —— =0.
Filuo €0y} (W) 2 Falug €op} = Js) 200, 55)
Having obtained the approximation (52) for the effective Helmholtz free energy of the composite, the final step of the
derlvatlon consist in computmg 1ts Legendre transform (44). After making use of the stationarity conditions
ow /ajl =W /ajs = oW /0/40 = oW /aeop = 0 and the convexity properties (22) of the function S*, the result can be written
as

1-c¢ Hor+

1 -o¥@) - %Ul 31+ 22[h-3]
o if] =1
WI(F,E, c) = Ce m m

( ) —cS(I) + %Z}; + KTEOQE — —KojE
+ o otherwise (56)
with
oy - om, - - om g0 |+ a
]1=—1 ﬂ[11—3]+—1 mKO[If—ISE]+3 and Is= LY L I +— ! mK"IS,
1 —c oy 1-c odug deq,, Oeq,, C deg, (57)

where, again, I, Tf , TSE stand for the standard (F, E)-based invariants defined by (24)134, , . MMk, are the effective elastic
dielectric coefficients of the comparison medium, as defined by relations (49) with (50)-(51), while the variables xo and ¢,
are defined implicitly as the solution of the system of two nonlinear algebraic equations
. w Ko L o €0p
Filuo €0y} =¥ (1) — 5= 0, Falug €0,} =S'(55) - 5 = 0. (58)
Expression (56) constitutes the main analytical result of this paper: it provides a variational approximation for the effective
free energy (4) of a non-Gaussian dielectric elastomer, with free-energy function (10), filled with any type of non-percolative
isotropic distribution of nonlinear elastic dielectric particles, with free-energy function (14). The following remarks are in
order.

(i) The macroscopic constitutive response. In view of the equivalence between Eqgs. (57)-(58) and the stationarity conditions
oW [o1; = oW 015 = oW |ouy = W 0o, = 0, the macroscopic electromechanical constitutive relation (3) implied by the
effective free energy (56) is given by

< = = Te =l T T

S=[70F+m1(0F E®F F E -pF , 59)
where p stands for the arbitrary hydrostatic pressure associated with the incompressibility constraint J = 1, and

— ~ = . ——1=-T=

D = (& — imgy)E + my,F F 'E. (60)

Much like the computation of the effective free energy (56) itself, the computation of the macroscopic stress (59) and
macroscopic electric displacement (60) for a given microstructure (i.e.,, a given indicator function #(X)), given
constitutive relations for the matrix and particles (i.e., given ¥ (I), &m, Hps and S(J5)), and given macroscopic deformation



448 V. Lefévre, O. Lopez-Pamies / J. Mech. Phys. Solids 99 (2017) 438-470

gradient F and macroscopic electric field E amounts to solving the uncoupled linear pdes (50)-(51) for the fields T and 7,
evaluating the integrals (49) to determine the effective coefficients f, &, ik, and solving the system of nonlinear
algebraic equation (58) for x40 and o,

The limit of small deformations and moderate electric fields. By construction, the effective free energy (56) is
asymptotically exact in the classical limit of small deformations and moderate electric fields. Indeed, in the limit when
F —» I and E — 0, the nonlinear algebraic equations (58) admit the explicit solution y, = 2%'(3) = 4 and €0, =28'(0) = ¢
to leading order, and the effective free energy (56) reduces asymptotically to (see Section 2.1 in Part I)

(ii

—

2,7[(11 -1+ B-17+ - 1)2] - i[Eﬁ +E} + Ef]
_ 2 if Ik = 1
i G- VE + G - DE] + (b - DE |
+ o0 otherwise. 61)

Here, 1, %, /3 stand for the singular values of the macroscopic deformation gradient tensor F, E;, E,, E; are the
components of the macroscopic electric field E with respect to the Lagrangian principal axes (i.e., the principal axes of

FTF) and the effective shear modulus j, effective permittivity &, and effective electrostrictive constant iy are defined by
relations (49) with (50)-(51) when evaluated at the aforementioned solution of Egs. (58), namely, u, = ¢ and o, = &p.

(iii) Independence of W on the invariants I, and I6 For finite deformations and finite electric fields, the effective free energy
(56) is in general not exact. The direct comparisons with FE simulations presented further below in Section 6 support
that it does provide, however, an accurate approximation. In this regard, we remark in particular that the effective free
energy (56) is independent of the invariants L, and TGE. The FE simulations presented in Section 6 indicate that this
distinctive functional trait is indeed exhibited by the corresponding exact solutions.

(iv) The case of ideal elastic dielectric constituents. For finite deformations and finite electric fields, the nonlinear algebraic
Egs. (58) do not generally admit explicit solutions. There are, nonetheless, a number of special cases of practical interest
for which they do. The first one that we report here corresponds to the basic case when both the matrix and the
particles are ideal elastic dielectrics, which was the focus of Part I. Namely, when

H Ey_ SpyE
Yy = 5[11 -3] and Sd5) = 515- (62)
Egs. (58) are solved by o = p and e, = ¢p. In this case, the effective free energy (56) reduces, of course, to the result
obtained in Part I:

E—E_ ml(—E—E_@—E.—_
W(F.E. )= CLH - 3]+ B - B i =1
+ o otherwise, (63)

where, as in the asymptotic result (61), the effective constants j, &, ffix are defined by relations (49) with (50)-(51) when
o = p and go, = &.

The limiting case of rigid particles: p, =+co. The majority of existing experimental investigations on dielectric elastomer
composites involve filler particles that are mechanically much stiffer than the underlying elastomeric matrix. For ex-
ample, PANI, O-CuPc, and TiO,, particles, which have been often utilized in experimental investigations (see, e.g., Li et al.,
2004; Huang et al., 2005; Liu et al., 2013), all exhibit initial shear moduli that are several orders of magnitude larger than
the shear moduli of typical dielectric elastomers, such as for instance acrylic elastomers and silicones. This prompts the
analysis of the effective free energy (56) in the limit of rigid particles when uj, =+co.

Now, for the case of rigid particles when uj, =+, the effective shear modulus f, of the comparison medium is
necessarily linear in uo, while the effective electrostrictive coefficient i, is independent of uo. More specifically, we

<

have that
iy =(1—-o0o)r() and My _ 0
Ho Ho g 64)
with
1
=— 1-0X I; X
() 51 -0) L[ o( )](Kklmn mkl,nd ) (65)

where the field I" here corresponds to the solution of the linear boundary value problem (50) for the choice of particle
shear modulus p, =+co. It follows from (64) that Eq. (58); can be solved in closed form for uo. The result reads as

Ho = ZT’(r(c)[Tl -3+ 3). In turn, the effective free energy (56) simplifies to
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My — 078 MKy .o+
Ko T F07E_ TKorE GeT _q
5l > 5 J

+ o otherwise, (66)

- Ceo
W(E.E, c) - a- c)‘[f(r(c)[ll -3]+ 3) - cS(I) + szz; +

where we recall that the variable 75 is given by expression (57),, & and ik, are the effective permittivity and
electrostrictive coefficient of the comparison medium, as defined by relations (49), and (49); with (50)-(51) for the case
when y, = 2‘1/’(r(c)[i1 -31+ 3) and p, =+co, while the variable &, is defined implicitly as the solution of the nonlinear
algebraic equation (58),.

In the absence of an electric field when E = 0, it is fitting to mention that Eq. (58), is solved by o, = &, and the effective
free-energy function (66) reduces to an earlier result of Lopez-Pamies et al. (2013) for the effective stored-energy
function of an isotropic suspension of rigid inclusions in non-Gaussian rubber (see also Section 5 of deBotton and
Shmuel, 2010):

(F.0,¢)= {“ —o¥(ro[h-3]+3) if] =1
+ oo otherwise. )

=

The limiting case of liquid-like particles: u, = 0. Recent theoretical (Lopez-Pamies, 2014; Spinelli et al, 2015) and
experimental (Fassler and Majidi, 2015) investigations have indicated that the addition of liquid-like filler particles —
that is, incompressible particles of vanishingly small shear resistance — to dielectric elastomers may have the potential
to lead to significantly enhanced elastic dielectric properties.

In the present context, liquid-like particles can be modeled by setting x, = 0. In this limiting case, much like for rigid
particles, the effective shear modulus i, of the comparison medium can be shown to depend linearly on uo, while the
effective electrostrictive coefficient i, is independent altogether of the value of 4. In particular, we have that

omy,
Ay =0 -0ol©)p, and =0
0 0 o (68)

with

l©) = m /!; [1 - e(x)]«klmnrmkl,ndxn (69)

where the field I in this last expression corresponds to the solution of the linear boundary value problem (50) for the
choice of particle shear modulus y, = 0. Given relations (68), it is a simple matter to recognize that Eq. (58); can be

solved in closed form for the variable yo. The result reads as y, = ZW’(I(C) h-31+ 3). This in turn leads to the following
simplification of the effective free energy (56):

_ _ _p My, — €0
W(EE ) = a c)&”(l(c)[ll 3]+3] cS(I) + 5B+

+ o otherwise, (70)

M,
IF - TKgE ifT =1
5 5 J

where, again, the variable J5 is given by expression (57),, & and ik, are the effective permittivity and electrostrictive
coefficient of the comparison medium, as defined by relations (49), and (49); with (50)-(51) for the case when
po = 2¥'(1(©[h - 31 + 3) and p, = 0, while the variable e, is defined implicitly by Eq. (58),.

The F and D formulation. With help of the effective Helmholtz free energy (52) and relations (8), it is straightforward to
partly invert the macroscopic constitutive relations (59)-(60) in order to rewrite them with the electric displacement
field D playing the role of electric independent variable instead of the electric field E. The result reads as

< =1 ik + 3L+ A2 - T T
S p,F - gF " - Mol +ichs i 1 62][F—WOFTF1FT]
mKo[l + '70 + 11012 + 17011]
b N (,70[75"1_:—Fﬁ@FTFﬁ—FFTFﬁ®ﬁ]+ (1 +E;70)Fﬁ®ﬁ),
mxo[l +1y + gk +f7011]

71
where we recall that 7, = (& — fMk,)/Mk, § stands for the arbitrary hydrostatic pressure associated with the
incompressibility constraint J = 1, and

1

E-= R
ko[ 1+ 7ig + 3T + floh |

[(1 + 1 JE'FD + 73D - ﬁOFTFFTFﬁ].
(72)
Material instabilities. In addition to facilitating the computation of the macroscopic electromechanical constitutive re-

sponse (71)-(72), the effective Helmholtz free-energy function (52) in terms of F and D provides the means to
conveniently determine the possible onset of two classes of material instabilities: (i) instabilities associated with
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electromechanical limit loads and (ii) microstructural instabilities of long wavelength. Section 5.2 of Part I discusses the
relevant conditions that signal the triggering of these instabilities and hence we do not repeat them here.

As already indicated above, the variational solution (56) applies to arbitrary non-percolative isotropic distributions of
filler particles. With the two-pronged objective of demonstrating its use and of facilitating comparisons with experimental
results, in the next two subsections we present the specialization of the approximation (56) to two specific types of isotropic
distributions of filler particles: (i) an isotropic iterative microstructure wherein the particles are infinitely polydisperse in
size and (ii) an isotropic distribution of monodisperse spherical particles. For conciseness, we shall restrict attention to the
practically relevant cases of rigid and liquid-like filler particles.

4.1. An isotropic iterative microstructure with infinitely polydisperse particles

We begin with the specialization of (56) to the iterative microstructure of Lopez-Pamies (2014), wherein the filler
particles are infinitely polydisperse in size. In a recent contribution, Spinelli et al. (2015) worked out exact closed-form
solutions for the effective elastic dielectric tensors that characterize the response of dielectric elastomer composites with
such iterative microstructures in the limit of small deformations and moderate electric fields. In its general form, their
solution applies to anisotropic microstructures, as well as to compressible and anisotropic matrix and filler particle beha-
viors. In the sequel, we invoke its specialization to the two cases of interest here: incompressible matrix materials and
isotropic distributions of rigid and liquid-like particles.

Rigid particles: When specialized to incompressible dielectric elastomers with initial shear modulus xo and initial per-
mittivity e and to isotropic distributions of rigid particles with initial shear modulus x, =+ and initial permittivity e, the
result of Spinelli et al. (2015) for the effective elastic dielectric coefficients (49) reduces to

fig = +—5C f=¢+ 3¢ e, — ) €

T30 -0 T T Qv ge+ d - 0o,
3C(sop -o[23+70)e+7(1 - 0)egp]

+ E.

My, =
0 10[2 + )¢ + (1 = O)eq, I’ (73)
It is trivial to deduce from (73); that the corresponding function r(c) defined by (65) is thus given by
2 +3c
re)=—"—"-.
2(1 - ¢y (74)

Moreover, it is a simple matter to deduce that the finite branch of the effective free-energy function (66) for this class of
dielectric elastomer composites specializes to

S vaa >0 > 2+3c 5 H], CgOp HJ mK() — & F mKO TE
W(FEEc)=01-0¥Y| ———|L-3|+3|-cS(7:")+ —T"+ ——1, - —1I5,
(F.E.c) 20— cpth 3 (28) + 5215 2 27 (75)
where &, and g, are given by expressions (73),3,
w, 271 = O)eo, — e)é £ 9[(13 + 20)e + 2(1 — C)EOP]EZI_E
I = 34+ 3
5[2 + 0)e + (1 = 0)eq,] 502 + e + (1 = O)egy] (76)

and the variable ¢, is defined as the solution of the nonlinear algebraic equation

( H €0p
s(rh) - - =0 )
which, in general, for most choices of the function S, needs to be solved numerically.

The effective free-energy function (75) contains several limiting cases of practical significance. Here, we report the case
corresponding to filler particles that, in addition to being infinitely stiff, are electrically conducting so that the function
S(I) = 0if If = 0 and S(I£)=+co otherwise. For such a limiting case, the solution of Eq. (77) can be shown to be given by
£0, =+co and the effective free-energy function (75) simplifies to the following fully explicit expression:

_ 2+ 3c

V_V(F, E c):(] _ow . 9ce e (10 + 11c)eE
2(1 = ¢y

T200-0* 200-0 ° (78)

[h-3]+3

The result (78) is relevant for dielectric elastomer composites wherein the filler particles are hard (semi-)conducting
polymers (e.g., PANI and O-CuPc) or metals.

Liquid-like particles: When specialized to incompressible dielectric elastomers with initial shear modulus yg and initial
permittivity e and to isotropic distributions of liquid-like particles with initial shear modulus yx, = 0 and initial permittivity
€0, the result of Spinelli et al. (2015) for the effective elastic dielectric coefficients (49) reduces to
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- ey 3c(en, — €) .
Ho=Ho =37 e R+0e+ 1 -0,
_ 3¢ (eqy = ©)[(42 + 26¢ + 7¢he + (1 = 3 + TC)eq,]
Mgy =€ + 2 &
53 + 2002 + e + (1 = O)egy] 7

The corresponding function I(c) defined by (69) is given by

3

lic)= 3120 80)

In view of the above expressions, the finite branch of the effective free-energy function (70) for this class of dielectric
elastomer composites reduces to

e T ) 3 Hy L S0 my , Mg — EorE MMkg1E
W(FEc)=(- c)?’(m[h - 3] +3) = eS() + SIS0 - SR 1)

where &, and i, are given by expressions (79); 3,

54(1 - ©)(4 + O)(eq, — ©)¢” £, 9G4+ 17c+ 4c®e — (1 = ©)(9 - 40)¢0, )€’ [
5

Hi _ +
53 +20[2 + 0 + (1 - Oeq I 53 +20)[@2 + Oe + (1 = O)eq, I’ 82)

5 =

and o, is defined implicitly by the nonlinear algebraic equation

o Hny _ o _
s(rh) - =P =0, 83)
which, similar to (77), for most choices of the function S, needs to be solved numerically.

For the limiting case when the particles, in addition to being of vanishingly small shear resistance, are electrically
conducting, the solution of Eq. (83) can be shown to be given by o, =+co and the effective free-energy function (81) reduces
to

2
W(F, E, c):(l —ow 9c4 + c)e E_ (15 + 4c + 11c )81—55.

103 -c-2c5 " 103 -c-23 (84)

3 _
3+ZC[I]_3:|+3 -

The simple and fully explicit result (84) is relevant for dielectric elastomer composites wherein the filler particles are
conducting liquids (e.g., Galinstan).

4.2. An isotropic distribution of monodisperse spherical particles

Complementary to the foregoing results, in this subsection we present the specialization of the effective free energy (56)
to an isotropic distribution of monodisperse spherical particles.

Now, for an isotropic distribution of monodisperse spherical particles, the pdes (50) and (51) do not admit an analytical
solution. As discussed in Appendix A of Spinelli et al. (2015), however, they can be readily solved numerically by means of
finite elements (FE). This in turn allows for the numerical evaluation of the effective coefficients (49) required in the
computation of the effective free energy (56). In general, since the derivatives oji/duq, 0fiky/dug, 080/deo,, dfik,/deo, Of the
effective coefficients (49) are also needed in the computation of (56), the pdes (50) and (51) need to be solved multiple
times for a sufficiently wide range of values u, > 0 and &g, > e to make possible the numerical computation of these
derivatives. For the two specific cases of interest here when the filler particles are either rigid or liquid-like, the pde (50)
needs to be solved only once since it is independent of uq (see remarks v and vi above) and only the pde (51) needs to be
solved multiple times for a sufficiently wide range of values g, > ¢o. For these two cases, moreover, it is possible to obtain
from the FE solutions simple explicit interpolating formulas for the effective elastic dielectric coefficients (49) over a large
range of volume fractions of particles c. In the sequel, we report such formulas for the practically relevant range c € [0, 0.25].
These interpolating formulas are selected so that they are asymptotically exact to O(c?) in the dilute limit of particles as
c—0+.

Rigid particles: For incompressible dielectric elastomers, with initial shear modulus xo and initial permittivity e, and rigid
spherical particles, with initial shear modulus g, =+co and initial permittivity «o,, the FE solutions for the effective elastic
dielectric coefficients (49) are accurately described for the range of volume fraction of particles c € [0, 0.25] by the following
explicit formulas:
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= Ho et 3ce(eo, — €)

0 Aa -y 2+ 0e+(1-0eg,’
~ 3Ce(eop - &)[(10 + 2¢c + 3¢? e + (1 — C)(5 + 3C)80p
Mgy =€ +

512 + 0)e + (1 = O)eg, 85)

The corresponding function r(c) defined by (65) is given by

1

re) = ———5.
© a-o'? (86)

In view of relations (85)-(86), the finite branch of the effective free-energy function (66) for this class of dielectric elastomer
composites specializes to

- L-3 sphy) | C€0p _sph, | Mg — Eore MKk
W(F, E (l—c)W[7+3)—cSIP’+—IPf+7I4——IS,
( ) a NE (5 ) 2 5 2 87)

where & and ik, are given by expressions (85), 3,

54c(1 - O)eoy — 0> 5 9[(10 — ¢ + 6cHe + (5 + ¢ - GCZ)EOP]EziE

51

7P = +
- 34 3
502 + 0)e + (1 = 0)eg,] 5[2 + 0)e + (1 = 0)egy] (88)

and the variable ¢, is defined implicitly by the nonlinear algebraic equation

s/(rhr) - % =0. ®9)

For the limiting case when the particles are electrically conducting, Eq. (89) admits the explicit solution &g, =+co and the
effective free-energy function (87) reduces to

W(EE c)= 1 - o 7-3 9c% k_ (5+10c+9c*)e s
' a-coP 101 -¢)* 101-¢ °° (90)

Again, much like the effective free-energy function (78), the fully explicit effective free-energy function (90) is relevant for
dielectric elastomer composites wherein the filler particles are hard (semi-)conducting materials.

Liquid-like particles: For incompressible dielectric elastomers, with initial shear modulus y and initial permittivity ¢, and
liquid-like spherical particles, with initial shear modulus y, = 0 and initial permittivity «q,, the FE solutions for the effective
elastic dielectric coefficients (49) are accurately described for the range of volume fraction of particles c € [0, 0.25] by the
following formulas:

3ce(eg, — €)

7= (1 = 5/3 . By = p
o =( O ko Fo=edt 2+0e+(1 - C)eop
_ 96(£0p - e) 4c 81c61/25 ce
mKO = —_ - + .

[(2 +0)e + (1 = 0o, 500 €0, — € 1)

The corresponding function I(c) defined by (69) is given by

Io)=( - o, 92)

It follows from expressions (91)-(92) that the finite branch of the effective free-energy function (70) for this class of di-
electric elastomer composites reduces to

o _ C Mg, — €0~ My -
W(EEc)=-ow(a-c[f-3]+3)-cs(r)+ %fﬁp"l + w& - %155, @3

where & and ik, are given by expressions (91); 3,

3(1500 — 1900c + 729636/25)(eop e)e’ I 3[(750 — 1150c + 729¢**/%%)(eq, — &) — 2250¢]” [

5

[gpht
250[2 + ¢)e + (1 — C)eop] 250[2 +c)e+ (1 — C)eop] (94)

and g, is implicitly defined by the nonlinear algebraic equation

s/t - % =0. 95)

For the limiting case when the particles, in addition to being of vanishingly small shear resistance, are electrically
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conducting, the solution of Eq. (95) is simply given by &y, =+c0 and the effective free-energy function (93) simplifies to

_ (1500 — 1900c + 729¢>¢/%%)¢

W(EEc)=1-0¥(a-0?L-3]|+3)- £
(FEc)=a-ov(a-c[h-3]+3) 0000 o7 i
_ (500 — 1000c + 900c? — 729¢*!%)e 1
1000(1 — c? ° (96)

Akin to the effective free-energy function (84), the fully explicit effective free-energy function (96) is relevant for dielectric
elastomer composites wherein the fillers are conducting liquids.

4.3. Electrostriction

We conclude this section by spelling out the response predicted by the effective free-energy function (56) for the ex-
perimentally prominent boundary conditions of uniaxial electrostriction when the macroscopic first Piola-Kirchhoff stress S
and macroscopic electric field E are of the form

_[ooo]  Jo
Si=loo ol E=|o}
000 E 97)

the components of all tensorial quantities throughout this subsection are referred to the Cartesian laboratory axes e, e;, €3
depicted in Fig. 1. It follows from the constitutive relations (59) and (60) that

I G _]o
Fj= o 1129 and D; = O_ 5
0 0 7 D (98)

where the electrostriction stretch 7 in the direction of the applied electric field (see Fig. 1) and the non-trivial component D
of the electric displacement field are defined by the relations

iy @FZ =0 and D= [50 - n“i,q,(l - _lz)]l?
in terms of the applied electric field E. Here, we stress yet again that the coefficients fi;, &, ik, in (99) are ultimately
functions of the microstructure through the indicator function 6 (X), of the properties of the dielectric elastomeric matrix
through the function ¥ and initial permittivity ¢, of the properties of the filler particles through the initial shear modulus g,

dielectric

. elastomer
compliant €3

electrodes L3y < Ly, Ly —1/2
e A Li=1
€1

Lo Iy — X71/2

I3 = ALz

Ly

Lo

Fig. 1. Schematic of the typical experimental setup, in (left) the undeformed and (right) the deformed configurations, to probe the electrostriction of
dielectric elastomers under the application of an uniaxial Lagrangian electric field E = — @/L3.

and function S, and of the macroscopic deformation gradient F and electric field E, in this case, through the electrostriction
stretch 2 and uniaxial component E.

4.3.1. The case of an isotropic distribution of monodisperse spherical particles

For demonstration purposes and later use in Section 6, we spell out next the specialization of the general results (99) to
the case discussed in Section 4.2 when the microstructure consists of an isotropic distribution of monodisperse spherical
particles that are either rigid or liquid-like.

Rigid particles: For the case of rigid spherical particles, the coefficients fi;, &, ik, are given by expressions (85) so that
relations (99) defining the electrostriction stretch 1 and electric displacement D specialize to
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10 + 2c + 3c®e + (1 - ©)(5 + 3¢
3c(1 - C)S/Z(Sop e 1 + ( e + ( )( - )€0,
u - 3c(eqy — ) 502 + 0)e + (1 - 0)egy] _2
AT =2+ - p— E" =0
le,[ 12427 = E 3)
1 -0 (100)
and
_ 3c(eqy — €) (1 = Z[0 + 2¢ + 3¢®)e + (1 = O)(5 + 30)¢0,] 1 1=
D=c¢ 1+ = + = E,
@ +0)e+ (1 - 0eg, 5[2 + 0)e + (1 - ©)eg,ld 2 aot
where ¢, is solution of the nonlinear algebraic equation
( 7Sphr) _ ﬂ —
s(13) 5 =0 102)
with
Joon_ 54— O)teo, - e)e’ g2, o —c+ 6c%)e + (5 + ¢ — 6C%)eo, ]’ E_Z
502 + 0)e + (1 — Oeqy I 5[2 + 0)e + (1 - O)eg, e (103)
If, in addition to being rigid, the particles are electrically conducting, the results (100)-(101) reduce to
302 2
T4 ¢! c)_2(5 +_LOC +9c )eEz ~0
10?,,[1 + 27 - 3 ]
1 -0 (104)
and
o [5+10c+ 9c*(1 — I%]SE
51 — 0)7? (105)

Liquid-like particles: For the case of liquid-like spherical particles, the coefficients i, &, ik, are given by expressions (91)
so that relations (99) defining the electrostriction stretch 1 and electric displacement D take the form

9e (e0, — & [4c2 _81c8B ce

-+ — +
‘ (2 + e + (1 = 0)eo, 1| 45 500 e, — € 20

2(1 - c)5/3vf’((1 —oPP 2 31+ 3) (106)

T+

and

_ 3¢ (g, — ©) (1 = 7)[(4500 — 400c + 729c¢**/®)e + (400 - 729¢"®)e0,1) 1 |
D=¢ 1+ + = |E

2+ 0e + (1 - Oeg, 1500[2 + )¢ + (1 — C)eo,17° z 107)
where ¢, is implicitly defined by the nonlinear algebraic equation
o psphr) _ E0% _
s(rm) - =t=0 (108)
with
Joony _ 31500 - 1900c + 729¢*%/%%) (eq, - g)gZEZ _ 31(750 — 1150¢ + 729¢/%)(eg, - &) - 2250¢]¢” 52.
° 250[2 + )¢ + (1 = O)eg, I’ 250[2 + O)e + (1 = O)eg, )’ 7 (109)

If, in addition to exhibiting a vanishingly small shear resistance, the particles are electrically conducting, the results (106)-
(107) specialize further to

_ 2 _ 61/25, _
T4 (500 — 1000c + 900c” — 729¢” )¢ 2_0

1000(1 - o/'"P¥'(@ - P17 + 2771 - 31+ 3) (110)

and
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[500 — 729¢®1%(1 — 1) — 500¢ (2 - 37%) + 100c (9 — 19/Tz>]eE

D=
500(1 — c°71? (111)

5. A hybrid FE formulation for homogenization problems in nonlinear electroelastostatics

Complementary to the analytical framework put forth in the two preceding sections, we present in this section a hybrid FE
formulation to construct homogenization solutions numerically for the macroscopic elastic dielectric response of dielectric elas-
tomer composites subjected to finite deformations and finite electric fields. Non-hybrid FE formulations for this class of problems
appear to have been first reported by Li and Landis (2012) and by Keip et al. (2014) in the context of two spatial dimensions, while
non-hybrid FE formulations in three dimensions have been just recently reported by Miehe et al. (2016). These works also include
sample solutions for square/cubic distributions of elliptical/ellipsoidal distributions of filler particles in compressible ideal elastic
dielectric matrix materials under conditions of uniaxial electrostriction. Because of the well-known issue of volumetric locking, the
above referenced non-hybrid formulations are not applicable to study incompressible or nearly incompressible dielectric elastomer
composites, which are the case of most practical relevance and of interest here.

For definiteness, we restrict attention to dielectric elastomer composites of infinite extent whose initial microstructures are
defined by the periodic repetition of a cubic unit cell, Y = {X: X & [0, 11°} say, containing a finite, possibly large, number of filler
particles. The hybrid FE formulation that we pursue here stems from the definitions of a function W (X, F, J, E) that agrees
identically with the local free-energy function W (X, F, E) when | = det F and of its transform (see, e.g., Chi et al., 2014)

W X, F,p,E) = mjax{p(j—])—W(X,F,],E)}. 112

Provided that W is convex in its argument J, the duality relation

WX FJ. B =max{p(J-1) - W XF.p.B)} (113)
follows from (112). Direct use of (113) and restricting attention to Y-periodic solutions® allows one to rewrite the variational
problem (4) in the alternative form

W (F, E, ¢) = min max max /Y {p[det Fau) — 1] - W' X, Fw), p, E(®)) } dx,

ueU ¥ peP

114)

where the displacement vector field u = x — X and the electric potential scalar field &, both free of any differential constraint, are
conveniently chosen as the independent arguments in lieu of the deformation gradient F and the curl-free Lagrangian electric field
E. For clarity, we write the dependence of Fj(u;) = 6 + u;j and Ej(®) = — &; on u and & explicitly. In the hybrid variational
principle (114), U, ¥, and # stand for sufficiently large sets of admissible displacements u, admissible electric potentials @, and
admissible pressure fields p that are consistent with the following periodicity conditions:

uX) = (F - DX + tu(X), where @i is Y-periodic, t(0) =0,
&(X) = —EX + &(X), where & is Y—periodic, &(0) =0,
p is Y—periodic. (115)

The weak form of the Euler-Lagrange equations associated with the variational principle (114) reads as

fy {P(det Fw)Fj'@) - %(x, F), p, E(fD))}vf,jdX =0 vve
ij
W*
fy {aaT(x’ F), p, E(di))}y{idx =0 Vye7"

f {det Fu) - 1- ﬂ(x, Fw), p, E@))}qu =0 vVqe®,
Y ap (116)

where ¢° and #° stand for sufficiently large spaces of vector fields v and scalar fields y that are Y-periodic and satisfy
v(0) = 0 and y (0) = 0.

A convenient yet robust method, which we pursue here, to construct numerical solutions for the type of Euler-Lagrange
equation (116) is the conforming FE method. This requires the selection of suitable finite dimensional subspaces of ¢/, ¥, and
#. The details of the construction of such subspaces and of the FE solutions for the Euler-Lagrange equation (116) that they

3 Periodic solutions of larger period than the unit cell Y may exist. These are associated with the development of microscopic instabilities (see, e.g.,
Geymonat et al.,, 1993; Michel et al., 2010). We shall not consider such solutions in this work.
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(b)

Fig. 2. Meshes for unit cells Y containing: (a) N=36 randomly distributed spherical particles of three different sizes with N, ~ 150, 000 elements
(Nn ~ 670, 000 nodes) and (b) N=30 randomly distributed spherical particles of identical size with N, ~ 80, 000 elements (N, ~ 345, 000 nodes). The
volume fraction of particles in both meshes is c=0.15.

allow to generate are provided in the Appendix.
5.1. Application to non-Gaussian dielectric elastomers isotropically filled with nonlinear elastic dielectric particles

The hybrid FE formulation presented in the Appendix is applicable to arbitrary types — in terms of local elastic dielectric
behaviors as well as microstructures — of dielectric elastomer composites. The interest of this work is in non-Gaussian
dielectric elastomers, characterized by free-energy functions of the form (10), isotropically filled with nonlinear elastic
dielectric particles chara/c\tfrized by free-energy functions of the form (14). For this class of dielectric elastomer composites,
the transform function W (X, F, p, E) required in the hybrid variational principle (114) is simply given by

W' X, F, p, E) = [1 - 0X)1Win(F, p, E) + 0XW, (F, p, E) 117
with

WrF, p,Ey= —¥() + %ISE and W, F, pE= - %[ll - 31+ S(If), 118)
this for any isotropic indicator function ¢ of choice.

Now, by definition, an isotropic distribution of particles involves an infinite number of particles. Within the present context,
however, it suffices to consider a large but finite number of particles randomly distributed in the repeating unit cell Y. In this paper,
we follow this approach to work out FE results for two types of microstructures: (i) an isotropic distribution of polydisperse
spherical particles of a finite number of different sizes and (ii) an isotropic distribution of monodisperse spherical particles, as
described in Sections 4.1 and 4.2 of Part L. Representative meshes for two realizations of such microstructures are shown in Fig. 2 for
a composite where the volume fraction of particles is c=0.15. Mesh sensitivity analyses have indicated that meshes comprising
N, ~ 150, 000 elements (N, ~ 670, 000 nodes) for the polydisperse microstructure and N, ~ 80, 000 elements (N, ~ 345, 000
nodes) for the monodisperse microstructure are refined enough to deliver accurate results, at least for the range of volume fraction
of particles considered in this work, ¢ € [0, 0.25]. Finally, we note that all the FE results presented throughout this work correspond
to the average of three realizations (see Sections 4.1 and 4.2 of Part I). The responses of all three realizations exhibited very small
differences (less than 1%) between one another. All the FE results are presented up to the point at which we were able to compute
them.

6. Sample results

Next, we present sample results for the macroscopic electromechanical behaviors of a typical non-Gaussian dielectric
elastomer filled with several physically significant types of nonlinear elastic dielectric filler particles, as characterized by the
analytical variational solution (56) and by the hybrid FE formulation of Section 5. Throughout this section, for definiteness,
we make use of the choice (12) for the function ¥ (I;) described in Section 2.1, so that

1—aq 1—a2

3
2l - 3
Win(F, E) = { 24, M1k 5

+ oo otherwise, (119)

o [12 — 372] — %155 ifdetF=1

with the material parameters listed in Table 1. This choice of free-energy function provides an accurate model for a standard
silicone elastomer over large ranges of deformations and electric fields; see Section 2.3 in Lopez-Pamies (2010) and Liu et al. (2013).
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Table 1
Values for the material parameters a1, u1, a2, ua, € in the free-energy function (119) fitted to model a silicone elastomer.
a u1 (MPa) az u2 (MPa) & (F/m)
Silicone elastomer 3.837 0.032 0.559 0.3 3.2¢0

Table 2
Values for the material parameters uy,, &p, ps in the free-energy function (120) utilized to model rigid conducting particles, rigid high-permittivity particles

with polarization saturation, and liquid-like high-permittivity particles.

up (MPa) ep (F/m) ps (C/m?)
Rigid conducting particles +00 +00 +00
Rigid high-permittivity particles +0 320¢0 1072, 10~
with polarization saturation
Liquid-like high-permittivity 0.03 320¢0 +00
particles

Throughout this section, we also make use of the choice (19) for the function S(¥), so that the free-energy function
characterizing the response of the particles is given by

#p e P (30 — o) I 3 — co)IE ||
—[L - 3] - =l — ————| In| sinh| —————= —In| —————=2 ifdetF=1
W,(F,E)=14 2 th =31 =57 3(ep — €0) [ Ds Py

+ o0 otherwise. (120)

In particular, within the context of this model, we consider the sets of initial shear modulus , initial permittivity ¢,, and
saturation polarization ps that are listed in Table 2. These correspond to the practically relevant cases of rigid conducting
particles, rigid high-permittivity particles exhibiting polarization saturation, and liquid-like high-permittivity particles. They
are representative of filler particles made out of metals or hard conducting polymers, polarization-saturating ferroelectric
ceramics, and high-permittivity liquids, the first two of which have been widely utilized in experiments (see, e.g., Zhang
et al,, 2002; Huang et al., 2005; McCarthy et al., 2009; Liu et al., 2013).

We begin in Section 6.1 by reporting sample results that assess the accuracy of the variational solution (56) via direct
comparisons with FE results. For conciseness, we restrict attention to microstructures wherein the fillers are monodisperse
spherical particles. The analytical solution (56) is subsequently deployed to probe the electrostriction response of the above-
introduced non-Gaussian silicone elastomer filled with rigid conducting particles (Section 6.2), rigid high-permittivity parti-
cles with polarization saturation (Section 6.3), and liquid-like high-permittivity particles (Section 6.4). These latter sets of
results are aimed at scrutinizing the effects of the elastic dielectric properties of the underlying fillers, as well as their content
and size dispersion on the macroscopic electrostriction properties of promising classes of dielectric elastomer composites.

6.1. Accuracy of the variational solution (56) at finite deformations and finite electric fields

Figs. 3 and 4 present comparisons between the variational solution (56) and corresponding FE solutions. As for all the
results presented in this section, the underlying dielectric elastomeric matrix corresponds to the non-Gaussian silicone
elastomer characterized by the free-energy function (119) with material parameters given in Table 1. The fillers are
monodisperse spherical particles whose elastic dielectric behaviors are characterized by the free-energy function (120) with
material parameters given in Table 2. Specifically, Figs. 3(a) and (b) present comparisons for the case of rigid conducting
particles with volume fraction c=0.05. Figs. 3(c) and (d) show comparisons for rigid high-permittivity particles with po-
larization saturation p, = 1074 ¢/m? at volume fraction c=0.05. Figs. 3(e) and (f) and Fig. 4 pertain to liquid-like high-
permittivity particles with volume fraction c=0.15.

The plots in Fig. 3 show the effective free energy W as a function of the invariants L, and TGE for fixed values of the
remaining four isotropic invariants, I, If, If, If and f, I, Iy, I£. We note that keeping the values of four out of the five
invariants I, I, 745 , TSE, iGE constant restricts the range of physical values that the remaining free invariant can take on. For
instance, for the prescribed set of invariants ; = 3.86, I = 7.1 x 10> MV2/m? I¢ = 11.7 x 10° MV?/m?, I¢ = 30.0 x 10° MV?/m?
in Fig. 3(a), the range of physically allowable values for L is [4.13, 4.24]. The results shown in Fig. 3 span the entire range of
physically allowable values for each one of the cases that is presented. We further note that the selected values of the
macroscopic invariants I, b, Lf , TSE , TGE in Fig. 3 involve local invariants I;(X) and I£ (X) that are large enough in the silicone
elastomer and in the filler particles so as to trigger the non-Gaussian stiffening of the former and, in the pertinent case, the
polarization saturation of the latter. As an example to visually illustrate this point, Figs. 5(a) and (b) show contour plots of
the local invariants ;(X) and I£(X) from one of the FE solutions for the case of rigid high-permittivity particles with po-
larization saturation p, = 10* C/m? at volume fraction c=0.05.
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Fig. 3. Plots of the effective free energy W for a non-Gaussian silicone elastomer, characterized by the free-energy function (119) with the material
parameters listed in Table 1, filled with: (a), (b) a volume fraction c=0.05 of rigid conducting spherical particles, (c), (d) a volume fraction c=0.05 of rigid
high-permittivity spherical particles with polarization saturation p; = 10~4 C/m?, and (e), (f) a volume fraction ¢=0.15 of liquid-like high-permittivity
spherical particles. Results are shown for the values of the free energy in terms of the invariants I, and Iz for two sets of fixed values of the remaining four
isotropic invariants. The solid lines (labeled “Sph. Theory”) correspond to appropriate specializations of the variational solution (56), given by expressions
(90) and (87) for the cases of rigid conducting and rigid with polarization-saturating monodisperse spherical particles, respectively. The dashed lines
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Fig. 4. Plots of the macroscopic response of a non-Gaussian silicone elastomer, characterized by the free-energy function (119) with the material para-
meters listed in Table 1, filled with a volume fraction c=0.15 of liquid-like high-permittivity spherical particles under a uniaxial electromechanical loading
with S = S33e3 @ e3, F=2"12(e; ® e1 + 2 ® e2) + 1e3 ® e3, and E = Ees. Results are shown for (a) the macroscopic stress S33 and (b) the macroscopic
electric displacement D3 as functions of the stretch 7 for three values of the electric field E. The solid lines (labeled “Sph. Theory”) correspond to the
appropriate specialization of expressions (59) and (60) for liquid-like high-permittivity monodisperse spherical particles. The dashed lines (labeled “Sph.
FE”) correspond to the FE solutions.
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Fig. 5. Representative contour plots of the local invariants I;(X) and 155 (X) in a non-Gaussian silicone elastomer, characterized by the free energy function
(119) with the material parameters listed in Table 1, filled with a volume fraction c=0.05 of rigid high-permittivity spherical particles with polarization
saturation. The plots correspond to values of the macroscopic invariants I; = 3.74 and 75'5 =49.8 x 103 MV2/m2.

The plots in Fig. 4 show the non-zero macroscopic stress S33 and electric displacement D3 for the same dielectric elas-
tomer composite with liquid-like h';h—permittivity particles as in Figs. 3(e)-(f) under applied uniaxial electromechanical
loading with § = S33e; ® e3, F = Y (e;1 ® e+ e; ® e,) + 1e3 ® e3, and E = Ees. The plots are shown as a function of 7 for
the three fixed values of the electric field E = 0, 25, 50 MV/m.

An immediate observation from Fig. 3 is that the variational solution (56) is in good quantitative agreement with corresponding
FE solutions for all three types of filler particles considered. The same is true for its derivatives (59) and (60), as illustrated by Fig. 4
for the case of liquid-like high-permittivity particles. The variational solution (56) is also seen to be in good qualitative agreement
with the FE results in that it is independent of the invariants I, and 765 . This remarkable functional trait had already been observed in
the simpler uncoupled context of the overall nonlinear elastic response of non-Gaussian rubber isotropically filled with rigid
particles (Lopez-Pamies et al., 2013), which corresponds to setting E = 0 and p =+oo in the present context. A large body of results
(in addition to those presented here) has confirmed that the variational solution (56) remains in good qualitative and quantitative
agreement with “exact” numerical solutions for finite deformations and finite electric fields irrespectively of the elastic dielectric
properties of the dielectric elastomer and filler particles, as characterized by ¥ (I), €, up, S(I£), and irrespectively of the specifics of
the underlying microstructure, at least for volume fractions of particles sufficiently away from percolation.

6.2. Rigid conducting particles

Fig. 6 presents results determined from the variational solution (56) for the macroscopic response of the non-Gaussian
silicone elastomer, again, characterized by the free-energy function (119) with the material parameters listed in Table 1,
filled with rigid conducting particles under the conditions of electrostriction (97). Parts (a) and (c) of the figure pertain to
results (labeled “HJ Theory”) for the iterative microstructure described in Section 4.1, wherein the particles are infinitely
polydisperse in size. On the other hand, parts (b) and (d) correspond to the case of monodisperse spherical particles (labeled
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“Sph. Theory”) described in Section 4.2. Parts (e) and (f) include results for both microstructures. To further illustrate the
accuracy of the variational solution (56), the FE solutions for the microstructure with spherical particles are also included in
the appropriate parts of the figure (up to the point at which we were able to compute them). These solutions are labeled
“Sph. FE” and are displayed as dashed lines or solid circles. The response of the unfilled silicone elastomer (dotted line) is
also displayed in the figures for comparison purposes.

The plots in Figs. 6(a) through (d) show results for the electrostriction stretch 1 in terms of the applied electric field E, as
defined by Eq. (99);, for two volume fractions of particles, c=0.05 and c=0.15. A plain observation from these four sets of
plots is that, irrespectively of the microstructure, the addition of rigid conducting particles has little effect on the electro-
striction response of the silicone elastomer, at least up to around the stretch 1 ~ 0.62 corresponding to the point at which
the electric field E reaches a local maximum, E ~ 74.2 MV/m, in the unfilled silicone elastomer. Indeed, up to that point, the
dielectric elastomer composite with the iterative microstructure deforms only slightly less than the unfilled silicone elas-
tomer for both volume fractions of particles considered, while the dielectric elastomer composite with spherical particles
deforms only slightly more. For sufficiently large electric fields E > 74.2 MV/m, the presence of rigid conducting particles
does consistently lead to a sizable reduction in the electrostriction when compared to that of the unfilled silicone elastomer.
In particular, larger volume fractions c of particles lead to larger reductions. These results are in striking disagreement with
most experimental investigations, which have reported enhancements in electrostriction up to several thousands of a
percent for small additions (c < 0.1) of stiff conducting particles (see, e.g., Huang et al., 2005). The implications of this
disagreement are discussed in Section 7.

Another salient observation from Figs. 6(a) through (d) is that, much like for the unfilled silicone elastomer, the applied
electric field E for the dielectric elastomer composites with volume fraction of particles c=0.05 — but not for those with the
larger volume fraction c=0.15 — reaches a local maximum, E;pp say, at some critical electrostriction stretch, 1;pp say. As
mentioned in remark viii above in Section 4 and discussed in detail in Section 5.2 of Part I, this point corresponds to the loss
of positive definiteness of the tangent modulus of the effective Helmholtz free energy (52). The values of the critical
electrostriction stretch J;pp and corresponding critical electric field E;pp are plotted in Figs. 6(e) and (f) for both micro-
structures as functions of the volume fraction c of particles. Remarkably, these plots indicate that the addition of rigid
conducting particles has little effect on 1;pp and E;pp up to some threshold in ¢ beyond which any further addition of particles
results in stable dielectric elastomers composites that remain positive definite for arbitrarily large electric fields E, in spite of
the fact, again, that the underlying silicone matrix loses positive definiteness at 7 ~ 0.62 and Ejpp ~ 74.2 MV/m. The
threshold for the iterative microstructure with infinitely polydisperse particles is given approximately by c=0.095, while
that for the microstructure with monodisperse spherical particles is given approximately by c=0.089.

6.3. Rigid high-permittivity particles with polarization saturation

Figs. 7(a) through (d) show results analogous to those shown in Figs. 6(a) through (d) for the case of rigid high-per-
mittivity particles with polarization saturation, whose behaviors are characterized by the free-energy function (120) with
the material parameters indicated in Table 2. A quick glance at the plots suffices to recognize that the addition of particles
with the larger polarization saturation p, = 1072 C/m? leads to electrostriction responses that are not much different from
the responses of the above-discussed dielectric elastomer composites wherein the particles are electrically conducting,
especially for the case of volume fraction of particles c=0.05. On the other hand, the addition of particles with the smaller
polarization saturation p, = 107 C/m? consistently leads to a drastic reduction in the electrostriction response for all values
of the applied electric field E when compared to the response of the unfilled silicone elastomer. These results are, again, in
disagreement with a number of experimental investigations, which have reported significant enhancements in the elec-
trostriction response of dielectric elastomers when filled with small amounts (¢ < 0.1) of stiff polarization-saturating par-
ticles (see, e.g., Liu et al.,, 2013). The implications of this disagreement too are discussed in Section 7.

To gain further insight into the effects of the polarization saturation properties of the filler particles, Figs. 7(e) and
(f) present results, as functions of ps, for the critical electrostriction stretch A;pp and associated critical electric field E;pp at
which the dielectric elastomer composites with polarization-saturating particles reach an electromechanical limit load.
Results are shown for both microstructures, with infinitely polydisperse particles (“HJ”) and with monodisperse spherical
particles (“Sph.”), for a volume fraction of particles c=0.05. It is evident from the plots that the electromechanical limit load
in these classes of dielectric elastomer composites is largely unaffected by the polarization saturation of the particles.

A final point worth remarking from all six sets of plots included in Fig. 7 is that both microstructures (“HJ” and “Sph.”)
exhibit nearly identical behaviors. This suggests that the response of non-Gaussian dielectric elastomers isotropically filled
with rigid high-permittivity particles with polarization saturation is fairly insensitive, sufficiently away from percolation, to
fine microstructural details (such as the size dispersion and the shape of the filler particles) beyond the volume fraction of
particles, even more so than the non-Gaussian dielectric elastomers isotropically filled with rigid conducting particles
discussed in the preceding subsection.

6.4. Liquid-like high-permittivity particles

Finally, we consider the electrostriction response of the non-Gaussian silicone elastomer when filled with liquid-like
high-permittivity particles, whose behaviors are characterized by the free-energy function (120) with the material
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Fig. 6. Electrostriction response determined from the effective free energy (56) under conditions (97) — labeled “Theory” and displayed as solid lines in the
plots — for a non-Gaussian silicone elastomer, characterized by the free energy function (119) with the material parameters listed in Table 1, filled with
rigid conducting particles at volume fraction c. Results are shown for the infinitely polydisperse iterative microstructure (labeled “HJ”) and for the mi-
crostructure with monodisperse spherical particles (labeled “Sph.”). To further illustrate the accuracy of the variational solution (56), corresponding plots
are also included of the FE solutions for the microstructure with spherical particles (labeled “FE” and displayed as dashed lines or solid circles).
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Fig. 8. Electrostriction response determined from the effective free energy (56) under conditions (97) — labeled “Theory” and displayed as solid lines in the
plots — for a non-Gaussian silicone elastomer, characterized by the free energy function (119) with the material parameters listed in Table 1, filled with
liquid-like high-permittivity particles at volume fraction c. The behavior of the particles is characterized by the free-energy function (120) with the
material parameters indicated in Table 2. Results are shown for the infinitely polydisperse iterative microstructure (labeled “HJ") and for the microstructure
with monodisperse spherical particles (labeled “Sph.”). Corresponding FE solutions are also included for the microstructure with spherical particles (la-
beled “FE” and displayed as dashed lines).

parameters indicated in Table 2. Results analogous to those presented in Fig. 6 are shown in Fig. 8. As opposed to the
addition of rigid conducting particles and of rigid high-permittivity particles with polarization saturation, the addition of
liquid-like high-permittivity particles is seen to lead to significant enhancements in electrostriction. In particular, larger
volume fractions of particles consistently lead to larger enhancements. This is accompanied, however, by a sizable mono-
tonic decrease in the limiting electric field E;pp while the corresponding stretch A;pp remains fairly constant. The authors are
not aware of any experimental investigation on dielectric elastomers isotropically filled with liquid-like high-permittivity
particles. The results presented in Fig. 8 certainly motivate their pursuit.

We conclude by remarking that similar to the two previous cases involving rigid filler particles, all four sets of
plots displayed in Fig. 8 show that both microstructures (“HJ” and “Sph.”) exhibit nearly identical behaviors. This
suggests that the response of non-Gaussian dielectric elastomers isotropically filled with liquid-like particles too is largely
insensitive to fine microstructural details beyond the volume fraction of particles (again, sufficiently away from percolation).
Further evidence supporting this lack of sensitivity is provided by the fact that, up to the volume fraction of particles
considered in this work c=0.25, the FE solutions for the isotropic distribution of polydisperse spherical particles with three
different sizes described in Section 5 are virtually indistinguishable from those presented in Figs. 6 through 8 for mono-
disperse particles.
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7. Comparisons with experimental data and final comments

Since the “rediscovery” of electroactive polymers at around the turn of the millennium, numerous experimental in-
vestigations have reported that dielectric elastomers filled with small amounts of (semi-)conducting or high-permittivity
particles exhibit electrostriction properties that are far superior to those of the corresponding unfilled dielectric elastomers
(see, e.g., Zhang et al., 2002; Huang and Zhang, 2004; Huang et al., 2005; Carpi and Rossi, 2005; McCarthy et al., 2009;
Meddeb and Ounaies, 2012; Liu et al., 2013). Motivated by a heuristic analysis in the asymptotic context of small de-
formations and moderate electric fields, Li (2003) and Li et al. (2004) conjectured that such superior properties are due to
the nonlinear elastic dielectric nature of elastomers which heightens the role of the fluctuations of the electric field in the
presence of filler particles. Still within the asymptotic context of small deformations and moderate electric fields, Tian et al.
(2012) extended and made rigorous the approximate analysis of Li (2003) and Li et al. (2004) and also pointed to the
nonlinear elastic dielectric nature of elastomers as the dominant electrostriction enhancing mechanism. Armed with the
general analytical solution (56) and the hybrid FE formulation presented in this work, we are now in a position to probe the
verity of this initial conjecture. Contrary to it, the sample results for finite deformations and finite electric fields presented in
Sections 6.2 and 6.3 have already suggested that the nonlinear elastic dielectric nature of elastomers is not the mechanism
responsible for the enhanced electrostriction properties exhibited by emerging dielectric elastomer composites. In the se-
quel, we directly confront the variational solution (56) and FE solutions to two sets of representative experiments that
further suggest that this is in fact the case.

We begin by examining the experimental data of Huang et al. (2005) for the electrostriction response under a uniaxial
electric field of a polyurethane elastomer filled with semi-conducting o-CuPc particles. The particles were reported to be
roughly spherical in shape, about 40 nm in average diameter, and, with help of a polyacrylic acid (PAA) coating, well dis-
persed with overall isotropic symmetry. The total initial volume fraction of the o-CuPc particles and surrounding PAA
coating was reported to be c=0.073. Fig. 9(a) shows the measured electrostriction strain 1 — 1 as a function of the applied
electric field E for the filled polyurethane elastomer (solid triangles); see Section 4.3 for the definition of these variables. To
aid the discussion, Fig. 9(a) also shows the measured electrostriction response for the unfilled polyurethane elastomer
(empty triangles).
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Fig. 9. Comparisons between the theoretical predictions determined from the effective free-energy function (56) and the experimental data of Huang et al.
(2005) and Liu et al. (2013) for the electrostriction of: (a) a polyurethane elastomer filled with semi-conducting o-CuPc particles at volume fraction
¢=0.073 and (b) a silicone elastomer filled with polarization-saturating TiO, particles at volume fraction c=0.082, under the application of a uniaxial
electric field of magnitude E. The experimental (theoretical) data for the dielectric elastomer composites is depicted as solid triangles (solid lines), while
the experimental (theoretical) data for the underlying unfilled elastomers is depicted as hollow triangles (dotted lines). For further scrutiny, plots are also
included (dashed lines) of corresponding FE predictions for the dielectric elastomer composites.

In computing the theoretical response predicted by the effective free-energy function (56), given the partial information
available, we take the polyurethane elastomer in the composite to be characterized by the free-energy function (119) with
parameters y; = 0.410 MPa, u, = 0.409 MPa, a; = — 8.034, a; = 0.841, and ¢ = 8.0¢y, as fitted to the electrostriction and di-
electric data provided by Huang et al. (2005) for the unfilled polyurethane elastomer.* Note that this assumes that the
synthesis process in the presence of the o-CuPc nanoparticles does not alter the properties of the resulting polyurethane.
We further assume that the particles are spherical in shape and monodisperse in size; recall from Section 6 that at the small

4 It is of note that the electrostriction data of Huang et al. (2005) imply a nonlinear elastic response of polyurethane that is about an order of magnitude
softer than other experimental investigations have reported (see, e.g., Qi and Boyce, 2005).
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volume fraction of particles c=0.073 of interest here, particle size dispersion has essentially no effect on macroscopic elastic
dielectric properties. Moreover, since o-CuPc is a semi-conducting polymer with an initial shear modulus of about 1 GPa, we
model the behavior of the particles by means of the free-energy function (120) with material parameters y, = 1 GPa, &, =+co,
and p, =+. The electrostriction response that results from the effective free-energy function (56) given these inputs is
displayed in Fig. 9(a) as a solid line. The corresponding FE prediction is also displayed in the figure as a dashed line. As
expected from the sample results of Section 6.2, the theoretical results show little difference between the electrostriction of
the dielectric elastomer composite and that of the unfilled polyurethane. This is in striking disagreement with the ex-
perimental data, which shows that the electrostriction of the dielectric elastomer composite is about 20 times larger than
that of the unfilled polyurethane.

We now turn to examine the experimental data of Liu et al. (2013) for the electrostriction response under a uniaxial
electric field of a silicone elastomer isotropically filled with roughly spherical TiO, particles of about 3 pm in average
diameter at volume fraction c=0.082. Fig. 9(b) shows the reported transverse (or so-called actuation) electrostriction 1~ 2
as a function of the applied electric field E for the filled silicone elastomer (solid triangles). Fig. 9(b) also includes the
electrostriction response for the unfilled silicone elastomer (empty triangles).

At the level of the variational solution (56), much like in the previous comparison, we take the silicone elastomer in the
composite to be characterized by the free-energy function (119) with parameters x4, = 0.032 MPa, y, = 0.023 MPa, a; = 3.837,
a; = 0.559, and ¢ = 3.2¢, as fitted to the reported electrostriction and dielectric data for the unfilled silicone elastomer.
Moreover, the particles are assumed to be spherical in shape and monodisperse in size. Given their polycrystalline rutile
composition, we take their elastic dielectric behavior to be characterized by the free-energy function (120) with initial shear
modulus y, = 110 GPa, initial permittivity e, = 114ep, and polarization saturation p, = 1072 C/m?. The electrostriction re-
sponse that results from the effective free-energy function (56) given these inputs is displayed in Fig. 9(b) as a solid line. For
further scrutiny of the experimental data, the corresponding FE solution is also included (dashed line) in the figure. Again, as
expected from the sample results of Section 6.3, the theoretical predictions for the electrostriction response of the dielectric
elastomer composite are practically indistinguishable from the response of the unfilled silicone elastomer. In stark contrast,
the experimental data for the dielectric elastomer composite shows about a 50% enhancement in electrostriction with
respect to the unfilled silicone.

The above glaring disagreement between the theoretical results and experiments indicates that the basic point of view
(adopted throughout this work) that dielectric elastomer composites are two-phase particulate elastic dielectric composites
is fundamentally incomplete, especially for cases involving stiff filler particles such as those shown in Fig. 9. In this regard,
we recall that in elastomers filled with stiff particles the “anchoring” of the underlying polymer chains to the filler particles
forces the chains into conformations that are very different from those in the bulk and that this results in “interphases” of
different mechanical and physical behavior. The presence of such interphases (often referred to as bound rubber in the
rubber science community) has long been known to have major effects on macroscopic properties when the filler particles
are submicron in size (see, e.g., Leblanc, 2010; Goudarzi et al., 2015 and references therein). Furthermore, free charges in
such interphases may be present from the outset because of the fabrication process of the materials (see, e.g., Bauer et al,,
2004; Lewis, 2004; Roy et al., 2005; Deng et al., 2014). They may also be injected from the particles upon the application of
an electric field (see, e.g., Lewis, 2004; Roy et al., 2005). Whatever their origin, the presence of free interphasial charges has
been recently shown to have the potential to lead to extreme enhancements of the macroscopic dielectric response of
particulate composites and, by the same token, extreme enhancements of their electrostrictive response (Lopez-Pamies
et al., 2014). We posit that the extreme enhancements in electromechanical properties that have been exhibited by
emerging dielectric elastomer composites are the manifestation of the above-described interphasial phenomena.®

By way of an example, in support of the above conjecture, Fig. 10(a) illustrates the close agreement possible between a
theoretical prediction incorporating interphasial charges and the above-discussed experimental data of Huang et al. (2005)
for a polyurethane elastomer filled with semi-conducting o-CuPc particles at volume fraction ¢=0.073. The theoretical
prediction corresponds to the FE solution for the electrostriction response of a non-Gaussian dielectric elastomer filled with
an isotropic distribution of monodisperse spherical particles that are surrounded by a layer of free charges. Specifically, like
in the theoretical results presented in Fig. 9(a), the elastic dielectric behavior of the non-Gaussian dielectric elastomer is
taken to be characterized by the free-energy function (119) with parameters y;, = 0.410 MPa, px, = 0.409 MPa, oy = — 8.034,
a; = 0.841, and ¢ = 8.0¢, as fitted to the electrostriction and dielectric data provided by Huang et al. (2005) for the unfilled
polyurethane elastomer. The filler particles are taken to be rigid and electrically conducting. Finally, following Lopez-Pamies
et al. (2014), the distribution of free charges that surround the particles is taken to be characterized by the charge density
(per unit undeformed volume)

EX-X9
RnX — X

1 if Rm <IX=XT<Rn+t

X) = 6;(X)q;
QX X)q, 0 otherwise. 121)

with 6;(X) = {

5 While it is known that the elastomeric matrix material in a given filled elastomer may not have the same mechanical and physical properties as the
“same” elastomer synthesized in the absence of filler particles, the expected range of possible differences cannot account for the extreme enhancements
observed experimentally. Viscous and dielectric dissipative phenomena might also contribute to the observed enhancements. Preliminary calculations in
the context of time-dependent dielectric composite materials have suggested, however, that they are of lesser importance than interphasial phenomena
(Ladeb and Lopez-Pamies, 2015).
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Fig. 10. (a) Comparison between the experimental electrostriction data (solid triangles) of Huang et al. (2005) for a polyurethane elastomer filled with an
isotropic distribution of semi-conducting o-CuPc particles at volume fraction c=0.073 and a theoretical prediction (solid line) featuring interphasial
charges. In particular, the latter corresponds to the FE solution for the electrostriction response of the elastic dielectric composite whose defining unit cell is
depicted in (b), namely, a non-Gaussian dielectric elastomer (with free-energy function (119) and material parameters u; = 0.410 MPa, p, = 0.409 MPa,
a1= — 8.034, ax = 0.841, ¢ = 8.0¢p) filled with an isotropic distribution of rigid conducting monodisperse spherical particles at volume fraction c=0.073
that are surrounded by the distribution of free charges described by expression (121) with R;;=20 nm, t=3 nm, and g; = 6500¢¢. The FE solution for the
same elastic dielectric composite but without the interphasial charges (dashed line), already displayed in Fig. 9(a), is also included in this figure for
comparison purposes.

Here, R,;, and X¢ stand for the common radius and the position vector of the center of each spherical particle, t denotes the common
constant thickness of the spatial regions around each particle where the charges are contained, and q; is a constant of choice (of
units F/m) that physically can be viewed as a measure of charge content. The FE result presented in Fig. 10(a) corresponds to the
values R,=20 nm, t=3 nm, and g; = 6500¢,. Fig. 10(b) illustrates the unit cell whose periodic repetition defines the precise mi-
crostructure in this example.

We emphasize that expression (121) is an ad hoc constitutive choice and that little is actually known about interphasial
charges in dielectric elastomer composites. Further studies in this direction appear to be of the essence in order to un-
derstand the fundamental microscopic mechanisms behind the remarkable electromechanical properties that dielectric
elastomer composites seem capable of achieving.
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Appendix. A conforming FE approximation based on Crouzeix-Raviart-type elements

In this appendix, we provide details of the conforming FE method that we employ to construct numerical solutions for
the Euler-Lagrange equation (116). Seeking the ability to discretize complex domains, we consider partitions of the unit cell
that comprise N, non-overlapping “curved” tetrahedral elements: Y = U[,"g] &@ with 8" n&¥ = @ Vi #j. Specifically, each
element e possesses 15 nodes with coordinates (X{*™, X{*™, X{*™) m = 1, ..., 15. In terms of these nodal coordinates, with
help of the reference tetrahedral element 7 = {(§, 5, p): 0 < & 5, p <1, &+ + p < 1}, the domain occupied by each element
e is defined parametrically by 8@ = {(X, X, X3): X; = M(&, 1, p) = 23,10:1 NGV, n, p)X{E™, (&, n, p) € T). Fig. 11 illustrates a
generic element &© and its mapping from the reference element 7 indicating the location of all of its 15 nodes. In the
above-introduced parametric mapping M, N(Q”“(f, n, p) stand for the shape functions associated with the classical 10-node
tetrahedral element. For convenience, we recall them here:
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Fig. 11. Schematic of a “curved” tetrahedral element occupying a domain &© ¢ Y and its mapping M from the reference element 7 . Blue circles indicate
nodes 1 through 10. They are located at the four vertices and the six mid-edge points of 7. Nodes 11 through 14, which are located at the four mid-face
points of 7, are shown as red circles. Node 15, located at the barycenter of 7, is indicated by a black square. (For interpretation of the references to color in
this figure caption, the reader is referred to the web version of this paper.)

N Emp)=EQE-1), NPEnp)=n2n-1,

NG Empy =0 =&=n=pA=2&=2n1-2p), NPEnp)=p2p-1,

NS & np) =420, NPCEnpy=dnd-c=n=p, NPCGnp=40-E-n-p),

N & np)=4&p, NOEn p)=4np, NGO€Enp)=4p(1 —&—n—p). (122)

Having defined the partition of the unit cell Y, we are now in a position to define U, 75, and #;, the finite dimensional
subspaces of U, ¥, and P. They read as follows:

m=1

15
U = {uh e [C° NP nU: ul' X, Xo, Xs)l o = D3 NG@E n ppu®™, ve=1, .., Ne},

15
7= {«p“ eC’)n 7 "X, Xo, Xa)lyor = D5 NG(&, @™, Ve=1, ., Ne},
m=1

3
Pl = {p’“ e P:p" (%, Xo, Xa)lo = X NY@E n pp®F ve=1, .., Ne}.
k=0

(123)

Here, ¢°(Y) stands for the set of continuous functions defined on Y, u®™ and @™ denote the component i of the dis-

placement and the electric potential at node m of element e, while p(e'k) denote the value (k = 0) of the pressure field and the
three components (k = 1, 2, 3) of its gradient at node 15 of the domain &©. In the above expressions, NE (&, n, p) stand for

the shape functions
NRE np)=3Elmp + 1+ P ==& =P+ E[26 =1 = dpp(1 =y =& = )],
NR G np)=3nlep + E+p) (A =n—E=pl+nl2n—1-480 —n—-¢&-p)
NREmp) =30 —n=&=pmé+np+&p)+ (A —n—&=pIl =2y =2 = 2p — 4népl,
NREnp) =3pme++OA —n=E=pl+p2p—1-4pe(l — =& - p)],
NREnp)=4ni8p(1 —n—¢-p) =30 -n-+11, NOEnp)=4q1 —n—-¢&-p)8p —3¢& +p) + 11,
NREnp) =40 —n-E=p)Bup -3 +p)+ 11, NREnp)=42pBn(1 —n-E-p)-31-¢-p)+1],
NQEn p) =4np8(1 —n—E-p) =30 —n-p)+ 11, NGEnp) =4p(1 —n—&-p)8né - 30+ & + 1,
N&" € o p) = 2Tne(1 = 4p)(A = = & = p), NG 0. p) = 2Tnép(An + 45 + 4p = 3),
NG @ n,p) =2Tnp(1 = 4)A ==& = p),  NGPE 0 p) =278p(1 =41 —n = & = p),
NG & n, p) = 256nEp(1 = = & = p), (124)

while N® (¢, , p) are given by



468 V. Lefévre, O. Lopez-Pamies / J. Mech. Phys. Solids 99 (2017) 438-470

NOEnp=1, NVEnp=¢-75 NPCGnp=n-3 NICGnp=p-g (125)

Again, the parameters &, 5, p in expressions (123)-(125) are related to the physical coordinates X;, X,, X3 through the
mapping M.

At this stage, it is fitting to mention that the finite dimensional subspaces (123); and (123)5 for the displacement field u
and the pressure field p are three-dimensional analogues (see, e.g., Chapter Il in Girault and Raviart, 1986; Chapter 8 in Boffi
et al., 2012) of finite dimensional subspaces originally introduced in the context of two-dimensional Stokes flow by Crouzeix
and Raviart (1973), thus the CR subscript in (124). They have the merit to have been proven to lead to stable and convergent
formulations in the context of isotropic linear elasticity, irrespectively of the compressibility of the medium (Chapter II in
Girault and Raviart, 1986; Chapter 8 in Boffi et al., 2012). Moreover, in the context of nonlinear pdes, our own numerical
investigations and those of others for different types of nonlinear pdes (see, e.g., Van de Vosse et al., 2003) have shown that
the finite dimensional subspaces (123) lead to formulations with the expected convergence rates, namely, in the present
context, || u" — u ll2 = =0, | " - o 2= =0, I1p" -p 2= = 0(h% with h = max diam {©}.

Standard assembly procedures allows one to construct global shape functions N&Q”) X), n=1,..., N, and Nﬁ(”(X),
1=0, ..., 4N, — 1, so that the displacement u” and the electric potential ®" continuous trial fields, and the pressure p" dis-
continuous trial field in (123) can be rewritten in the global form

Nn Np 4Ne—1
u X = Y u"NEPX), @"X) = Y @"NAPX), and p"(X) = Z p"NED(X), 126
n=1 =0

where the global degrees of freedom u{™ and @™ correspond physically to the component i of the displacement u” and the

electric potential " at node n, while p” correspond physically to the value (I = 0 mod 4) of the pressure field p" and the

three components (I=1,2,3mod4) of its gradient at the barycenter of &€, e=|l/4] +1,]1%0mod4; here,
|x] = max{z € Z: z < x} denotes the floor function. Similarly, the test functions v" € ©" n ©°, y" € #" 0 #°, and ¢" € " can
be written in global form as

Nn Nn 4Ne—1
X0 = P VONEP X, v X = J v PNEPX), and ¢"®) = Y q"NO ). a2
n=1 n=1 1=0

In the above expressions, N, stands for the total number of nodes in the partition of the cubic unit cell Y. Their location must
be selected so that the intersections of any two opposite faces of the partition of Y are identical. This geometric constraint is
needed to be able to consistently enforce the required periodicity conditions (implied by relations (115);_,) of the con-
tinuous trial fields u" and &" and the Y-periodicity of the continuous test functions v" and . In light of this constraint, it
proves useful to define the subsets of interior-node numbers I, vertex-node numbers V, face-node numbers F, and edge-
node numbers E that make up the entire set of nodes. They read as

I={nxme0n vie,231}, v={mXxPe(0.1) vie(123)}
={@p:XP=xP e 1 X" =XP O XP=0, X" =1V dQjk:e=1},

={ P gD XD =XP =X =XD € © 1, X=X =XP =XP=0,XP =X =X =X =1V dQjkex=1} (128

where ¢;;, stands for the three-dimensional permutation symbol.
Direct use of the trial fields (126) and the test functions (127) in the Euler-Lagrange equation (116) leads to the following
system of non-linear algebraic equations:
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sk han)

h B poq b OW b h ny, | ONGR B
/y P (detF(u ))Ff"l(u)_Tq(x' Fah, p", E@") a—)g-(X)dx_O nel

na h(n) h(p)
h B ot gy _ W hohoeah || ONGR e _
o4 p" (et Fau®y )5ty 2, % F. p' E@') [ X+ g X [dx=0 a.peF

%
h b\ gt gy OW hy h h
o4 p" (et Fau®y ) Egt Sy % Fa. p" E@)

oNhm ONh® ONM@ ONh™
CR (X) + CR (X) + CR (X) + CR
aX; aX; oXj aX;

X

(X)]dx =0 (m,p,qr)eE

k h(n)
ow h _h hy, [ ONGR
—X, Fu"), p", E(® —(X)dX=0 1 ,
/y aEi( (), p*, E(@7)) X X) ne

~k

aNh(Tl) ‘)Nh(P)
L3 x, B, pt, E@h) | S R
Y | OE;

oXi aXi

(X)]dX =0 (,peF

K

ow hy _h h
—XF E@
fy g O Fa. p B

(X)JdX =0 (n,p,qr)eE

ONIm aNh(P) ONM@ ONh(™)
CR X) CR X) + CR X) + CR
oX; aX; aX; aXi

—~k
/y !detF(uh) -1- %(x, Fa™, p", E(<P"))1N,’§(’)(X)dx =0 [=0,.., 4N, -1
L J

(129)

for the global degrees of freedom u(™, ™, p* for n ¢ V, together with the periodicity constraints

ul1, %, X3) — ul'0, Xo, X3) = (F1 — 8i1),

ul' (%, 1, X3) — uf' (%, 0, X3) = (Fa - 62,

ul %, Xo, 1) — uf' (X, X, 0) = (Fi3 — 53,

"1, X5, X3) — @"(0, X, X3) = — E,

"%, 1,X5) — "%, 0, X3) = - B,

o"X, X, 1) — @" (X, X, 0) = - B, (130)
and known values at the vertices

u® = F - X" and "= —EX" forneV. 131

Having computed the values of all the degrees of freedom u™, o™, p<’) from the set of algebraic equations (129)-(131) for a
given discretization of Y, given local free-energy function W (X, F, E), and given electromechanical loading F and E, the

pointwise displacement field u"(X), electric potential ¢"(X), and pressure field p"(X) can be readily determined form ex-
pressions (126). In turn, these fields can be readily utilized to compute the effective free-energy function (114) for the
dielectric elastomer composite of interest. Here, it is important to recall that the elastic dielectric response of dielectric
elastomer composites may exhibit electromechanical limit loads. In order to be able to compute solutions past beyond
eventual electromechanical limit loads, we solve the system of nonlinear algebraic equations (129)-(131) by means of an
arc-length method. In particular, while there are many possibilities available, we found the use of the standard constraint
condition put forward by Crisfield (1981) to be adequate for our purposes here.
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