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a b s t r a c t

We propose a homogenization-based framework to construct constitutive models for the
macroscopic response of polycrystalline hyperelastic solids. The theory is presented in a
rather general context, but attention is primarily focused on its specialization to lamellar
thermoplastic elastomers (TPEs). The proposed framework incorporates direct information
on the constitutive properties of the soft and hard blocks, the lamellar nanostructure, as
well as the complete orientation distribution (i.e., the lamination directions) and average
shape of the grains. In addition to providing constitutive models for the macroscopic
response of lamellar TPEs, the proposed theory also provides information about the evolu-
tion of the underlying nano- and micro-structure – including the crystallographic texture –
and the associated development of macroscopic instabilities. It is found that for sufficiently
large stiffness contrast (between the hard and soft blocks) and sufficiently high Poisson’s
ratio of the soft blocks there is a sudden change in the deformation mode of ‘‘unfavorably”
oriented (perpendicular to the tensile direction) layers – from a high-energy triaxial defor-
mation mode to a lower-energy rotation and shear-along-the-layers mode, which is
responsible for a reduction in the overall stiffness of the granular aggregate. This reduction
in stiffness can lead to the development of shear-band-type instabilities, which are perpen-
dicular to the ‘‘unfavorably” oriented layers, and may be precursors to the chevron-type
instabilities that have been observed in these material systems. The effect of the constitu-
tive properties of the blocks and of the initial microstructure on the overall behavior,
microstructure evolution and the possible development of these elastic instabilities is
investigated in some detail.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

TPEs (thermoplastic elastomers) are a technologically
important class of multiphase polymers consisting of mac-
romolecular chains with alternating hard and soft blocks.
. All rights reserved.
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Due to chemical incompatibility, the hard and soft blocks
self-separate during processing to form distinct morpholo-
gies at the nano-scale. These include, depending on the
volume fractions of hard and soft blocks, periodic arrange-
ments of lamellae, hexagonally packed rods, and body-cen-
tered cubic arrays of spheres of one phase embedded in the
other (see, e.g., Fredrickson and Bates, 1996). These nano-
morphologies, however, need not be globally aligned. In
particular, TPEs exhibit a granular structure at the micron
level, much like metal polycrystals, with different grains
exhibiting different alignment directions. (Some classes
of semi-crystalline polymers exhibit this type of dual
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microstructure as well.) Precisely what type of global
alignment can be found in TPEs depends greatly on the
processing technique employed to make them. While it is
straightforward to generate a random and isotropic distri-
bution of domain orientations leading to ‘‘unoriented” TPEs
(see, e.g., Gido et al., 1993), it is more challenging (see, e.g.,
Honeker and Thomas, 1996) to generate a highly textured
distribution of domains leading to ‘‘oriented” TPEs.

The soft phase in TPEs, at room temperature and quasi-
static loading conditions, is generally isotropic and can un-
dergo large reversible (elastic) deformations with little
hysteresis. On the other hand, the hard phase typically
exhibits an initially stiff, elastic response followed by plas-
tic yielding with significant hysteresis, or brittle fracture.
These generic properties of the phases simply arise from
the fact that while the glass transition (or melting) temper-
ature of the soft phase is lower than room temperature, the
corresponding glass transition (or melting) temperature of
the hard phase is much higher.

The ability to tailor macroscopic properties – including
elastic stiffness, fracture toughness, and stretchability – by
simply varying the proportions of the hard and soft blocks
and the crystallographic texture, combined with superior
processability characteristics, has lead to the increasing
usage of TPEs in place of standard vulcanized elastomers.
In addition, TPEs have also demonstrated considerable po-
tential for utilization in a wide variety of emerging tech-
nologies, including high-density electronic storage
devices (Cheng et al., 2001), filtration membranes for
viruses (Yang et al., 2006) and antireflection coatings (Joo
et al., 2006). It is plain that the development of constitutive
models incorporating detailed information on the underly-
ing nanomorphologies, crystallographic texture, and the
constitutive properties of the hard and soft blocks is of
the essence for the successful implementation of TPEs in
such advanced applications.

Previous theoretical efforts to study TPEs taking into ac-
count the underlying microstructure have been mainly de-
voted to perfectly oriented TPEs with lamellar structure. For
instance, Allan et al. (1991) studied the small-strain, lin-
ear-elastic response of oriented lamellar styrene-butadi-
ene-styrene (SBS) triblock copolymers, arguably the most
commercially utilized TPE, by modeling these material sys-
tems as perfect laminates. In a later contribution, Read
et al. (1999) carried out a combined theoretical and fi-
nite-element analysis of the behavior of two-dimensional
(2D) perfectly oriented TPEs, subjected to tensile loading
perpendicular to the lamellae, focusing on the possible
buckling of the layers and its connection with the develop-
ment of ‘‘chevron” patterns. Unlike Allan et al. (1991), Read
et al. (1999) did take into account the finite rotations of the
layers, although only approximately. They found that for
perfectly oriented TPEs there is a geometric instability that
leads to a sharp turnover in the macroscopic stress-strain
response due to the microscopic formation of ‘‘chevron
patterns”. This geometric instability occurs even when
the phases are taken to be purely elastic; the plastic behav-
ior of the hard phase only tends to accentuate the post-
bifurcated chevron profile. Motivated by the experimental
findings of Cohen et al. (2000), Tzianetopoulou and Boyce
(2004) conducted plane-strain numerical simulations for
the mechanical response of oriented TPEs subjected to large
deformations normal and parallel to the lamellae, account-
ing for lamellar waviness and interface/interphase imper-
fections, as well as the effect of clay nano-particles. In
addition in her Ph.D. thesis, Tzianetopoulou (2007) pro-
posed an analytical continuum constitutive model for 2D
hyperelastic laminates composed of compressible Neo-
Hookean phases, and used this model in 2D finite elements
calculations to explore the behavior of polycrystalline TPEs.

In the context of the above-mentioned work for per-
fectly oriented TPEs, it is relevant to remark that geometri-
cally driven instabilities for layered media have been
theoretically examined in the more general framework of
finite elasticity by Triantafyllidis and co-workers (Trian-
tafyllidis and Maker, 1985; Geymonat et al., 1993; Trian-
tafyllidis and Nestorvić, 2005). These works aimed to
determine all possible (elastic) instabilities in such materi-
als, including long-wavelength instabilities, which corre-
spond to loss of strong ellipticity of the resulting
macroscopic response. In addition, a general constitutive
model for the response of hyperelastic layered materials
under finite deformations – including exact relations for
the rotation of the layers – has been developed by Lopez-
Pamies and Ponte Castañeda (2009) (see also Lopez-Pamies
(2006)). In that work, the possible development of long-
wavelength, or ‘‘macroscopic” instabilities was found to
be intimately related to the rotation of the layers under fi-
nite-strain loading conditions.

More recently, Lopez-Pamies et al. (2008) have pro-
posed a methodology for modeling highly, but imperfectly
oriented lamellar TPEs as ‘‘polycrystalline” aggregates of
grains consisting of perfect laminates with slightly differ-
ent orientations, whose macroscopic properties can be
computed via a two-scale homogenization process. This
constitutive framework accounts for finite deformations,
and in addition to providing the macroscopic stress-strain
response of TPEs, it also allows monitoring of the evolution
of the underlying nano-morphologies and crystallographic
texture, as well as detecting the onset of macroscopic
instabilities. In their study, these authors worked out re-
sults for highly oriented TPEs made up of two families of
grains with slightly different lamination orientations, and
found that the rotation of the layers within the grains is
a key deformation mechanism controlling the macroscopic
response and stability of lamellar TPEs.

In this paper, we extend the framework of Lopez-Pa-
mies et al. (2008) to model lamellar TPEs with completely
general crystallographic texture (as opposed to only two
families of grains); particular attention is given to the case
of two-phase lamellar TPEs with ellipsoidal grain shapes.
Thus, the primary aim of this work is to develop tools for
generating constitutive models describing the macroscopic
response of lamellar TPEs. For the first time, such models
simultaneously take into account direct information on
the properties of the underlying hard and soft blocks, the
lamellar nanomorphology, and the complete orientation
distribution of the grains at the micron level. However, it
is important to emphasize that the work is directly rele-
vant to TPEs with other types of domain structures, as well
as for other types of nanostructured polymeric systems,
such as semi-crystalline polymers (e.g., Lee et al., 1993;
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Krumova et al., 2006; Nikolov et al., 2006). Three important
assumptions are made in the proposed analysis. First, sep-
aration of length scales is assumed at the single-crystal and
polycrystalline levels, allowing the homogenization of the
individual grains and of the polycrystalline specimen to
be performed in two successive steps. Second, neglecting
strain-rate and hysteresis effects (and assuming ‘‘propor-
tional” or nearly proportional loading in the hard phase),
the hard and soft phases are characterized by hyperelastic
stored-energy functions. Finally, building on the works of
Read et al. (1999) and Lopez-Pamies et al. (2008), plastic
deformation is essentially neglected and loss of strong
ellipticity (LSE) of the macroscopic response of the homog-
enized specimen is used to estimate the possible develop-
ment of macroscopic elastic instabilities. Plastically driven
instabilities may occur earlier, depending on the loading
conditions, but a careful treatment of these instabilities is
beyond the scope of this work, in which we will be satisfied
with crude estimates for when plastic deformation may
start to become important.

The paper is organized as follows. In Section 2, we intro-
duce some basic notation and define the homogenized
(macroscopic) response and stability of a fairly general
class of hyperelastic polycrystals. In Section 3, we special-
ize the formulation of Section 2 to the case of lamellar TPEs
and carry out the appropriate computations. More specifi-
cally, Section 3.1 deals with the computation of the effec-
tive behavior of the individual grains, which are made up
of perfect laminates with alternating layers of hard and
soft phases. Sections 3.2 and 3.3 spell out the calculation
– based on the tangent second-order (TSO) method (Ponte
Castañeda, 1996; Ponte Castañeda and Willis, 1999; Ponte
Castañeda and Tiberio, 2000) – of the macroscopic re-
sponse of the polycrystal. In Section 3.4, we identify a set
of microstructural variables whose evolution along a fi-
nite-deformation loading path help reveal geometric
mechanisms that have a major effect on the macroscopic
response of TPEs. Section 4 presents an application of the
constitutive framework put forward in Section 3 for a mod-
el class of TPEs with unoriented (Section 4.1) and oriented
(Section 4.2) crystallographic textures. A detailed study of
the macroscopic response, onset of macroscopic instabili-
ties, onset of yielding of the hard phase, and evolution of
microstructure, as functions of the properties of the hard
and soft phases is provided for these two cases. We con-
clude the paper in Section 5 with some theoretical and
practical remarks.
2. Hyperelastic polycrystals: microstructure description
and overall behavior

Consider a statistically uniform polycrystalline speci-
men occupying a domain X0, with boundary @X0, in the
reference configuration.2 It is assumed that there are N dif-
ferent crystal orientations characterized by proper orthogo-
nal tensors Q ðrÞ0 ðr ¼ 1; . . . ;NÞ relative to a given reference
crystal orientation, and that all the crystals (or grains) are
2 From here on, the subscript 0 shall refer to variables in the undeformed
reference configuration.
perfectly bonded. Furthermore, the crystals are anisotropic
hyperelastic solids, homogeneous at a length scale of the or-
der of the grain size, that are characterized by non-convex
stored-energy functions

W ðrÞðFÞ ¼WcðFQ ðrÞT0 Þ; r ¼ 1; . . . ;N: ð1Þ

Here, Wc is the stored-energy function of the reference
crystal and FðXÞ ¼ @x=@X (with x, X denoting, respectively,
the positions of the same material point in deformed and
undeformed configurations) is the deformation gradient
tensor. The anisotropic potential for the reference crystal
is, of course, taken to be objective so that

WcðFÞ ¼WcðQFÞ; ð2Þ

for all proper orthogonal tensors Q and all deformation
gradients F. In addition, for consistency with the classical
theory of linear elasticity

WcðFÞ ¼
1
2
e �Lceþ OðjjF� Ijj3Þ ð3Þ

in the limit of small deformations as F! I. In the above
expression, e ¼ ðFþ FT � 2IÞ=2 is the infinitesimal strain
tensor, and Lc is a positive definite fourth-order modulus
tensor. Thus, in view of (3), Wc is strongly elliptic for suffi-
ciently small deformations, but may lose strong ellipticity
at larger deformations.

The initial microstructure, i.e., the initial distribution of
crystal orientations within the specimen, is characterized
by indicator functions

vðrÞ0 ðXÞ ¼ 1 if X 2 XðrÞ0 and 0 otherwise; ð4Þ

where XðrÞ0 # X0 is the subdomain occupied by crystals with
orientation tensor Q ðrÞ0 . In practice, however, the complete
microstructural information embodied in the indicator
functions is usually not accessible experimentally. Instead,
only certain microstructural features, such as the n-point
probabilities, are available. In this work we make use of
the one-point probability function, pðrÞ0 ðXÞ, denoting the
probability of finding phase r at X, and of the two-point
probability function, pðrsÞ

0 ðX;X
0Þ, denoting the probability

of finding phase r at X and phase s at X0 simultaneously.
In particular, assuming ergodicity of the specimen and
‘‘ellipsoidal symmetry” (Willis, 1977) with no-long range
order for the two-point statistics, the initial one- and
two-point probabilities of the microstructure are given by

pðrÞ0 ðXÞ ¼ cðrÞ0 and

pðrsÞ
0 ðX;X

0Þ ¼ pðrsÞ
0 ðjZ

T
0ðX

0 � XÞjÞ with

pðrsÞ
0 ! 0 asjX0 � Xj ! 1;

ð5Þ

where cðrÞ0 are the volume fractions of crystals with orienta-
tions Q ðrÞ0 , and Z0 is a second-order shape tensor serving to
characterize the average shape of the grains.

It should also be pointed out that the polycrystalline
texture or the one-point statistics for the specimen, in
the undeformed configuration, is often specified via the
orientation distribution function (ODF) p0 ðakÞ which gives
the probability of finding crystals as a function of orienta-
tion (e.g., Euler or Rodrigues) parameters ak. More specifi-
cally, if F denotes the domain of orientation parameters ak
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for which there is a one-to-one and onto mapping from F

to the set of all distinct crystal orientations C, the initial
ODF p0 ðakÞ is defined such that the volume fraction c0 of
grains with orientations in subdomain G#F is given by

c0 ¼
Z
G

p0 ðakÞ dl; with
Z
F

p0ðakÞ dl ¼ 1; ð6Þ

where dl is the appropriate measure associated with an
infinitesimal element in F. It is also useful to note that
F can be one-, two-, or three-dimensional depending on
the nature of crystal symmetries. Correlation functions
can also be defined to specify two-point statistics (see
Adams and Olson (1998) for details, as well as for relations
between the orientation parameters ak and the orientation
tensor Q). However, this will not be needed in this work,
since the approach adopted here only makes use of the sec-
ond-order shape tensor Z0. More specifically, when the
two-point statistics are assumed to exhibit the form de-
fined in Eq. (5), their exact functional form (i.e., the radial
dependence) does not influence the macroscopic behavior
of the specimen. It should finally be mentioned that we
make use of both discrete as well as continuous represen-
tations of texture. While the discrete representation of
one-point statistics in the undeformed configuration is
used for computing the overall behavior of the specimen
as a function of initial microstructure, the continuous rep-
resentation, provided by the ODF, is used for graphical
illustration of the evolution of the microstructure and for
specifying the initial one-point statistics.

Having defined the constitutive behavior of the crystals
and the initial microstructure, the local constitutive equa-
tion, relating the deformation gradient and the first-Piola
Kirchhoff stress S(X), can be written as

S ¼ @W
@F
ðX;FÞ; WðX;FÞ ¼

XN

r¼1

vðrÞ0 ðXÞW
ðrÞðFÞ: ð7Þ

Under the hypothesis that the specimen size is much larger
than the typical grain size, following Hill (1972), the mac-
roscopic constitutive equation for the hyperelastic poly-
crystal relating the average stress S ¼ hSi to the average
deformation F ¼ hFi is then given by

S ¼ @
fW
@F
ðFÞ; fW ðFÞ ¼ min

FðXÞ2KðFÞ
h WðX;FÞ i; ð8Þ

where angular brackets h�i denote volume average over
X0;fW ðFÞ denotes the effective (average) stored-energy
function, and K denotes the set of admissible deformation
gradients satisfying affine displacement boundary condi-
tions x ¼ FX on @X0, i.e.,

KðFÞ ¼ F j9 x ¼ xðXÞ with F ¼ @x
@X

;

�
J ¼ detðFÞ > 0 in X0; x ¼ FX on @X0

� ð9Þ

Thus, while the stored-energy functions W ðrÞ describe
the local (microscopic) behavior and the indicator func-
tions vðrÞ0 describe the initial microstructure, the effective
stored-energy function fW computed via the minimum var-
iational statement (8) characterizes the macroscopic
behavior of the polycrystal.
The minimum problem (8) is extremely difficult to solve
for several reasons including the lack of convexity of the
local stored-energy functions W ðrÞ, as well as the unavail-
ability of complete information on the underlying micro-
structure vðrÞ0 . Therefore, following the work of Lopez-
Pamies and Ponte Castañeda (2006) and Michel et al.
(2007) (see Section 2 in these references), the effective po-
tential for the polycrystal is instead determined via the
associated stationary variational problem from which the
macroscopic constitutive equation is approximated as

S ¼ @
cW
@F
ðFÞ; cW ðFÞ ¼ stat

FðXÞ2KðFÞ
hWðX; FÞi: ð10Þ

Here, the stationary operation formally indicates the selec-
tion of the ‘‘principal solution” of the Euler-Lagrange equa-
tions associated with the variational principle (8), without
worrying whether it is the actual minimizing solution. In
essence, the definition (10) ignores the possible develop-
ment of bifurcated solutions associated with local instabil-
ities. It does contain, however, information about the onset
of ‘‘macroscopic” instabilities with wavelengths compara-
ble to the specimen dimensions (Geymonat et al., 1993),
as signaled by its loss of strong ellipticity (LSE):

bBðFÞ ¼ min
juj¼jVj¼1

uiVj
cLijklðFÞukVl

n o
> 0; ð11Þ

where

cLijklðFÞ ¼
@2cW
@Fij@Fkl

ðFÞ: ð12Þ

Note that loss of strong ellipticity, as detected from failure
of condition (11), provides the critical deformation gradi-
ents, Fcr , at which the homogenized material becomes
macroscopically unstable, as well as the pairs of unit vec-
tors V and u for which these macroscopic instabilities oc-
cur. Here, V denotes the normal (in the undeformed
configuration) to the surface of a weak or strong disconti-
nuity of the deformation field, whereas u characterizes
the type of deformation associated with such a discontinu-
ity (see, e.g., Knowles and Sternberg, 1975).

3. Application to lamellar TPEs

As already stated in Section 1, lamellar TPEs are consid-
ered here as a two-scale material system made up of a
polycrystalline aggregate of single crystals, which in turn
are made up of laminates of the hard and soft phases. In
this section, we employ the general formulation of Sec-
tion 2 for hyperelastic polycrystals to construct a constitu-
tive model for such a class of TPEs. First, in Section 3.1, we
formulate and solve the problem for the effective poten-
tials W ðrÞ of the individual grains. Having determined the
behavior of the crystals, we then put forward in Section 3.2,
by means of the tangent second-order variational method,
an estimate for the effective stored-energy function (10) of
the resulting polycrystal. Section 3.3 spells out the expres-
sions for the average deformation gradients in an auxiliary
linear comparison composite (LCC) that are central to the
computation of the tangent second-order approximation
of cW . Finally, in Section 3.4, we write down formulae for
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the evolution of microstructural variables that are particu-
larly helpful in revealing the main microscopic deforma-
tion mechanisms governing the macroscopic response of
lamellar TPEs.

3.1. Lamellar single crystals: microstructure and effective
behavior

In this work, the single crystals that make up the poly-
crystalline structure of lamellar TPEs are taken to be per-
fect laminates composed of a ‘‘soft” phase with stored-
energy function W ð1Þ

c and a ‘‘hard” phase with stored-en-
ergy function W ð2Þ

c in initial volume fractions f0 and
1� f0, respectively. Assuming piecewise constant fields in
the phases, the effective potential Wc for the reference sin-
gle crystal can be shown to be of the form (see, e.g., Trian-
tafyllidis and Maker, 1985; Lopez-Pamies and Ponte
Castañeda, 2009)

WcðFÞ ¼ f0W ð1Þ
c ðFsÞ þ ð1� f0ÞW ð2Þ

c ðFhÞ; ð13Þ

where, based on the compatibility requirement, the defor-
mation gradients in the soft and hard phases are, respec-
tively, of the form

Fs ¼ Fþ ð1� f0Þa� N and Fh ¼ F� f0a� N; ð14Þ

with N denoting the initial lamination direction for the ref-
erence single crystal. The vector a in (14) is determined by
the equilibrium condition

@W ð1Þ
c

@F
ðFsÞ �

@W ð2Þ
c

@F
ðFhÞ

" #
N ¼ 0: ð15Þ

Note that by assuming piecewise constant fields, we are in-
deed following the ‘‘principal solution” to the variational
problem associated with computation of effective potential
Wc. However, this may not correspond to the lowest en-
ergy solution, particularly at large deformations, when lo-
cal instabilities may take place. Thus, within the
framework adopted here, we are implicitly assuming that
local instabilities in the grains, which might occur for cer-
tain special grain orientations, do not significantly affect
the macroscopic response and stability of the polycrystal.

For later use in the computation of the approximation
for cW , it is useful to note that (see Lopez-Pamies and Ponte
Castañeda (2009) and deBotton and Ponte Castañeda
(1992) for analogous problems in plasticity)

@Wc

@F
ðFÞ ¼ f0

@W ð1Þ
c

@F
ðFsÞ þ ð1� f0Þ

@W ð2Þ
c

@F
ðFhÞ; ð16Þ

and

@2Wc

@F@F
ðFÞ ¼ f0 Lð1Þc þ ð1� f0Þ Lð2Þc Iþ Pð1Þc ðLð2Þc � Lð1Þc Þ

� �
; ð17Þ

where

Lð1Þc ¼
@2W ð1Þ

c

@F@F
ðFsÞ; and Lð2Þc ¼

@2W ð2Þ
c

@F@F
ðFhÞ ð18Þ

are the incremental modulus tensors of the soft and hard
phases, respectively, I is the fourth-order identity tensor
with Cartesian components Iijkl ¼ dikdjl, and Pð1Þc is the rele-
vant fourth-order microstructural tensor for layered
microstructures with Cartesian components given by
Pð1Þc ijkl ¼ ðL

ð1Þ
c ipkqNpNqÞ�1NjNl.

3.2. Variational approximation for cW
Having defined the constitutive potentials for the lamel-

lar single crystals, we now work out an approximation for
the effective potential cW of the resulting polycrystal, as de-
fined by (10)2. This is accomplished here by making use of
the tangent second-order (TSO) variational procedure of
Ponte Castañeda and Tiberio (2000). Thus, the TSO approx-
imation for the effective potential cW is given by

cW ðFÞ ¼XN

r¼1

W ðrÞðFðrÞl Þ þ
1
2
@W ðrÞ

@F
ðFðrÞl Þ � ðF� FðrÞl Þ

" #
; ð19Þ

where FðrÞl is the average deformation gradient in phase r of
an N-phase linear comparison composite (LCC) with the
same initial microstructure that is subjected to the same
affine displacement boundary conditions as the hyperelas-
tic polycrystal. The behavior of the phases of the LCC is
characterized by quadratic potentials of the form

W ðrÞ
l ðFÞ ¼

1
2
ðF� IÞ � LðrÞðF� IÞ þ TðrÞ � ðF� IÞ þ f ðrÞ; ð20Þ

where I is the second-order identity tensor and

LðrÞ ¼ @
2W ðrÞ

@F@F
FðrÞl

� �
;

TðrÞ ¼ LðrÞ I�FðrÞl

� �
þ@W ðrÞ

@F
FðrÞl

� �
; and

f ðrÞ ¼1
2

I�FðrÞl

� �
�LðrÞ I�FðrÞl

� �
þ@W ðrÞ

@F
FðrÞl

� �
� I�FðrÞl

� �
þW ðrÞ FðrÞl

� �
:

ð21Þ
Note that the TSO estimate (19) for the effective stored-en-
ergy function of the hyperelastic polycrystal (10)2 reduces
ultimately to the computation of the phase averages of the
deformation gradient field in the above-defined LCC, which
is a reasonably simple task in view of the linearity of this
problem. Indeed, the estimation of the phase averages of
the fields in linear-elastic media is standard and several
homogenization methods have been devised for this pur-
pose (see, e.g., Milton, 2002). The above-defined linear
comparison problem is not a standard problem in linear
elasticity – because of the non-symmetry of the stress
and strain measures – but it is linear nonetheless and the
methods that have been developed for classical linear elas-
ticity are equally applicable to these more general linear
materials (see, e.g., Ponte Castañeda and Tiberio, 2000).

3.3. Phase averages of the deformation gradient in the LCC

Next, we present the linear homogenization scheme for
computing the phases averages of the deformation gradi-
ent in the LCC, needed for the computation of the TSO
approximation (19) for cW . By treating the LCC as a linear
thermoelastic composite, and generalizing appropriately
the work of Laws (1973), the phase averages of the defor-
mation gradients can be shown to be of the form.

FðrÞl ¼ AðrÞðF� IÞ þ aðrÞ þ I; ð22Þ

where the quantity F� I now plays the role of the infinites-
imal strain in the usual calculation. In these expressions,
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AðrÞ and aðrÞ are fourth- and second-order ‘‘strain” concen-
tration tensors, respectively, depending on the microstruc-
ture and elastic moduli of the constituents in the LCC. The
concentration tensor AðrÞ has major symmetry ðAðrÞijkl ¼ AðrÞklijÞ,
but not minor symmetry ðAðrÞijkl – AðrÞjiklÞ. In addition, from the
fact that for affine displacement boundary conditions
hFli ¼ F, we have that the concentration tensors must satisfyXN

r¼1

cðrÞ0 AðrÞ ¼ I and
XN

r¼1

cðrÞ0 aðrÞ ¼ 0: ð23Þ

For linear polycrystals with ‘‘ellipsoidal” microstructures,
as defined by relations (5) for the one- and two-point prob-
ability functions, self-consistent estimates for the concen-
tration tensors, generalizing those of Laws (1973) and
Willis (1977, 1981), may be obtained as

AðrÞ ¼ Iþ ePðLðrÞ � eLÞh i�1

aðrÞ ¼ AðrÞ eP XN

s¼1

cðsÞ0 TðsÞAðsÞ � TðrÞ
" #

;
ð24Þ

where LðrÞ;TðrÞ have been defined in the previous subsec-
tion and eL is the effective modulus tensor satisfying the
implicit equation:

eL ¼XN

r¼1

cðrÞ0 LðrÞ Iþ ePðLðrÞ � eLÞh i�1
: ð25Þ

In the above expressions, eP is a microstructural tensor,
which for the class of ‘‘ellipsoidal” microstructures consid-
ered here, may be expressed (Willis, 1977) as

eP ¼ 1
4pdetZ0

Z
jnj¼1
jZ�1

0 nj�3 eHðnÞ dS; ð26Þ

where eHijkl ¼ eK�1
ik njnl with eK ik ¼ eLijklnjnl and dS is an infini-

tesimal area element on the unit sphere characterized by
jnj ¼ 1. Note that both eL and eP have major but not minor
symmetries.

To summarize, the computation of the phase averages
FðrÞl of the deformation gradient in the LCC that are essen-
tial for computing the effective potential cW for the poly-
crystal via (19), amounts to just solving the system of
coupled nonlinear algebraic Eqs. (24) and (25), subject to
(23), for the concentration tensors AðrÞ and aðrÞ.

3.4. Evolution of microstructure

The above analysis makes use of a Lagrangian descrip-
tion of the kinematics. The evolution of the microstructure
resulting from the finite changes in geometry are thus al-
ready accounted for in the homogenized stored-energy
function cW . This is in contrast to the corresponding results
for viscoplastic polycrystals (see, e.g., Lebensohn et al.,
2007), which are usually cast within an Eulerian descrip-
tion and do require additional computation of the evolu-
tion of the crystallographic and morphological texture.
However, although not needed to determine the effective
behavior, it is still of interest to have direct access to vari-
ables characterizing the microstructure evolution, as they
provide deeper insight into the macroscopic response and
possible development of instabilities.
In this work, we will focus on the study of the average
deformation behavior of the grains through the evolution
of certain average microstructural variables. Given the
information that is available from the TSO homogenization
method, it proves expedient – as a first approximation – to
base the relevant variables on the average deformation
gradient FðrÞl in the grains of the LCC, as determined by rela-
tion (22). It should be remarked, however, that a more
sophisticated – but also more computationally demanding –
approach leading to more accurate estimates for averages
quantities in polycrystals has been recently proposed by
Idiart and Ponte Castañeda (2007).

Thus, for the lamellar TPEs considered here, three
microstructural variables serving to characterize the evo-
lution of the deformations in each grain are identified
(see Fig. 1 for a graphical illustration of these variables):
(i) the average orientation of the layers within the grains,
which evolves from NðrÞ to nðrÞ, (ii) the average repeat
length, which evolves from an initial value L0 to a current
value LðrÞ, and (iii) the average shear angle along the layers,
which starts from a zero initial value and evolves to a cur-
rent value bðrÞ. In terms of the phase averages FðrÞl , the equa-
tions defining these variables read simply as (Lopez-
Pamies and Ponte Castañeda, 2009)

nðrÞ ¼ FðrÞ�T
l NðrÞ

jFðrÞ�T
l NðrÞj

; LðrÞ ¼ jFðrÞ�T
l NðrÞj�1L0; ð27Þ

and

bðrÞ ¼ cos�1 FðrÞl NðrÞ

jFðrÞl NðrÞj
� nðrÞ

 !
: ð28Þ

Here, the evolution of nðrÞ physically describes the average
rotation of the layers within the grains, which can act as a
dominant geometric softening/stiffening mechanism of
deformation. Note that, unlike the corresponding result
of Read et al. (1999), the above result for (the evolution
of) nðrÞ is valid for arbitrarily large strains, as long as the
solution remains on the principal path. Moreover, the vari-
ables LðrÞ and bðrÞ serve to measure, respectively, how much
the hard and soft layers deform.

In view of the large number N of grain orientations, it
proves useful to introduce a continuous ODF in the de-
formed configuration – analogous to the undeformed- con-
figuration ODF (6) – serving to characterize the evolution
of the distribution of the average orientations nðrÞ as the
deformation progresses. Thus, denoting by the unit vector
n the continuum version of the discrete lamination direc-
tions nðrÞ, the current ODF p is defined via

c ¼
Z
S

pðnÞdS; with
Z
F

pðnÞdS ¼ 1; ð29Þ

where c is the volume fraction of grains with current orien-
tations in the solid angle S#F, with F denoting the unit
hemisphere (or unit semicircle in two dimensions). The
function p provides a convenient way to represent the evo-
lution of the crystallographic texture by plotting p as a
function of the current orientation n for increasing values
of the deformation F. Similarly, the continuum microstruc-
tural variables L and b can also be conveniently visualized
as functions of the current orientation n.
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Fig. 1. Schematic of the two-scale microstructure of lamellar TPEs and microstructural variables. The characteristic length of the specimen Ls , the grain size
Lg , and the repeat length L0 are assumed to be well separated in the sense that Ls � Lg � L0.
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4. Results and discussion

In this section, the homogenization-based constitutive
framework developed in Sections 2 and 3 is employed to
investigate the macroscopic response and stability of a
model class of lamellar TPEs with both ‘‘unoriented” and
‘‘oriented” crystallographic textures. The focus of this
study will be on the elastic constitutive response, and on
the possible development of elastically driven instabilities.
As already mentioned, under certain types of loading con-
ditions, plastic deformation can take place in the hard
phase of lamellar TPEs and control the overall response be-
yond a certain elastic regime eventually leading to plastic
instabilities (Cohen et al., 2000). Accordingly, a complete
understanding of the mechanical behavior of TPEs under
general loading conditions requires consideration of the
plastic deformation of the hard (glassy or semi-crystalline)
blocks. The effect of this plastic deformation is expected,
however, to be largely dependent on the specific constitu-
tive model (see, e.g. Lopez-Pamies et al., 2008) and is be-
yond the scope of this paper. Here, we will be satisfied to
provide only a rough estimate for when the plastic defor-
mation initiates and could start playing a significant role
by monitoring the von Mises equivalent stress in the hard
phase, as described further below. In summary, the main
aims of this section are to examine in detail the following
issues for lamellar TPEs:

� the key microscopic deformation mechanisms that lead
to the onset of macroscopic elastic instabilities,

� the sensitivity of the macroscopic constitutive response
and stability to the initial crystallographic texture,

� the sensitivity of the macroscopic constitutive response
and stability to the heterogeneity contrast between the
hard and soft phases, as well as to the compressibility
of the soft phase.

Within the formulation proposed in this work, there are
four specific inputs that are needed to determine the elas-
tic response of lamellar TPEs under large strains: (i) the ini-
tial shape tensor Z0 that serves to characterize the initial
shape of the grains, (ii) the initial ODF and the associated
initial grain volume fractions cðrÞ0 that describe the initial
distribution of lamination directions NðrÞ, (iii) the hyper-
elastic potentials that characterize the constitutive re-
sponse of the hard and soft phases in the lamellar grains,
and (iv) the macroscopic deformation gradient F that de-
scribes the applied boundary conditions. The specific
choices of each of these inputs are discussed in detail in
the following paragraphs.

Initial shape tensor Z0. As discussed, for instance, in
Honeker and Thomas (1996), standard processing methods
for lamellar TPEs lead to sheets of these materials where the
individual crystals tend to be cylindrical in shape with the
long axis perpendicular to the plane of the sheet and with
an average cross-section of elliptical shape (see Fig. 1).
Therefore, the average grain shape in the undeformed con-
figuration is taken here to be cylindrical, with elliptical
symmetry in the plane transverse to the cylindrical axis.
In this case, the microstructural tensor (26) takes the form

ePijkl ¼
w0

2p

Z
n2

1þn2
2¼1

eHijklðn1; n2;0Þ
n2

1 þw2
0n

2
2

dS; ð30Þ

where the components are given with respect to the prin-
cipal axes ek of the shape tensor Z0 ¼ w0 e1 � e1 þ e2 � e2.
Note that while the unit vector e3 is along the cylindrical
axis, the vectors e1; e2 are along the minor and major axes
of the elliptical symmetry in the transverse plane. When
the grains are further assumed to be ‘‘equi-axed” in the
transverse plane – as it will be done in the calculations
shown below – the aspect ratio w0 ¼ 1.

Initial ODF. Experimental observations also suggest that
the layers within the grains of typical lamellar TPEs tend to
be aligned with the cylindrical axis of the grains (and per-
pendicular to the sheet). Because of this and for simplicity,
the initial stacking directions of the lamellae are restricted
here to lie in x1 � x2 plane such that

NðrÞ ¼ cosðhðrÞ0 Þe1 þ sinðhðrÞ0 Þe2 ðr ¼ 1; . . . ;NÞ; ð31Þ

where hðrÞ0 are the initial grain orientation angles (see Fig. 1).
In the calculations below, detailed investigations will be
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conducted for two kinds of initial distribution of stacking
directions within the x1 � x2 plane: ‘‘unoriented” corre-
sponding to an isotropic distribution in the plane (see Sec-
tion 4.1), and ‘‘oriented” corresponding to a Gaussian
distribution of orientations in the plane (see Section 4.2).
In all the calculations, ðN ¼Þ40 uniformly distributed initial
grain orientation angles hðrÞ0 are used. Numerical experi-
mentation shows that larger numbers of initial lamination
directions ðN > 40Þ, or the way they are chosen (uniformly
or randomly) has a marginal effect on the macroscopic
stress-strain response and microstructure evolution, and
only a small effect on the onset of macroscopic instabilities.

Constitutive behavior for the phases. For actual lamellar
TPEs, fairly elaborate potentials (see, e.g., Lopez-Pamies
et al., 2008) are necessary to accurately account for plastic
deformations in the hard (glassy or semi-crystalline) phase
and the strongly non-linear elastic deformations in the soft
(rubbery) phase. However, since the primary aim of this
paper is to investigate the generic effect of the elastic prop-
erties of the phases in the lamellar grains, and of the micro-
structure, on the overall behavior, microstructure
evolution, and the onset of macroscopic elastic instabili-
ties, simple compressible Neo-Hookean potentials allow-
ing for thorough parametric analyses are chosen to
describe the hard and soft phases. Thus, the potentials for
the phases are taken to be of the form

W ðpÞ
c ðFÞ ¼

lðpÞ

2
ðF � F� 3Þ � lðpÞ lnðdet FÞ

þ kðpÞ

2
� lðpÞ

3

 !
ðdet F� 1Þ2 ðp ¼ 1;2Þ; ð32Þ

where lðpÞ; kðpÞ ðp ¼ 1;2Þ are the initial shear and bulk
moduli of the soft and hard phases, respectively. For later
reference, it is useful to define the heterogeneity contrast
parameter t ¼ lð2Þ=lð1Þ P 1 and the ‘‘Poisson’s ratio”
mðpÞ ¼ ð3kðpÞ � 2lðpÞÞ=ð6kðpÞ þ 2lðpÞÞ. Throughout this sec-
tion, the Poisson’s ratio of the hard phase will be taken to
be mð2Þ ¼ 0:33, while that of the soft phase mð1Þ will be al-
lowed to vary in the range mð1Þ 2 ½0;0:5�, with the limiting
value mð1Þ ¼ 0:5 corresponding to the case of incompress-
ible behavior.

Even though the constitutive potentials (32) are purely
elastic, they still allow to compute an estimate for when
the onset of plastic deformation in the hard blocks of the
lamellae may become important. Indeed, since the average
deformation gradient in grains with orientation r are
approximately given by FðrÞl , the corresponding average
deformation gradient in the hard phase FðrÞh can be readily
computed from Eqs. (14) and (15) with F ¼ FðrÞl . Then, the
average Piola-Kirchhoff and Cauchy stresses in the hard
phase of orientation r may be computed, to a first approx-
imation, via

SðrÞh ¼
@W ð2Þ

c

@F
ðFðrÞh Þ; r

ðrÞ
h ¼

1

detFðrÞh

SðrÞh FðrÞTh ; ð33Þ

from which the von Mises equivalent stress in the hard
phase of orientation r can in turn be computed via

rhðrÞ
e ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2

r
0ðrÞ
h � r

0ðrÞ
h

r
with r

0ðrÞ
h ¼ r

ðrÞ
h �

1
3
rðrÞh kkI: ð34Þ
Thus, by comparing the von Mises equivalent stress rhðrÞ
e

with the value of the yield stress ry of the hard (glassy or
semi-crystalline) phase, we may obtain a ‘‘crude” estimate
for when the plastic effects start to play a role, and possibly
modify the conclusions of our analyses based on purely
elastic deformations. In this work, based on the normalized
yield stress for polystyrene in SBS – the most widely used
thermoplastic elastomer – plastic yielding in grains with a
given orientation r is estimated to take place when

rhðrÞ
e P ry � 7lð1Þ ð35Þ

We conclude this remark by re-emphasizing that the con-
stitutive framework proposed here applies equally well to
more sophisticated potentials (not just Neo-Hookean)
including those that are commonly used in the context of
finite-strain J2 deformation theory of plasticity (Hutchin-
son and Neale, 1981), which would permit a more detailed
study of the plastic deformation of the hard phase. Indeed,
preliminary calculations show that the results for the
‘‘principal” solution and the associated macroscopic insta-
bilities are not qualitatively affected by the constitutive
model chosen for the hard phase.

Applied loading conditions. Motivated by the available
experimental data (see, e.g., Honeker and Thomas, 1996;
Garcia, 2006), we focus on macroscopic deformation gradi-
ents that are consistent with a uni-axial state of stress in
the x1-axis. Therefore,

F ¼ Fij ei � ej ði; j ¼ 1;2;3Þ ð36Þ

is chosen such that the macroscopic first Piola-Kirchhoff
stress

S ¼ @
cW
@F
ðFÞ ¼ S e1 � e1: ð37Þ

Within this context, for convenience, F11 ¼ k is chosen as
the loading parameter and the rest of the eight compo-
nents of the deformation gradient are determined such
that the corresponding eight components of the stress ten-
sor are identically zero and the stress state is therefore uni-
axial. From a computational point of view, it is important
to recognize that for the material systems with the micro-
structure dictated by (30) and (31), Neo-Hookean hard and
soft phases (32), and uni-axial loading conditions (37) of
interest here, the problem to be solved becomes two-
dimensional (generalized plane strain).

4.1. Unoriented samples

In this subsection we examine in detail the behavior of
the model class of lamellar TPEs described above with
unoriented crystallographic texture. Specifically, we con-
sider samples with cylindrical grains with circular cross
section and an isotropic distribution of stacking directions
in the transverse ðx1 � x2Þ plane, for which the initial ODF
is simply given by

p0ðh0Þ ¼
1
p

with 0 6 h0 6 p: ð38Þ

The initial grain angles and the associated grain volume
fractions may then be taken as
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hðrÞ0 ¼
r � 1=2

N
p; cðrÞ0 ¼

1
N
ðr ¼ 1; . . . ;NÞ: ð39Þ
This subsection is organized as follows. The theoretical
predictions for the macroscopic stress–stretch response
and onset of macroscopic (long-wavelength) instabilities,
as a function of elastic properties of the phases, are pre-
sented in Figs. 2 and 3. The deformation mechanisms
responsible for the onset of macroscopic instabilities and
the effect of elastic properties of the phases on the defor-
a b

Fig. 2. Uniaxial stress–stretch curves for an unoriented specimen subjected to un
of the soft phase mð1Þ . (Loss of strong ellipticity (LSE) is indicated by the full circ

Fig. 3. Critical stretch and critical stress at LSE as a function of contrast paramete
of Poisson’s ratio mð1Þ . (c and d) Effect of initial volume fraction of the soft phase
mation mechanisms, are then investigated in Figs. 4–6. It
must be remarked that macroscopic instabilities, whose
onset is marked by the loss of strong ellipticity (LSE) of
the homogenized specimen, typically manifest themselves
in the form of localized bands of deformation. Though nar-
row as compared to the specimen dimensions, the bands
are much wider than the average grain size. In addition,
microscopic instabilities, e.g. of buckling type with wave-
lengths on the order of grain size or less, may occur earlier
than the long wavelength instabilities but they cannot be
iaxial tension. (a) Effect of contrast parameter t. (b) Effect of Poisson’s ratio
les.)

r t in unoriented specimens subjected to uniaxial tension. (a and b) Effect
f0.



a b
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Fig. 4. Evolution of microstructural variables and average effective stress in the hard phase of the lamellae, for three different grains, in an unoriented
specimen subjected to uniaxial tension for the soft phase initial volume fraction f0 ¼ 0:5, contrast in shear moduli of the phases t ¼ lð2Þ=lð1Þ ¼ 10, initial
Poisson’s ratio of the soft phase mð1Þ ¼ 0:45, and initial Poisson’s ratio of the hard phase mð2Þ ¼ 0:33. (a) Average current lamination angle h in three grains
composed of lamellae that are nearly perpendicular ðh0 ¼ 2:25	Þ, diagonal ðh0 ¼ 42:75	Þ and parallel ðh0 ¼ 87:75	Þ to the stressing direction x1 in the
undeformed configuration. (b) Average repeat length ratio L=L0. (c) Average shear angle b. (d) Average effective stress in the hard phase of the lamellae rh

e

normalized with respect to the initial shear modulus of the soft phase lð1Þ . The dashed line represents yielding for the hard phase based on the yield stress
for polystyrene in SBS.

a b

Fig. 5. Evolution of current lamination angle in an unoriented sample subjected to uniaxial tension for three grains that are initially (nearly) perpendicular
ðh0 ¼ 2:25	Þ, diagonal ðh0 ¼ 42:75	Þ and parallel ðh0 ¼ 87:75	Þ to the stressing direction x1. (a) Effect of contrast parameter t for f0 ¼ 0:5; mð1Þ ¼ 0:45, and
mð2Þ ¼ 0:33. (b) Effect of Poisson’s ratio of the soft phase mð1Þ for t ¼ 10; f0 ¼ 0:5, and mð2Þ ¼ 0:33.
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captured using the framework adopted here. Nevertheless,
LSE provides an upper limit for the onset of these instabil-
ities (Geymonat et al., 1993).

Fig. 2 shows the macroscopic stress–stretch response of
unoriented specimens, subjected to uniaxial tension, as a
function of elastic properties of the phases. It is plain that
the macroscopic stiffness increases with increasing con-
trast but is fairly insensitive to the Poisson’s ratio of the
soft phase, particularly close to the incompressibility limit.
Furthermore, the stiffness is a non-trivial function of the



a b

dc

Fig. 6. Evolution of (a) orientation distribution function p, (b) average repeat length ratio L=L0, (c) average shear angle b, and (d) Average effective stress in
the hard phase of the lamellae rh

e normalized with respect to the initial shear modulus of the soft phase lð1Þ in grains in an unoriented specimen subjected
to uniaxial tension. The dashed line represents yield surface for the glassy phase based on the normalized yield stress for polystyrene in SBS.
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elastic properties of the phases and the evolution of the
microstructure – and not just a simple rule of mixtures.
Remarkably, the model predicts LSE at a finite stretch �kcr ,
and no results are shown beyond this point. Furthermore,
for all unoriented specimens subjected to uniaxial tension
along the x1 axis, at LSE, unit vectors V ¼ e2 and u ¼ e1 are
found to minimize the product in Eq. (11), i.e. the localized
band at LSE is found to be aligned with the tensile x1-direc-
tion or perpendicular to the compressive x2-direction
(compression is induced by the Poisson effect). Thus,
unoriented specimens typically lose strong ellipticity at
�kcr , when the incremental modulus L̂1212 (shear modulus
along the loading direction) vanishes. In this context it
must be emphasized (see, e.g., Vogler et al., 2001) that
experimental observations of instabilities are usually post
mortem and therefore correspond to the final configuration
of the specimen, which necessarily involve the post-bifur-
cation solution and may look quite different from the
above-described initial instability mode, which is based
on the ‘‘principal” solution. Nevertheless, the critical defor-
mation predicted by this approach should still provide a
reasonable estimate for the possible onset of the experi-
mentally observed instabilities.

Fig. 3 shows the critical stretch �kcr and the correspond-
ing critical stress Scr at which LSE ensues, as a function of
the contrast t, and Poisson’s ratio and initial volume frac-
tion of the soft phase, mð1Þ and f0, respectively. Note that
no instabilities are predicted by the analysis at small con-
trasts (t less than about 5), and that, in general, the larger
the contrast the smaller the stretch and stress at which loss
of strong ellipticity ensues. In general, the critical stretch
seems to be more sensitive to the contrast than the critical
stress, while the critical stress is more sensitive to the vol-
ume fraction of the hard and soft phases than the critical
stretch. On the other hand, both the critical stress and
stretch are equally sensitive to the Poisson’s ratio of the
soft phase.

As mentioned earlier, the proposed theory may also be
used to investigate deformation mechanisms, leading to
LSE, by analyzing the evolution of the microstructural vari-
ables introduced in Section 3.4. In addition, the Von Mises
equivalent stress in the hard phase of the lamellar grains
may be used to estimate as to when the plastic effects
may start to become important. In this regard, we depict
in Fig. 4 the evolution of the microstructural variables
h; L; b and the von Mises equivalent stress in the hard phase
rh

e in an unoriented specimen subjected to uniaxial stress
along the x1 axis. We focus our attention on three particu-
lar initial grain orientations: perpendicularly oriented
ðh0 ¼ 2:25	Þ, diagonally oriented ðh0 ¼ 42:75	Þ, and parall-
elly oriented ðh0 ¼ 87:75	Þ. The results shown are for con-
trast t ¼ lð2Þ=lð1Þ ¼ 10, Poisson’s ratio of the soft phase
mð1Þ ¼ 0:45, and initial volume fraction of the soft phase
f0 ¼ 0:5. As expected, the deformation of the grains is



Fig. 7. Comparison of homogenization estimates (TSO) with FEM simu-
lations of Tzianetopoulou (2007) and Taylor- and Sachs-type estimates
for plane strain extension: macroscopic Cauchy stress versus macroscopic
stretch. FEM results labeled 1, 4 and 5 are for 3 different realizations
subjected to plane strain tension along two perpendicular directions
(directions 1 and 2).
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highly dependent on the initial grain orientation. Parallelly
oriented grains ðh0 ¼ 87:75	Þ deform mainly through
stretching of lamella, resulting in a monotonic increase in
the equivalent stress in the hard phase and a steady de-
crease in repeat length ratio, while diagonally oriented
grains ðh0 ¼ 42:75	Þ deform mainly via a combination of ri-
gid rotation and shear along the lamella. In contrast, the
perpendicularly oriented grains ðh0 ¼ 2:25oÞ deform differ-
ently at small and large stretches. At small overall
stretches, these grains deform predominantly by stretching
along the stacking direction, resulting in a steady increase
in the repeat length ratio and an increase in the equivalent
stress in the hard phase. However, this is an energetically
unfavorable mode of deformation as an increasingly larger
amount of energy is required to deform the hard phase,
and a new deformation mode ensues, consisting of a com-
bination of rigid rotation and shear along lamella, which
results in a much slower increase in repeat length ratio
and equivalent stress in the hard phase of the lamellae.
This transition from a ‘‘high-energy” to a ‘‘lower-energy”
deformation mode is responsible for the drop in the shear
stiffness (i.e., in L1212) of the material along the tensile
direction, which results in LSE. Here, it is important to re-
mark that the results shown beyond the LSE correspond to
the ‘‘principal” solution, and are shown only to highlight
the trends in the principal solution, but are not meant to
be interpreted as the actual solution beyond LSE.

To better understand the effect of the elastic properties
of the phases on the onset of the macroscopic instabilities,
Fig. 5 shows results for the evolution of grain orientations –
for the same set of grains as in Fig. 4 (i.e. for h0 ¼ 2:25,
42.75, and 87.75�) – for different values of the contrast
and Poisson’s ratio of the soft phase. It can be seen from
the figure that evolution of grain orientation h, particularly
for perpendicularly oriented grains, is strongly dependent
on the elastic properties of the phases. More specifically,
the larger the contrast t or the larger the Poisson’s ratio
of the soft phase mð1Þ, the earlier and sharper the transition
in deformation mode. This correlates well with the corre-
sponding plots in Fig. 3 that also show earlier instabilities
(LSE) for larger contrast or larger Poisson’s ratio. Interest-
ingly, there is very little effect of t and mð1Þ on the evolution
of initially parallelly and diagonally oriented grains. This
fact, which is plausible from a physical view point, seems
to corroborate the hypothesis that the development of
the elastic macroscopic instabilities is directly linked to
the change in deformation mode of the perpendicularly
oriented grains.

A more complete picture of the evolution of the miscro-
structural variables is provided in Fig. 6, which shows plots
for the ODF p, microstructural variables L and b, and von
Mises equivalent stress in the hard phase rh

e , as a function
of the current grain orientation h. Fig. 6a shows the ODFs,
indicating the probability p of finding grains with a certain
grain angle h in the deformed configuration, for three dif-
ferent stretches for the same set of material parameters
and loading conditions as in Fig. 4. The ODFs evolve quite
rapidly, particularly for deformations near LSE
ð�kcr ¼ 1:55Þ. At and beyond LSE, the majority of the lamel-
lae exhibit approximately a 
20	 misalignment with the
stressing direction resulting in a ‘‘double-bump” pattern
in the ODF. This remarkable result is consistent with the
recent experimental observations of Garcia (2006) (see
Fig. V.16), which also show the transition from a single-
mode to a bimodal distribution of orientations. As seen
from Fig. 4b–d, this transition is clearly due to the fact that
while lamellae aligned with the stretching direction de-
form by stretching the hard phase (there is no alternative
for these orientations), ‘‘unfavorably” oriented lamellae de-
form mainly via shearing of the soft phase, which is ener-
getically preferable. It is relevant to remark that these
observations are also in very good qualitative agreement
with uniaxial tension experiments on isotropic lamellar
TPEs (Séguéla and Prud’homme, 1981) where at relatively
small stretches, the initially randomly oriented lamella ro-
tate such that majority of them align at around ±20 degrees
from the stressing direction, resulting in the characteristic
four-point small angle X-ray scattering (SAXS) patterns.

In addition, it is noted that the dashed lines in Figs. 4d
and 6d correspond to the above-mentioned estimate (35)
for plastic yield in the hard phase. They show that, as
would be expected, parallelly oriented grains are the first
to undergo plastic yielding followed by the perpendicularly
oriented grains. Plastic yielding occurs in these grains just
before the LSE. However, since the volume fraction of
grains that undergo plastic yielding before the onset of
macroscopic instabilities is relatively small, the estimates
for microstructure evolution and macroscopic response
presented above are expected to be reasonably accurate
until the LSE.

Finally, in Fig. 7, comparisons are presented with the
FEM results of Tzianetopoulou (2007) for plane strain
extension of several realizations of polygranular systems
with random orientations and hexagonal grains. (In this
plot and for this plot only, we have changed the uniaxial
loading condition described by expression (37) to match
the plane strain extension conditions used in the numeri-
cal simulations). More specifically, our model predictions
for the average Cauchy stress versus the average stretch
are compared in this figure with the FEM results for 3
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different realizations (RVEs 1, 4, and 5) subjected to plane
strain tension along two perpendicular directions (direc-
tions 1 and 2). As can be seen from the figure, the results
for each realization are not quite isotropic, and they differ
from one realization to the other. This is, of course, to be
expected given the statistical nature of the problem. De-
tailed comparisons with our model predictions, which are
essentially isotropic by construction, would require a lar-
ger set of realizations and ensemble averages to be per-
formed. However, it can be seen from the figure that,
although a little bit stiffer than the rough average of the gi-
ven FEM realizations, the model predictions are consistent
with these results. Certainly, they exhibit very good agree-
ment for small strain, when the effect of differences in the
various realizations are expected to be relatively small, and
consistent with the FEM results, they are much softer than
the Taylor-type estimate, and also quite a bit stiffer than
the Sachs-type estimate. Also, it should be pointed out that
as already discussed in the context of our model predic-
tions, the FEM simulations of Tzianetopoulou (2007) also
exhibit the development of extra peaks in the ODFs with
increasing deformation. However, detailed comparisons
were not possible due to apparent differences in the defini-
tions used for the ODFs in this work. Of course, the FEM
simulations also include valuable information about the lo-
cal distributions of the fields in the polycrystals, and the
reader is referred to Tzianetopoulou (2007) for more de-
tails on this.

4.2. Oriented samples

Next, we examine the behavior of lamellar TPEs with
oriented crystallographic texture. In this case, the initial
distribution of lamination directions is characterized by a
Gaussian-like ODF of the form (see Fig. 11)

p0 ¼
1
z0

e�
N0 �N0
2 r2 ; N0 ¼ N� l; ð40Þ

where l ¼ cosðhm
0 Þ e1 þ sinðhm

0 Þ e2 denotes the (bias) mean
stacking direction, hm

0 denotes the angle between the
stressing direction and the mean stacking direction, r
characterizes the width of initial distribution of stacking
directions, N ¼ cosðh0Þ e1 þ sinðh0Þ e2 with ðhm

0 � p=2Þ 6 h0 6

ðhm
0 þ p=2Þ, and the constant

z0 ¼
Z hm

0 þp=2

hm
0 �p=2

e�
N0 �N0
2 r2 dh0; with

Z hm
0 þp=2

hm
0 �p=2

p0dh0 ¼ 1: ð41Þ

The initial grain angles and the associated grain volume
fractions are then taken to be

hðrÞ0 ¼ hm
0 � hs

0 þ ðr � 1=2Þ dh0 and

cðrÞ0 ¼
Z hm

0 �hs
0þrdh0

hm
0 �hs

0þðr�1Þdh0

p0ðh0Þdh0;
ð42Þ

where hs
0 ¼ 4r and dh0 ¼ 8r=N for r2 << 1 and hs

0 ¼ �p=2
and dh0 ¼ p=N otherwise. Note that while hm

0 ¼ 0	 corre-
sponds to the limiting case when the stressing direction
is perpendicular to the lamella, hm

0 ¼ 90	 corresponds to
the case when the lamella are aligned with the stressing
direction. Also note that r! 0 corresponds to the extreme
case of a perfect laminate. In the other extreme case when
r!1, (40) reduces to the unoriented distribution (38)
studied in the preceding subsection.

Fig. 8 shows results for the Young’s Modulus
E ¼ dS=d�kð�k ¼ 1Þ, as a function of the distribution parame-
ter r and loading angle hm

0 . From the figure, it is evident that
E is extremely sensitive to the initial distribution of stack-
ing directions when evaluated along the lamella, i.e., for
hm

0 ¼ 90	. By contrast, there is relatively little effect of the
initial distribution of lamination directions on the Young’s
modulus along other loading directions ðhm

0 6 75	Þ, even
for reasonably broad initial distributions ð0:05 6 r 6 0:1Þ.
These observations indicate that assuming an oriented
specimen to be a perfect laminate, while attempting to infer
the elastic properties of the underlying soft and hard blocks
from measurements of the macroscopic Young’s moduli at
different loading angles (as attempted, for instance, by Al-
lan et al., 1991), can lead to erroneous results – namely, a
considerable underestimation of properties of the hard
phase, particularly its shear modulus – especially when
the initial distribution of orientations is not narrow.

Fig. 9 shows plots of the macroscopic stress versus the
macroscopic stretch in oriented specimens, subjected to
uniaxial tension along the mean stacking direction, with
initial distribution of stacking directions characterized by
r ¼ 0:1 (see Fig. 11b). For comparison purposes, results
are also included in dashed lines for a perfect crystal
ðr ¼ 0Þ with layer normal aligned with the tensile direc-
tion. Note that softening of the overall tensile response is
observed only for imperfect samples with r ¼ 0:1. The
softening in imperfect samples is attributed to the evolu-
tion of microstructure in this specimen, as will seen in
more detail further below. Once again, loss of ellipticity
is observed at a critical stretch �kcr , beyond which no results
are shown. The model predicts that �kcr depends strongly on
the contrast t, and a little less strongly on the Poisson’s ra-
tio of the soft phase mð1Þ. The results show that as was the
case for the unoriented samples, the material loses elliptic-
ity because the shear modulus L1212 (the shear modulus
perpendicular the compressive direction) vanishes at �kcr .

Fig. 10 shows the critical stretch and corresponding
critical stress at which macroscopic instabilities take place
in oriented systems, under tensile loading perpendicular to
the average layer direction, as a function of the elastic
properties of the phases and initial distribution of stacking
directions. Note from Fig. 10a and b that increasing the
contrast t and increasing the Poisson’s ratio of the soft
phase mð1Þ leads to smaller critical stretches and stresses.
Fig. 10c and d show that the initial width r of the distribu-
tion of stacking directions has a moderate effect on both
the critical stretch and stress for strongly aligned systems
with r < 0:1. However, the effect is more significant as r
increases beyond this level and results in a sizable delay
in the possible onset of instabilities, which is consistent
with the unoriented systems considered earlier (which
correspond to the limit as r!1). Note also that higher
contrasts leads to smaller (larger) critical stresses for
r < 1ðr > 1Þ, while higher contrasts leads to smaller criti-
cal stretches that are independent of the value of r.

Fig. 11 shows results for the evolution of grain orienta-
tion h and von Mises equivalent stress rh

e in the hard phase
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Fig. 8. Young’s modulus of oriented specimen as a function of the variance r of the initial orientation distribution for several angles hm
0 between mean

lamination direction and the stressing direction.

a b

Fig. 9. Uniaxial stress–stretch curves for oriented specimens subjected to uniaxial tension along the mean stacking direction. (a) Effect of contrast in shear
moduli of the phases t. (b) Effect of Poisson’s ratio of the soft phase mð1Þ .
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of the lamellae – in a perpendicularly oriented grain
ðh0 � 2	Þ – for oriented specimens subjected to uniaxial
tension along the mean stacking direction, for three differ-
ent initial distributions of stacking directions with
r ¼ 0:04, 0.1, and 0.2. Clearly, the deformation behavior
of the perpendicularly oriented grains in oriented speci-
mens is similar to that of the unoriented specimens. That
is, while these grains deform mainly by stretching perpen-
dicular to the lamellae at small stretches, they deform pre-
dominantly via a combination of rigid rotation and shear
along the lamellae close to and beyond LSE. Therefore we
can conclude that the transition from one deformation
mode to a different one is once again the source for the
predicted elastic instabilities. Furthermore, the narrower
the initial distribution of stacking directions the sharper
and earlier the transition in deformation mode for the per-
pendicularly oriented grains. Similar observations reveal-
ing such deformation mechanisms were also made by
Lopez-Pamies et al. (2008) in the simpler setting of a nearly
oriented specimen composed of only two slightly misori-
ented stacks of lamellae. Note from Fig. 11b that, at least
until LSE, the von Mises equivalent stress in the hard of
lamellae in perpendicularly oriented grains is much below
the yield stress for the hard phase. Thus, the elastic insta-
bilities are predicted to precede plastic instabilities in per-
pendicularly loaded oriented specimen, in agreement with
experimental observations for this type of loading (Garcia,
2006).

For completeness, Fig. 12 shows evolution plots of the
ODF as the deformation �k progresses all the way up to
LSE at �kcr . Results are shown for two different values of
the initial width r (0.04 and 0,1) of the orientation distri-
bution. It can be seen from these figures that the behavior
is qualitatively similar for the two values of r, consisting in
the broadening and flattening of the peak, eventually lead-
ing to the development of a bimodal distribution about the
symmetry direction ðh ¼ 0	Þ. The development of the dou-
ble-bump in the distribution is again seen to be closely re-
lated to the above-mentioned sudden rotation of the
perpendicularly oriented grains (with small values of h0)
near the LSE point. Comparing with the corresponding re-
sults shown in Fig. 6a for the unoriented samples, it is
interesting to remark that although the starting point is
quite different – a flat distribution for the unoriented sys-
tems versus a highly peaked distribution for the oriented
systems – the elastic instability is driven by the same phys-
ical mechanism of shear-and-rotation of the ‘‘unfavorably”
oriented layers (i.e., those perpendicular to the tensile
direction), leading to a transition from a unimodal distri-
bution to a bimodal one.



a b
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Fig. 10. Effect of contrast in shear moduli of the phases, distribution of initial lamination directions, and Poisson’s ratio of the soft phase on critical stretch
and critical stress at loss of strong ellipticity in perpendicularly loaded oriented specimens.

a b

Fig. 11. Deformation behavior of a perpendicularly oriented grain in oriented specimens subjected to uniaxial tension along the mean stacking direction. (a)
Evolution of grain orientation. (b) Evolution of von Mises equivalent stress in the hard phase of the lamellae.
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Fig. 13 shows a comparison of the evolution of the ODF
and macroscopic stress-strain response for uniaxial com-
pression (C) with the prior results for tension (T) in an ori-
ented sample. Fig. 13a again shows that the ‘‘unfavorably”
oriented lamellae tend to rotate towards the stressing
direction for uniaxial tension ð�k > 1Þ, leading to the
formation of a double-bump pattern. On the contrary, for
uniaxial compression ð�k < 1Þ, there are essentially no ‘‘unfa-
vorably” oriented lamellae since most grains are aligned
with the tensile direction that is induced by the Poisson ef-
fect in the direction perpendicular to the tensile direction.
In fact, the layers still tend to rotate to align themselves
with the tensile direction, but only slightly, and in this case
it only leads to an increasingly sharper peak (in the ODF) at
h ¼ 0	 as the deformation progresses. By comparing the
macroscopic responses for tension and compression in
Fig. 13b, it becomes even clearer that the stress-strain
softening and LSE observed for uniaxial tension are the
result of the comparatively large rotation and shear of the
‘‘unfavorably” oriented grains and not of the nonlinear



a b

Fig. 13. Results for a perpendicularly loaded oriented specimen in tension (T) and compression (C). (a) Evolution of the ODF. (b) Uniaxial stress–stretch
curves.

a b

Fig. 12. Evolution of the ODF in oriented specimens subjected to uniaxial tension along the mean stacking direction for two different initial distributions of
orientations.
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constitutive behaviors of the phases. On the other hand, for
uniaxial compression, most layers are subjected locally to
tension along their long dimension, which leads to plastic
yielding and eventual failure of the layers. The critical
strain for plastic yielding of layers, which happens almost
simultaneously in nearly all the grains, is indicated by a full
square in Fig. 13b.
5. Conclusions

A homogenization-based framework has been proposed
to model hyperelastic polycrystals. The analytical frame-
work allows for the efficient computation of variational
estimates for the evolution of the microstructure and the
macroscopic constitutive response of lamellar TPEs making
direct use of the properties of the constituent blocks, initial
distribution of lamination directions, average grain shape,
and initial volume fractions of the blocks. Motivated by
experimental observations for oriented sheet specimens
prepared using the roll casting process (Honeker and Tho-
mas, 1996) – and for simplicity – the average grain shape
in the undeformed configuration was assumed here to be
cylindrical with circular cross-section in the transverse
x1 � x2 plane (the plane of the sheet). Furthermore, the ini-
tial lamination directions were restricted to lie in the
x1 � x2 plane so that for loadings within the plane, the
problem becomes two-dimensional (generalized plane
strain). Two kinds of initial distributions of stacking direc-
tions were considered: unoriented corresponding to an iso-
tropic distribution of lamination directions in the plane
and oriented corresponding to a Gaussian distribution of
lamination directions. In line with experiments on TPEs re-
ported in the literature, the analysis is restricted to uniax-
ial loading in the x1 � x2 plane, the focus being the study of
the generic effect of the elastic properties of the phases and
of the initial microstructure on the macroscopic response
of lamellar TPEs up to the possible onset of macroscopic
elastic instabilities.

In unoriented samples, grains with lamellae that are
nearly perpendicular, diagonal, and parallel to the stressing
direction (in the undeformed configuration) exhibit con-
trasting behaviors. While the initially parallel and diago-
nal grains respectively deform by stretching along the
lamellae and a combination of rigid rotation and shear along
the lamellae, the initially perpendicular grains deform
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predominantly by stretching along the stacking direction
at small strains and via a combination of rigid rotation and
shear along the lamellae soon after. The transition from
the hard deformation mode (controlled by stretching of
the hard phase) to the soft mode (controlled by shear of
the soft phase and rotation of the layers) in the ‘‘unfavor-
ably” oriented grains (i.e., those that are initially perpen-
dicular to the tensile direction) leads to the onset of a
macroscopic elastic instability. Furthermore, the lamellae
in the grains tend to develop preferential orientations of
about 20 degrees, symmetrically about the loading axis,
leading to a transition from a ‘‘unimodal” to a ‘‘bimodal”
distribution of orientations. (Similar observations have
been made recently in the Ph.D. thesis of Tzianetopoulou
(2007), who carried out detailed FEM simulations for the
macroscopic response of polygranular specimens using
various realizations of unoriented specimens subjected to
plane strain conditions.) This reorganization of the orienta-
tion distribution of the grains leads to a shear-band insta-
bility at the macroscopic level that can be related
microscopically to the formation of zig-zag chevron pat-
terns in isotropic styrene-butadiene-styrene (SBS) block
copolymers (Séguéla and Prud’homme, 1981; Garcia,
2006). This deformation mechanism and the associated
macroscopic elastic instabilities were found to be strongly
dependent on the heterogeneity contrast of the hard and
soft blocks, as well as on the Poisson’s ratio of the soft
blocks, but weakly dependent on the volume fraction of
the blocks. In addition, the critical stress at the onset of
the macroscopic instabilities is found to be weakly depen-
dent of the properties of the hard phase, particularly for
large elastic contrasts. The situation is similar to that of fi-
ber-reinforced elastomers, subjected to compression along
the fibers, where for extremely stiff fibers the critical stress
depends only on the properties of the elastomeric matrix
and initial volume fraction of fibers (Agoras et al., 2009; Lo-
pez-Pamies and Idiart, 2009). Furthermore, nearly all the
grains behave elastically until the onset of macroscopic
(elastic) instabilities indicating that plastic yielding of the
hard (glassy or semi-crystalline) phase is expected to have
a significant effect on the overall response only after the
onset of the macroscopic instabilities.

In oriented specimens, the Young’s modulus was found
to be quite sensitive to the initial distribution of orienta-
tions, especially for loadings that are aligned with the
mean layer direction: the broader the initial distribution,
the greater the deviation of the Young’s modulus (along
the mean layer direction) relative to the corresponding
perfect laminate. This could provide a possible explanation
for the large scatter in experimentally measured (Allan
et al., 1991; Cohen et al., 2000) Young’s modulus along
the lamellae in oriented SBS specimens. In oriented speci-
mens subjected to uniaxial tension along the mean lamina-
tion direction N, herein referred to as ‘‘perpendicularly
loaded” specimens, the microstructure evolution in the
grains and their sensitivity to the elastic properties and ini-
tial volume fractions of the phases is similar to that in
unoriented specimens. However, the transition in the
deformation mode for the ‘‘unfavorably” oriented grains,
leading to the development of macroscopic instabilities,
is strongly dependent on the variance of the orientation
distribution function, occurring much earlier and being
more sensitive to the elastic properties of the phases for
(perpendicular loading of) the oriented specimens than
for the unoriented specimens. On the other hand, for paral-
lel loading of the oriented specimens the proportion of
unfavorably oriented grains is minimal and the evolution
of the microstructure is quite different tending to increase
(instead of decrease) the overall stiffness of the material, so
that no elastic instabilities were detected. Instead the lay-
ers are expected to yield plastically and eventually break
up at sufficiently large strains leading to a different type
of instability which cannot be appropriately modeled with
the present theory.

Although no direct comparisons with experiments have
been attempted in this work, the encouraging predictions
of the theoretical model for somewhat idealized constitu-
ent properties and microstructures suggest that the theory
does contain many of the basic ingredients necessary to be
able to handle more realistic (3D) microstructures and con-
stitutive models for the constituents blocks of TPEs with
lamellar microstructures. In addition, the general theory
can be applied – with suitable extensions – for TPE with
other domain structures, such as the cylindrical and spher-
ical geometries (Honeker and Thomas, 1996), as well as to
other polymeric systems with similar two-scale structure,
such as certain types of semi-crystalline polymers, where
similar chevron-type instabilities have also been observed
(Krumova et al., 2006).
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