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Chapter 1

Preliminaries on Tensors

In order to describe in a quantitative manner — and not just in a qualitative one — the mechanics of

solids, the pertinent phenomena must be cast within an appropriate mathematical framework.

Consider, for example, that we are interested in describing the motion of a tennis ball during a tennis

match; this is precisely what the Hawk-Eye technology aims at doing. Being pressurized spherical shells

of about 6.75 cm in diameter that are made of rubber (surrounded by a nylon/wool felt), tennis balls

deform significantly when struck with a racket as well as when they land on the court. It is because of

the large deformation that they experience that the description of their motion is fairly complex. To gain

insight, it proves useful to think about it in parts. For instance, one can think of the description of the

location of the center of mass of the ball as a function of time. While useful, this information is clearly

incomplete since, again, when the ball lands on the court it deforms significantly and the region of contact

with the court (approximately of elliptical shape) determines whether the ball is in or out. Hence, the

deformed geometry of the ball (and not just the translation of its center of mass) as a function of time

is also crucial in the complete description of its motion. From your first course in physics, you already

know that the location of the center of mass of the ball can be described mathematically as a vector. On

the other hand, as discussed in depth in Chapter 2, the description of the deformed geometry of the ball

involves more complex objects: tensors.

This chapter provides a concise introduction of the definition, algebra, and calculus of tensors needed

in the rest of the monograph to quantify mechanics concepts. The vast majority of problems in mechanics

can be handled elegantly with Cartesian tensors. For this reason and to avoid unnecessary mathematical

technicalities, we (mostly) restrict attention throughout to Cartesian tensors.

1.1 Basic background on vectors

1.1.1 Three-dimensional Euclidean vector space E3

Definition of a real vector space. In preparation for the definition of Cartesian tensors in Section

1.2, we begin by recalling that a real vector space V is a set of elements, called vectors, together with two

operations, called vector addition and scalar multiplication, that satisfy the following rules:

i) u + v ∈ V
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ii) u + v = v + u

iii) u + (v + w) = (u + v) + w

iv) ∃ 0 ∈ V such that u + 0 = u

v) ∃ −u ∈ V such that u + (−u) = 0

vi) au ∈ V

vii) 1u = u

viii) a(bu) = (ab)u

ix) (a+ b)u = au + bu

x) a(u + v) = au + av

for all u,v,w ∈ V and a, b ∈ R.

The dimension of a real vector space. Let u1,u2, ...,um be m vectors in V, none of which are the

zero vector 0, such that

a1u1 + a2u2 + ...+ amum = 0

if and only if a1 = a2 = ... = am = 0. Then we say that the vectors u1,u2, ...,um are linearly independent.

We further say that if V contains N linearly independent vectors but does not contain N +1 independent

vectors, the dimension of V is N .

Definition of a three-dimensional Euclidean vector space. A three-dimensional Euclidean vector

space E3 is a three-dimensional (N = 3) real vector space with two additional operations: a scalar (or

dot) product and a vector product. The scalar product, denoted by u ·v, is defined as the scalar u ·v ∈ R

with the following properties:

i) u · v = v · u

ii) (au + bv) ·w = a(u ·w) + b(v ·w)

iii) u · u ≥ 0 with u · u = 0 if and only if u = 0

for all u,v,w ∈ E3 and a, b ∈ R. The vector product, denoted by u∧v, is defined as the vector u∧v ∈ E3

with the following properties:

i) u ∧ v = −v ∧ u

ii) (au + bv) ∧w = a(u ∧w) + b(v ·w)

iii) u · (u ∧ v) = 0

iv) (u ∧ v) · (u ∧ v) = (u · u)(v · v)− (u · v)2
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for all u,v,w ∈ E3 and a, b ∈ R.

Some standard terminology and geometrical interpretation. The magnitude (or length) of a

vector u ∈ E3, denoted by |u|, is defined as |u| =
√

u · u. If |u| = 1, we say that u is a unit vector. If

u · v = 0, we say that u and v are orthogonal. The angle 0 ≤ θ ≤ π between two vectors u and v is

defined by

cos θ =
u · v
|u||v|

. (1.1)

The properties of the vector product allow to deduce the associated geometrical relation

u ∧ v = (|u||v| sin θ)p,

where p is a unit vector in the “direction” of u ∧ v. The product u · (v ∧w) is called the scalar triple

product.

1.1.2 Components of a vector with respect to a basis

Any set of three linearly independent vectors constitutes a basis for E3. Given a basis {e1, e2, e3}, or

{ei} for short, any vector u ∈ E3 admits a unique representation of the form

u =

3∑
i=1

uiei = u1e1 + u2e2 + u3e3, (1.2)

where u1, u2, u3 are called the components of the vector u with respect to the basis {ei}.
A basis {ei} such that

ei · ej = δij ≡

 1 if i = j

0 if i 6= j
(1.3)

for any i, j = 1, 2, 3 is called an orthonormal basis. The symbol δij defined in (1.3) is referred to as the

Krönecker delta. By definition, it follows immediately that

δij = δji.

An orthonormal basis {ei} is said to be right-handed if

ei ∧ ej =

3∑
k=1

εijkek, (1.4)

where εijk, referred to as the permutation (or Levi-Civita) symbol, is defined by

εijk ≡


−1 if the subscripts i, j, k are in anticylic order (3→ 2→ 1→ 3)

0 if two or more subscripts i, j, k are equal

+1 if the subscripts i, j, k are in cylic order (1→ 2→ 3→ 1)

(1.5)

for any i, j, k = 1, 2, 3. By definition, it follows immediately that

εijk = εkij = εjki = −εikj
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for any i, j, k = 1, 2, 3. It is also worth recording the following relation between the Krönecker delta and

the permutation symbol:
3∑
k=1

εijkεkpq = δipδjq − δiqδjp (1.6)

for any i, j, p, q = 1, 2, 3.

With respect to an arbitrary orthonormal basis {ei}, we have that

u · ei =

 3∑
j=1

ujej

 · ei =

3∑
j=1

ujej · ei =

3∑
j=1

ujδji = ui

for any i = 1, 2, 3 and u ∈ E3. Furthermore,

u · v =

(
3∑
i=1

uiei

)
·

 3∑
j=1

vjej

 =

3∑
i,j=1

uivjei · ej =

3∑
i=1

uivi = u1v1 + u2v2 + u3v3,

u ∧ v =

(
3∑
i=1

uiei

)
∧

 3∑
j=1

vjej

 =

3∑
i,j=1

uivjei ∧ ej =

3∑
i,j,k=1

εijkuiviek.

for any u,v ∈ E3.

1.1.3 Indicial notation

As hinted by the preceding section, and as will become obvious in the sequel, objects labeled with letter

subscripts that take values over ranges of integers are ubiquitous in the description of physical phenomena,

especially in mechanics. For this reason, it is helpful to introduce convention rules that expedite their

handling. We loosely denote by indicial notation the set of such convention rules. The rules go as follows:

� Range convention. Italic lower case Latin letters i, j, k, ... are used as subscripts that take integer

values starting at 1 up to the dimension N of the space, throughout this monograph, hence, they

take integer values 1, 2, and 3.

As an example, consider the first relation in (1.3), namely,

ei · ej = δij for any i, j = 1, 2, 3.

In indicial notation, we rewrite it simply as

ei · ej = δij (1.7)

with the understanding that (1.7) holds for each value of the indices i and j in the ranges i = 1, 2, 3

and j = 1, 2, 3 and hence that it packs a total of 9 scalar equations:

e1 · e1 = δ11, e1 · e2 = δ12, e1 · e3 = δ13,

e2 · e1 = δ21, e2 · e2 = δ22, e2 · e3 = δ23,

e3 · e1 = δ31, e3 · e2 = δ32, e3 · e3 = δ33.
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� Free indices. Indices that are free to take each value in the range 1, 2, 3, such as i and j in (1.7),

are called free indices. Each free index in an equation must appear once, and only once, in every

group of objects that are added or equated in that equation. If an equation has a total of I free

indices, it represents a system of 3I (not necessarily scalar) equations.

Take for example equation (1.7). There, the two free indices i and j appear indeed once, and only

once, in both groups of objects that are equated. In this case, they represent a total of 32 = 9 scalar

equations. Note that we can change the letters i and/or j in (1.7) to other letters (provided they

are not the same) while keeping undisturbed the meaning of the equation. For example, (1.7) can

be alternatively written as

ep · eq = δpq.

Note also that writing

ei · ej = δkl

would be meaningless.

� Summation (Einstein) convention. If an index is repeated twice, and only twice, in a product,

summation is implied over that repeated index.

Consider for example the relations (1.2), (1.4), and (1.6). Making use of the summation convention,

we rewrite them as

u = umem, er ∧ es = εrsueu, εijkεkpq = δipδjq − δiqδjp (1.8)

and remark that the indices r, s, i, j, p, and q are free indices.

� Dummy indices. Indices that are repeated twice, and only twice, are called dummy indices because

they disappear after the implied summation is carried out.

For example, the indices m, u, k in (1.8) are dummy indices. Similar to free indices, we can change

the letters m, u, and/or k of the dummy indices in (1.8) to other letters (provided they are not the

same as other letters in their respective products) while keeping undisturbed the meaning of the

equations. Accordingly, (1.8) can be alternatively written as

u = unen, er ∧ es = εrsvev, εijlεlpq = δipδjq − δiqδjp.

1.1.4 Components of a vector with respect to different bases

Consider two right-handed orthonormal bases for E3, {ei} and {e′i} say. Since {ei} is a basis, any vector,

and hence in particular each of the three vectors e′1, e′2, e′3 can be represented as a linear combination of

the basis vectors e1, e2, e3. We can therefore write (in indicial notation)

e′i = Qijej . (1.9)
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Taking the dot product of (1.9) with ek,

e′i · ek = Qijej · ek = Qijδjk = Qik, (1.10)

recalling the definition (1.1), and noting that |ei| = 1 reveals that the coefficient Qij is the cosine of the

angle between e′i and ej . Taking the dot product of (1.9) with e′k provides the additional connection

e′i · e′k = δik = Qijej · e′k = QijQklej · el = QijQkj . (1.11)

If the coefficients Qij are assembled into a matrix

Q = (Qij) =


Q11 Q12 Q13

Q21 Q22 Q23

Q31 Q32 Q33

 ,

then relation (1.11) can be rewritten as

QQT = QTQ = I, (1.12)

where

I = (δij) =


1 0 0

0 1 0

0 0 1


is the identity matrix. A matrix Q that satisfies (1.12) — that is, a matrix Q whose inverse Q−1 is its

transpose QT — is said to be an orthogonal matrix. Because both orthonormal bases {ei} and {e′i} are

right-handed, it can be shown that one basis can be rotated into the other and so that Q is a proper

orthogonal matrix, that is, detQ = +1; improper orthogonal matrices are such that detQ = −1. The

matrix Q describes the rotation that takes {ei} into {e′i}.
We can now deduce how the components ui and u′i of the same vector u with respect to the two

different bases {ei} and {e′i} are related. From (1.9), we have

u = ukek = u′je
′
j = u′jQjkek.

By taking the dot product of this expression with ei and using (1.11), we finally obtain the relations

u′i = Qijuj and ui = Qjiu
′
j . (1.13)

1.1.5 Three-dimensional Euclidean point space E3

When matter — and hence in particular any solid — is idealized as a continuum medium, its physical

behavior — and hence in particular its mechanical behavior — can be effectively described in terms of

tensorial quantities (tensors are defined in the next section) that can vary from point to point in the

physical space occupied by the material at hand. Tensors will therefore be regarded as functions of

position in such a physical space. This motivates the definition of a three-dimensional Euclidean point

space.

A three-dimensional Euclidean point space E3 is a set of elements, called points, such that every pair

(p, q) of points is uniquely associated with a vector in E3, v(p, q) say, in the following manner:
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i) v(p, q) + v(q, r) = v(p, r) for all p, q, r ∈ E3

ii) v(p, q) = v(p, r) if and only if q = r for all p ∈ E3.

Let us choose an arbitrary point o ∈ E3, which we refer to as the origin, and an arbitrary right-handed

orthonormal basis {ei} for E3. Then, for any point p ∈ E3, there is a unique vector v(o, p) = x = xiei ∈ E3.

The components xi are called the coordinates of p with respect to the Cartesian coordinate frame {o, ei},
which is comprised of the origin o and the basis vectors e1, e2, e3.

1.2 Cartesian tensors

1.2.1 Linear transformations of E3 into E3: Second-order tensors

A linear transformation A of E3 into E3 is called a second-order tensor. Thus, a second-order tensor A

is a mapping that assigns to each vector u ∈ E3 a vector in E3, denoted by Au, in such a manner that

A(au + bv) = a(Au) + b(Av) for all u,v ∈ E3 and a, b ∈ R.

The zero second-order tensor 0 maps any vector u to the zero vector 0 and the identity second-order

tensor I maps any vector u to itself. We write:

0u = 0 and Iu = u for all u ∈ E3.

The addition of two second-order tensors, A and B say, and their multiplication with scalars are

defined as the second-order tensors such that

i) (A + B)u = Au + Bu for all u ∈ E3

ii) (aA)u = a(Au) for all u ∈ E3 and a ∈ R.

The product (or composition) of two second-order tensors A and B is defined as the second-order

tensor such that

AB = A ◦B.

Note that, in general, AB 6= BA. In the sequel, we shall use the standard notation A2 = AA, A3 =

AAA, and so on.

For an arbitrary second-order tensor A there is a unique second-order tensor AT , referred to as the

transpose of A, such that

Au · v = u ·ATv for all u,v ∈ E3.

It can be shown that

(AT )T = A, (A + B)T = AT + BT , (AB)T = BTAT .

A second-order tensor A is said to be symmetric if AT = A, antisymmetric or skew-symmetric if AT =

−A. A general second-order tensor A can be written as the sum of a symmetric part and an antisymmetric

part. Precisely,

A =
1

2

(
A + AT

)
+

1

2

(
A−AT

)
= Asym + Askw.
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1.2.2 The tensor product of two vectors

The tensor product of two vectors u, v ∈ E3, denoted by u⊗v, is defined as the second-order tensor such

that

(u⊗ v)w = (v ·w)u for all w ∈ E3. (1.14)

It follows that

(u⊗ v)T = v ⊗ u and (u⊗ v)(p⊗ q) = (v · p)u⊗ q for all u,v,p,q ∈ E3

and that, for any second-order tensor A,

A(u⊗ v) = (Au)⊗ v and (u⊗ v)A = u⊗ (ATv) for all u,v ∈ E3.

Consider an arbitrary orthonormal basis {ei} for E3. We then have the additional connections

(ei ⊗ ei)u = (u · ei)ei = uiei = u for all u ∈ E3.

That is,

I = ei ⊗ ei. (1.15)

1.2.3 Components of a second-order tensor with respect to a basis

Consider an arbitrary second-order tensor A and an arbitrary orthonormal basis {ei} for E3. Again, any

vector, and hence in particular each of the three vectors Aei can be represented as a linear combination

of the basis vectors e1, e2, e3. We can therefore write

Aej = Aijei,

where Aij is the component associated with the basis vector ei of the vector Aej , that is,

Aij = ei ·Aej . (1.16)

We refer to the coefficients Aij as the components of the second-order tensor A with respect to the

orthonormal basis {ei}.
It follows that

u ·Av = uiAijvj

for any u,v ∈ E3 and hence that A admits the representation

A = Aijei ⊗ ej . (1.17)

For the identity second-order tensor I, we have in particular that

I = δijei ⊗ ej = ei ⊗ ei.
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Matrix representation. If the components ui and Aij of a vector u and second-order tensor A with

respect to an arbitrary orthonormal basis {ei} are assembled into matrices

u = [u] = (ui) =


u1

u2

u3

 and A = [A] = (Aij) =


A11 A12 A13

A21 A22 A23

A31 A32 A33

 ,

it follows that

[Au] = [A][u], [aA + bB] = a[A] + b[B], [AB] = [A][B], [AT ] = [A]T

for any a, b ∈ R and arbitrary second-order tensor B. That is, their action on vectors, addition, scalar mul-

tiplication, product, and transpose operations of second-order tensors are equivalent to the corresponding

operations of their matrix representations.

1.2.4 Components of a second-order tensor with respect to different bases

Consider two right-handed orthonormal bases {ei} and {e′i} for E3 that are related by (1.9) and write

the respective components of the second-order tensor A as Aij and A′ij , that is,

A = Aijei ⊗ ej = A′kle
′
k ⊗ e′l.

Making use of (1.9) and (1.11), it follows that

A′ij = QikQjlAkl and Aij = QkiQljA
′
kl. (1.18)

The transformation rule (1.18) for the components of a second-order tensor in two different right-

handed orthonormal bases, together with the analogous transformation rule (1.13) for the components of

a vector, forms the basis for the definition of Cartesian tensors of order n introduced next.

Matrix representation. For later reference, we note that the transformation rule (1.18) can be rewritten

as

A′ = QAQT and A = QTA′Q. (1.19)

1.2.5 Definition of Cartesian tensors of order n

Let T be an object that has components Tijkl... (n indices) with respect to a right-handed orthonormal

basis {ei} for E3. Let {e′i} be another right-handed orthonormal basis for E3 that is related to {ei} by the

proper orthogonal matrix Q = (Qij), that is, e′i = Qijej . Denote by T ′ijkl... (n indices) the components

of T with respect to {e′i}. Then, if for every pair of such bases, the two sets of components Tijkl... and

T ′ijkl... are related by the transformation rule

T ′ijkl... = QipQjqQkrQlsTpqrs...,

the object T is called a Cartesian tensor of order n, or nth-order Cartesian tensor, or CT(n) for short.

Note that:
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� CT(0). Scalars are Cartesian tensors of order 0; they remain unchanged by a change of basis. A

physical example is that of temperature.

� CT(1). Vectors are Cartesian tensors of order 1; cf. the transformation rule (1.13). A physical

example is that of force.

� CT(2). Linear transformations of E3 into E3 are Cartesian tensors of order 2; cf. the transformation

rule (1.18). A physical example is that of strain measures.

� CT(3). A mathematical example of a Cartesian tensor of order 3 is the permutation symbol (1.5).

A physical example is that of the piezoelectric tensor.

� CT(4). A physical example of a Cartesian tensor of order 4 is the modulus of elasticity.

Isotropic tensors. In general, the components Tijkl... and T ′ijkl... of a Cartesian tensor T in two different

bases are different. However, there are certain tensors whose components are the same in any basis. Such

tensors are said to be isotropic tensors. Precisely, a Cartesian tensor T is said to be isotropic if

Tijkl... = QipQjqQkrQlsTpqrs... for all orthogonal matrices Q, (1.20)

where Tijkl... stand for the components of T with respect to any right-handed orthonormal basis {ei}.
It can be shown that:

� CT(0). All scalars are isotropic Cartesian tensors of order 0.

� CT(1). The only isotropic Cartesian tensor of order 1 is the zero vector 0.

� CT(2). The most general isotropic Cartesian tensor of order 2 is expressible in the component form

Tij = aδij ,

where a is a scalar.

� CT(3). The most general isotropic Cartesian tensor of order 3 is expressible in the component form

Tijk = aεijk,

where a is a scalar.

� CT(4). The most general isotropic Cartesian tensor of order 4 is expressible in the component form

Tijkl = aδijδkl + bδikδjl + cδilδjk, (1.21)

where a, b, c are scalars.

� CT(n ≥ 5). Isotropic Cartesian tensors of orders equal to or greater than 5 have components that

are expressible as linear combinations of products of Krönecker deltas and permutation symbols.
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The tensor product generalized. The tensor product R ⊗ S of a CT(m) R and a CT(n) S is a

CT(m+ n) T = R⊗ S with components

Ti1i2...imj1j2...jn = Ri1i2...imSj1j2...jn .

This generalizes the tensor product operation introduced in Section 1.2.2. In the same spirit, we write

T = Ti1i2...inei1 ⊗ ei2 ⊗ ...⊗ ein (1.22)

to represent a generic CT(n). The representation (1.22) generalizes those for vectors (1.2) and for linear

transformations of E3 to E3 (1.17) to Cartesian tensors of any order n.

1.3 Tensor algebra

1.3.1 The trace, determinant, inner product, and inverse of second-order

tensors

The trace of a second-order tensor is the linear operation that assigns to each second-order tensor T a

scalar, denoted by tr T, such that

tr(u⊗ v) = u · v for all u,v ∈ E3.

It follows that

tr T = trT = Tii, (1.23)

where we recall that T stands for the matrix representation of the components Tij of T with respect to

an arbitrary basis {ei}. It is straightforward to deduce from (1.19) that the scalar defined by (1.23) is

independent of the basis {ei} used.

A general second-order tensor T can be written as the sum of a deviatoric part

Tdev = T− 1

3
(tr T)I,

which is traceless since tr Tdev = 0, and a volumetric part

Tvol =
1

3
(tr T)I.

Thus

T = Tdev + Tvol.

The determinant of a second-order tensor T is defined as the determinant of its matrix representation

T:

det T = detT = εijkTi1Tj2Tk3 = εijkT1iT2jT3k. (1.24)

Much like for the trace (1.23), it is straightforward to deduce from (1.19) that the scalar defined by (1.24)

is independent of the basis {ei} used.
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The inner product of two second-order tensors S and T, denoted by S ·T, is defined as the scalar

S ·T = tr (STT) = SijTij . (1.25)

Again, it is a simple matter to check that the scalar defined by (1.25) is also basis independent.

A second-order tensor T is invertible if there exists a second-order tensor, denoted by T−1 and called

the inverse of T, such that

TT−1 = T−1T = I.

It can be shown that T is invertible if and only if det T 6= 0. If a second-order tensor T is invertible, so

is its transpose, in particular,

(ST )−1 = (S−1)T .

The abbreviation (ST )−1 = S−T is widely used for convenience. If two second-order tensors S and T are

invertible, so is their product, in particular,

(ST)−1 = T−1S−1.

The adjugate of a second-order tensor T, denoted by T∗, is defined as the second-order tensor

T∗ =
1

det T
T−T .

A second-order tensor Q is said to be orthogonal if

Q−1 = QT .

It follows that det Q = ±1. As for orthogonal matrices, Q is said to be a proper orthogonal second-order

tensor if det Q = 1, improper if det Q = −1. Proper orthogonal second-order tensors Q are also referred

to as rotations. A key defining property of orthogonal second-order tensors is that they preserve inner

products, precisely,

Qu ·Qv = u · v for all u,v ∈ E3.

Isotropic invariants. All three scalars (1.23), (1.24), (1.25) defined by the trace, determinant, and inner

product operators are examples of scalar-valued functions of one and two second-order tensors, f(T) and

g(S,T) say, that are called isotropic invariants. Precisely, a scalar-valued function f(T) of a second-order

tensor T is said to be an isotropic invariant if

f(QTQT ) = f(T) for all orthogonal tensors Q.

Similarly, a scalar-valued function g(S,T) of two second-order tensors S and T is said to be an isotropic

invariant if

g(QSQT ,QTQT ) = g(S,T) for all orthogonal tensors Q.
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1.3.2 Eigenvalues and eigenvectors of second-order tensors

A scalar λ is called an eigenvalue of a second-order tensor T if there exists a non-zero vector u ∈ E3 such

that

Tu = λu. (1.26)

The vector u is called the eigenvector of T associated with λ.

By rewriting (1.26) in the form

(T− λI)u = 0,

it follows that λ is an eigenvalue of T if and only if

det(T− λI) = 0. (1.27)

This last equation is referred to as the characteristic equation of T. Upon expanding the determinant,

(1.27) takes the more explicit form

λ3 − I1(T)λ2 + I2(T)λ− I3(T) = 0, (1.28)

where

I1(T) = tr T, I2(T) =
1

2

[
(tr T)2 − tr T2

]
, I3(T) = det T

are called the principal invariants of T; recall from Section 1.3.1 that tr T, tr T2, and det T are all

isotropic invariants of T.

The Cayley-Hamilton theorem. The Cayley-Hamilton theorem states that a second-order tensor T

satisfies its own characteristic equation, that is,

T3 − I1(T)T2 + I2(T)T− I3(T)I = 0. (1.29)

A simple derivation of this result (valid for the case when T has three eigenvalues) is obtained by

multiplying the characteristic equation (1.28) with u and using the identity

Tpu = λpu, p ∈ Z+,

which follows from (1.26).

Relation (1.29) is a powerful result that allows, among other things, to establish that Tq for any

(positive or negative) integer q can be expressed in terms solely of I, T, and T2. As an example, we note

that for q = −1 we have

T−1 =
1

det T

(
T2 − I1(T)T + I2(T)I

)
.

1.3.3 Spectral representation of symmetric second-order tensors

For symmetric second-order tensors, it can be shown that the three eigenvalues defined implicitly by the

cubic polynomial equation (1.28) are real and that the associated eigenvectors are mutually orthogonal.

Let u(1), u(2), u(3) be the normalized eigenvectors associated with the eigenvalues λ1, λ2, λ3 of a

symmetric second-order tensor T. Since u(1), u(2), u(3) are unit vectors that are mutually orthogonal
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they constitute an orthonormal basis for E3, which we write as {u(i)} for short. It follows from (1.15)

that the identity second-order tensor I can therefore be written as

I =

3∑
i=1

u(i) ⊗ u(i).

It further follows that

T = TI = T

(
3∑
i=1

u(i) ⊗ u(i)

)
=

3∑
i=1

(Tu(i))⊗ u(i) =

3∑
i=1

λiu
(i) ⊗ u(i). (1.30)

This expression is called the spectral representation of T.

Making use of (1.16), it is straightforward to deduce that the only non-zero components T ′ij of T with

respect to {u(i)} are

T ′11 = λ1, T ′22 = λ2, T ′33 = λ3.

With respect to an arbitrary basis {ei} for which the components of T are Tij and matrix representation

is T = (Tij), it follows from (1.19)2 and (1.10) that

T = QTT′Q,

where Q = (Qij) with Qij = u(i) · ej . Note also that

T = λ1

(
I− u(3) ⊗ u(3)

)
+ λ3u

(3) ⊗ u(3),

if λ2 = λ1, while

T = λ1I

if λ3 = λ2 = λ1.

A second-order tensor T is said to be positive definite if

u ·Tu > 0 for all non-zero u ∈ E3,

and positive semi-definite if u ·Tu ≥ 0 with equality holding for at least one non-zero vector u. If T is a

positive definite symmetric second-order tensor, it follows from (1.30) and (1.14) that

v ·Tv =
3∑
i=1

λi(u
(i) · v)2 > 0 for all non-zero v ∈ E3,

and hence that its three eigenvalues are strictly positive:

λ1 > 0, λ2 > 0, λ3 > 0.

Given a symmetric second-order tensor T with spectral representation (1.30), it can be readily shown

that

Tp =

3∑
i=1

λpiu
(i) ⊗ u(i) (1.31)

for any positive integer p. If T is invertible, we have as well

T−1 =

3∑
i=1

λ−1
i u(i) ⊗ u(i). (1.32)
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If T is in addition positive definite,

T1/2 =

3∑
i=1

λ
1/2
i u(i) ⊗ u(i) (1.33)

defines the positive square root of T.

Finally, we note that two symmetric second-order tensors are said to be coaxial if they have the same

eigenvectors (regardless of their order). The second-order tensors (1.31), (1.32), (1.33) are all coaxial with

T.

1.4 Tensor calculus

1.4.1 Differentiation of scalar-, vector-, and tensor-valued functions

Let f(A) be a function that maps each second-order tensor A to a scalar, that is, a scalar-valued function

of A. Assuming that the directional derivative

d

dt
f(A + tB)

∣∣∣∣
t=0

= lim
t→0

{
f(A + tB)− f(A)

t

}
exists and is continuous at A, the function f(A) is said to be differentiable in a neighborhood of A if

there exists a second-order tensor, denoted by ∂f(A)/∂A, such that

d

dt
f(A + tB)

∣∣∣∣
t=0

=

(
∂f

∂A
(A)

)
·B (1.34)

for all second-order tensors B. The tensor
∂f

∂A
(A) (1.35)

is referred to as the derivative of the function f(A) at A. With respect to an arbitrary orthonormal basis

{ei}, the derivative (1.35) admits the representation

∂f

∂A
(A) =

∂f

∂Aij
(A)ei ⊗ ej (1.36)

Similarly, the derivative of a vector-valued function u(A) admits the representation

∂u

∂A
(A) =

∂ui
∂Akl

(A)ei ⊗ ek ⊗ el, (1.37)

that of a second-order-tensor-valued function S(A) admits the representation

∂S

∂A
(A) =

∂Sij
∂Akl

(A)ei ⊗ ej ⊗ ek ⊗ el, (1.38)

and so on and so forth for tensor-valued functions of higher order.

Examples.

(a) Derivative of the scalar-valued function f(A) = tr A.

Noting that tr A = App, we have

∂App
∂Aij

= δpiδpj = δij and hence
∂

∂A
(tr A) = I.
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(b) Derivative of the scalar-valued function f(A) = tr A2.

In this case, tr A2 = AprArp,

∂ (AprArp)

∂Aij
= δpiδrjArp +Aprδriδpj = 2Aji and hence

∂

∂A

(
tr A2

)
= 2AT .

(c) Derivative of the second-order-tensor-valued function S(A) = A.

∂Aij
∂Akl

= δikδjl and hence
∂A

∂A
= I.

(d) Derivative of the second-order-tensor-valued function S(A) = A2.

Noting that (A2)ij = AipApj , we have

∂AipApj
∂Akl

= δikδplApj +Aipδpkδjl and hence
∂A2

∂A
= (δikAlj +Aikδjl)ei ⊗ ej ⊗ ek ⊗ el.

The derivatives of functions whose arguments are Cartesian tensors of any order n are defined in an

entire analogous manner to (1.34) and, accordingly, admit analogous representations to (1.36), (1.37),

(1.38). Precisely, the derivative of a CT(m) T function of a CT(n) U is the CT(m+ n)

∂T

∂U
(U) =

∂Ti1i2...im
∂Uj1j2...jn

(U)ei1 ⊗ ei2 ⊗ ...⊗ eim ⊗ ej1 ⊗ ej2 ⊗ ...⊗ ejn .

Remark. The standard product and chain rules of differentiation for scalar-valued functions of a single

scalar variable remain applicable for the above-defined derivatives.

1.4.2 The gradient, divergence, and curl of tensor fields

Recall from Section 1.1.5 that a Cartesian coordinate frame on a three-dimensional Euclidean point space

E3 consists of an arbitrary choice of origin o in E3 together with a right-handed orthonormal basis {ei}
for E3. In such a setting, let x = xiei denote the position vector of a generic point in E3 and consider

tensors as defined over an open domain D ⊂ E3. We refer to such tensors as fields.

Consider first a scalar field f(x). Its derivative, also called gradient and denoted by grad f(x) or

∇f(x), is a vector field which admits the representation

∂f

∂x
(x) = grad f(x) = ∇f(x) =

∂f

∂xi
(x)ei.

The gradient of a vector field u(x) is the second-order tensor field

∂u

∂x
(x) = grad u(x) = ∇u(x) =

∂ui
∂xj

(x)ei ⊗ ej .

More generally, the gradient of a CT(n) field T is the CT(n+ 1) field

∂T

∂x
(x) = grad T(x) = ∇T(x) =

∂Ti1i2...in
∂xj

(x)ei1 ⊗ ei2 ⊗ ...⊗ ein ⊗ ej .
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The divergence of a vector field u(x) is the scalar field, denoted by div u(x) or ∇ · u(x), given by

div u(x) = ∇ · u(x) =
∂ui
∂xi

(x).

The divergence of a second-order tensor field S(x) is the vector field, denoted by div S(x) or ∇ · S(x),

given by

div S(x) = ∇ · S(x) =
∂Sij
∂xj

(x)ei.

More generally, the divergence of a CT(n) field T is the CT(n− 1) field

div T(x) = ∇ ·T(x) =
∂Ti1i2...in
∂xin

(x)ei1 ⊗ ei2 ⊗ ...⊗ ein−1
.

The curl of a vector field u(x) is the vector field, denoted by curl u(x) or ∇∧ u(x), given by

curl u(x) = ∇∧ u(x) = εijk
∂uk
∂xj

(x)ei.

1.4.3 Integral theorems

Let D ⊂ E3 be an arbitrary open domain with boundary ∂D and let n be the outward unit vector normal

to ∂D. The divergence (or Gauss’s) theorem is a powerful result that allows to relate “volume data” on

D to “boundary data” on ∂D.

Precisely, for a scalar field f(x) we have∫
D

grad f dx =

∫
∂D

fn dx or

∫
D

∂f

∂xi
dx =

∫
∂D

fni dx.

For a vector field u(x),∫
D

grad u dx =

∫
∂D

u⊗ n dx or

∫
D

∂ui
∂xj

dx =

∫
∂D

uinj dx.

as well as ∫
D

div u dx =

∫
∂D

u · n dx or

∫
D

∂ui
∂xi

dx =

∫
∂D

uini dx.

More generally, for a CT(n) field T, we have∫
D

∂Ti1i2...in
∂xj

dx =

∫
∂D

Ti1i2...innj dx,

where some of the indices i1i2...in may be repeated and one of them may be equal to j.

A second relevant integral theorem is Stokes’s theorem. Let S be an oriented smooth surface with

non-intersecting smooth boundary ∂S that is contained in an open domain D of E3 and let u(x) be a

vector field defined on D. The Stokes’s theorem states that∫
S

(curl u) · n dx =

∫
∂S

u · s dx,

where s is a unit tangent vector along the curve ∂S, while n is a unit normal vector on S.
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Chapter 2

Deformation

There are four basic ingredients involved in the description of the mechanics of solids from a continuum

perspective:

1. Geometry

2. Deformation

3. Forces

4. Material (Constitutive) Behavior

In a nutshell, any structure of interest (e.g., the Eiffel tower, the pyramid of Kheops, the Millau viaduct,

a human heart, a car tire, a rubber band...) occupies the closure of an open domain in a Euclidean

point space E3 that defines its geometry. When subjected to forces, the structure deforms and

hence its geometry changes. How it deforms and the forces required to deform it depend critically

on the material(s) (e.g., iron, granite, steel, concrete, asphalt, muscle, carbon black, rubber...) that

the structure is made of. In this chapter, we describe the first two basic ingredients: geometry and

deformation.

2.1 Bodies, configurations, and the deformation field

From a continuum perspective, any structure made of a solid is thought of as a body. A body B is a set

whose elements can be put into a one-to-one correspondence with the points of the closure Ω = Ω+∂Ω of

an open domain Ω of a Euclidean point space E3. The elements of B are called material points or particles

and Ω is referred to as a configuration of B. It is expedient to choose a fixed reference configuration Ω0

so that the material points of the body at hand can be readily labeled with their location in the region

occupied by the body in that configuration.

Consider hence a body that in its “undeformed” state occupies the open bounded domain Ω0 ⊂ E3 with

boundary ∂Ω0. We identify material points by their initial position vector X ∈ Ω0. In response to applied

forces, to be introduced in the next chapter, the body deforms and occupies a different configuration,

which we call the current or “deformed” configuration and denote by Ω with boundary ∂Ω. In the

deformed configuration Ω, material points occupy the position vector x. The deformation of the body
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from the reference or undeformed configuration Ω0 to the deformed configuration Ω is described by a

mapping

x = y(X). (2.1)

In general, we can choose different fixed Cartesian frames of reference to describe Ω0 and Ω, say {O,Ei}
and {o, ei}. Throughout this monograph, for the most part, we will use a unique Cartesian frame of

reference with a unique origin O = o and a unique right-handed orthonormal basis {Ei} = {ei} to

describe both Ω0 and Ω. Figure 2.1 provides a schematic of the undeformed Ω0 and the deformed Ω

configurations and the deformation mapping (2.1) between them.

E1

E2

E3

e1

e2

e3

O o

Figure 2.1: Schematics of the undeformed Ω0 and the deformed Ω configurations of a body B. The
position vectors of a generic material point in these two configurations are denoted by X and x. They
are related by the deformation mapping (2.1).

Physical restrictions on the deformation field y(X). In order to rule out deformations that cannot

be realized physically, and, in particular, deformations that do not violate material impenetrability,

� we consider deformation fields y(X) that are one-to-one mappings.

In addition, we shall also restrict attention for the most part to problems in which there is no fracture

and hence

� we consider deformation fields y(X) that are continuous.

2.2 The deformation gradient tensor

Consider now a small neighborhood around a fixed but arbitrary material point in the undeformed con-

figuration Ω0, X(0) say. Assuming enough smoothness, a Taylor expansion of the deformation field (2.1)

around that material point suffices to provide us with a complete characterization of that neighborhood

in the deformed configuration Ω. We write the Taylor expansion as

y(X) = y(X(0)) +
∂y

∂X
(X(0)) ·

(
X−X(0)

)
+O

(
||X−X(0)||2

)
(2.2)

or, in component form (in indicial notation),

yi(X) = yi(X
(0)) +

∂yi
∂Xj

(X(0))
(
Xj −X(0)

j

)
+O

(
||X−X(0)||2

)
,
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and define

F(X) =
∂y

∂X
(X),

or, in component form,

Fij(X) =
∂yi
∂Xj

(X)

as the deformation gradient tensor at a generic material point X. We shall also write,

F(X) = Grad y(X) = ∇y(X).

If follows from the fact that the deformation field y is one-to-one, that the deformation gradient tensor

F is invertible. We write its inverse as

F−1

and note that

J ≡ det F 6= 0.

2.2.1 Material line elements

Let x(0) = y(X(0)) and further write dx = x− x(0) and dX = X−X(0). With this notation, the Taylor

expansion (2.2) can be recast in the compact form

dx = FdX (2.3)

to O(||dX||2). The vector dX is called a material line element in the undeformed configuration Ω0,

while the vector dx is called a material line element in the deformed configuration Ω. The relation (2.3)

provides thus the rule for how material line elements transform under deformation. Figure 2.2 presents a

schematic illustration.

Figure 2.2: Schematic of how material line elements transform under deformation.

Note that after deformation a material line element remains a material line element, albeit one with

possibly different length and orientation. Given that F is invertible, relation (2.3) can also be written as

dX = F−1dx. (2.4)

2.2.2 Material volume elements

Consider now three non-coplanar material line elements dX(1), dX(2), dX(3) that emanate from the point

X(0) in Ω0 and are such that their scalar triple product dX(1) · (dX(2) ∧ dX(3)) > 0. Geometrically, the
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(absolute value of the) scalar triple product of three non-coplanar vectors corresponds to the volume of

the parallelepiped that they span. We write such a volume as

dV = dX(1) · (dX(2) ∧ dX(3)).

Now, from a result in linear algebra, we have

dV = det(dX(1),dX(2),dX(3))

and, in accordance to (2.3), we also have

dx(i) = FdX(i) i = 1, 2, 3.

It follows that

det(dX(1),dX(2),dX(3)) = det(F−1dx(1),F−1dx(2),F−1dx(3)) =
1

det F
det(dx(1),dx(2),dx(3)),

and hence that

dv = J dV, (2.5)

where dv = det(dx(1),dx(2),dx(3)) is the corresponding volume in the deformed configuration. The

relation (2.5) provides thus the rule for how material volume elements transform under deformation.

Figure 2.3 presents a schematic illustration.

Figure 2.3: Schematic of how material volume elements transform under deformation.

By convention, material volume elements are defined to be positive. It then follows from (2.5) that

we must impose the nonlinear constraint

J > 0.

A deformation for which

J = 1

at X is called an isochoric (volume preserving) deformation at X. It is also worth noting here that J

corresponds to the Jacobian determinant J = det (∂xi/∂Xj) of the mapping (2.1) so that∫
D

dx =

∫
D0

J dX,

where D0 is any domain of Ω0 while D is the corresponding domain of Ω.
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2.2.3 Material surface elements

Finally, consider a material surface element dS = NdS, defined by its infinitesimal surface area dS and

unit normal N, within a neighborhood of the material point X(0) ∈ Ω0. Consider further an arbitrary

material line element dX that emanates from the edge of dS such that dX · dS > 0. This last quantity

is nothing more than the volume of the cylinder with base dS and generator dX. We write it as

dV = dX · dS.

From (2.3) and (2.5) it follows that

dX · dS = F−1dx · dS = dx · F−TNdS = J−1 dv.

Defining

dv = dx · ds = dx · nds,

where n is a unit vector, we then have the connection

ds = JF−TdS or equivalently nds = JF−TNdS. (2.6)

The relation (2.6), referred to as Nanson’s formula, provides the rule for how material surface elements

transform under deformation. Figure 2.4 presents a schematic illustration.

Figure 2.4: Schematic of how material surface elements transform under deformation.

Note that the surface normal dS is not a material line element. This means that, in general, the

material line along n in the neighborhood of the point x(0) ∈ Ω is not the same as that along N in the

neighborhood of the point X(0) ∈ Ω0. Note as well that∫
S

n dx =

∫
S0
JF−TN dX

for any corresponding surfaces S and S0 in Ω0 and Ω. If S and S0 are boundaries of open domains in Ω0

and Ω, on use of the divergence theorem, we have the additional connections

Div(JF−T ) = 0 and div(J−1FT ) = 0, (2.7)

where Div denotes the divergence operation with respect to X, while div denotes the divergence operation

with respect to x.
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2.3 Polar decomposition of the deformation gradient tensor

The preceding section has made it plain that the deformation gradient tensor F is the principal quantity

of interest to understand the deformation of solids. In this subsection, we invoke a result from linear

algebra — the polar decomposition theorem — to gain further understanding of F. The result goes as

follows:

For any deformation gradient tensor F, there exists unique positive definite symmetric second-order

tensors, U and V, and an orthogonal second-order tensor, R, such that

F = RU = VR. (2.8)

We call the representation F = RU the right polar decomposition and F = VR the left polar decomposition

of F. Moreover, U is called the right stretch tensor, while V is called the left stretch tensor. Because

J > 0, R is a proper orthogonal tensor and hence a rigid rotation.

Physically, the result (2.8) implies that the deformation around a neighborhood of any material point,

as characterized by the deformation gradient tensor, can be thought of as a combination of a rigid rotation

and a pure “stretch” and that to reach it one can first apply the rotation and then the stretch or vice

versa. The physical meaning of a rigid rotation is clear. Let us gain more insight into that of the stretch

tensors.

Spectral representations of the right and left stretch tensors. Because of its symmetry and

positive definiteness, the right stretch tensor U admits the spectral representation

U =

3∑
i=1

λiu
(i) ⊗ u(i), (2.9)

where λi > 0. The eigenvalues λi are called the principal stretches, while the mutually orthonormal

eigenvectors {u(i)} (i = 1, 2, 3) are called the principal Lagrangian axes.

Now, it follows from (2.8) and (2.9) that

Fu(i) = VRu(i) = RUu(i) = λiRu(i) i = 1, 2, 3.

Thus, by defining

v(i) = Ru(i) i = 1, 2, 3,

we have that

V =

3∑
i=1

λiv
(i) ⊗ v(i). (2.10)

That is, the eigenvalues of U, the principal stretches λi, are also the eigenvalues of the left stretch tensor

V. On the other hand, the mutually orthonormal eigenvectors {v(i)} (i = 1, 2, 3) of V, called the principal

Eulerian axes, are in general different from those of U, but they coincide when there is no rigid rotation

(R = I).
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2.3.1 Geometrical interpretation of V: The Eulerian strain ellipsoid

Consider a ball B0 of infinitesimal size that is centered at an arbitrary material point X ∈ Ω0. We write

B0 = {dX : dX · dX < 1} (2.11)

with the understanding that the radius of “1” stands for an infinitesimal constant value. By virtue of the

transformation rule (2.4) for material line elements,

dX · dX = F−1dx · F−1dx = dx · F−TF−1dx,

from which it follows that the ball (2.11) deforms into the Eulerian strain ellipsoid

B = {dx : dx · F−TF−1dx < 1} (2.12)

in the deformed configuration Ω. Noting that

F−TF−1 = V−2 =

3∑
i=1

λ−2
i v(i) ⊗ v(i),

the ellipsoid (2.12) takes the diagonal form

B =

{
(dx1,dx2,dx3) :

(
dx1

λ1

)2

+

(
dx2

λ2

)2

+

(
dx3

λ3

)2

< 1

}

when written in components with respect to the principal Eulerian axes {v(i)} (i = 1, 2, 3), thus its name.

Figure 2.5 presents a schematic illustration.

Figure 2.5: Schematic of how a ball B0 in Ω0 deforms into the Eulerian strain ellipsoid, with principal
axes {v(i)} (i = 1, 2, 3), in Ω.

2.3.2 Geometrical interpretation of U: The Lagrangian strain ellipsoid

Consider now a ball B of infinitesimal size that is centered at an arbitrary material point x ∈ Ω. We

write

B = {dx : dx · dx < 1} (2.13)

with the understanding again that the radius of “1” stands for an infinitesimal constant value. By virtute

of the transformation rule (2.3) for material line elements,

dx · dx = FdX · FdX = dX · FTFdX,
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from which it follows that the ball (2.13) is the mapping of the Lagrangian strain ellipsoid

B0 = {dX : dX · FTFdX < 1} (2.14)

in the undeformed configuration Ω0. Noting that

FTF = U2 =

3∑
i=1

λ2
iu

(i) ⊗ u(i),

the ellipsoid (2.14) takes the diagonal form

B0 =

{
(dX1,dX2,dX3) :

(
dX1

λ−1
1

)2

+

(
dX2

λ−1
2

)2

+

(
dX3

λ−1
3

)2

< 1

}

when written in components with respect to the principal Lagrangian axes {u(i)} (i = 1, 2, 3), thus its

name. Figure 2.6 presents a schematic illustration.

Figure 2.6: Schematic of how a ball B in Ω is the mapping of the Lagrangian strain ellipsoid, with
principal axes {u(i)} (i = 1, 2, 3), in Ω0.

2.4 Strain

A body is said to be unstrained at a material point X if the length of an arbitrary material line element

dX emanating from X is unchanged after deformation. Precisely, a body is said to be unstrained at a

material point X if

|dx| = |dX| (2.15)

for arbitrary dX emanating from X. Upon rewriting (2.15) as

|dx|2 − |dX|2 = 0

and making use of (2.3), we have

|dx|2 − |dX|2 = dx · dx− dX · dX = FdX · FdX− dX · dX = dX ·
(
FTF− I

)
dX = 0.

Thus, the condition

FTF = I (2.16)

is necessary and sufficient for a body to be unstrained at a material point X. If (2.16) is not satisfied at

X, then the body is said to be strained at X. From (2.16) and (2.8) it follows that if the deformation

gradient tensor is simply a rigid rotation F = R at X, then there is no strain at X.
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Clearly, any function of FTF or F−TF−1 can serve as a measure of strain. In fact, noting from (2.8)

that FTF = U2 and F−TF−1 = V−2, any function of the right stretch tensor U or the left stretch tensor

V can serve as a measure of strain. Two fairly general classes of strain measures are the following:

E(m) =


1

m
(Um − I) if m 6= 0

ln U if m = 0
(2.17)

and

e(m) =


1

m
(Vm − I) if m 6= 0

ln V if m = 0
, (2.18)

where m is any integer, positive or negative. Note that according to these two classes of strain measures,

the material is unstrained at X if and only if E(m) = 0 and e(m) = 0 at X. The choice m = 2 in (2.17)

E = E(2) =
1

2

(
U2 − I

)
(2.19)

is called the Lagrangian strain tensor. The choice m = −2 in (2.18)

e = e(−2) =
1

2

(
I−V−2

)
is called the Eulerian strain tensor.

2.4.1 The infinitesimal strain tensor

In the vast majority of (traditional) structures and devices in aerospace, civil, and mechanical engineering,

the solids that are employed — e.g., concrete, steel, aluminum, titanium, glass, alumina,... — are capable

of undergoing only “small strains” before failing by fracture. The analysis of their deformation can

therefore be greatly simplified, without compromising accuracy, by considering the asymptotic limit of

“small strains”. To make this precise, we define the displacement field u(X) as

u(X) = x−X = y(X)−X (2.20)

and denote its gradient as

H(X) = Grad u(X), (2.21)

or, in component form,

Hij(X) =
∂ui
∂Xj

(X).

It follows that

F = I + H.

The limit of “small strains” corresponds to the limit H→ 0, or, equivalently, F→ I.

Consider the Lagrangian strain tensor (2.19). In terms of the gradient (2.21) of the displacement field,

it reads

E =
1

2

(
H + HT + HTH

)
,
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from which is trivial to conclude that

E = ε ≡ 1

2

(
H + HT

)
to leading order in the limit as H→ 0. The right-hand side of this last expression defines the infinitesimal

strain tensor ε. In component form, we write

εij =
1

2
(Hij +Hji) =

1

2

(
∂ui
∂Xj

+
∂uj
∂Xi

)
.

As opposed to the general context of arbitrarily large deformations for which there are infinitely many

choices of strain measures (the families (2.17) and (2.18) being two possible choices), ε is the unique

strain measure in the limit of small strains. It can be shown that

E(m) = e(m) = ε

to leading order in the limit as H→ 0 for any integer m in (2.17) and (2.18).

2.5 Homogeneous deformations

In general, the dependence on X of the deformation field y(X) varies in a complicated manner throughout

a body and so does that of its gradient F(X). Deformations where F(X) is uniform throughout the entire

body are called homogenous deformations. The most general homogeneous deformation of a body is given

by

x = FX + c for all X ∈ Ω0, (2.22)

where F and c are constant, the latter representing a rigid translation. Deformations that do not conform

with (2.22) are called non-homogeneous or inhomogeneous deformations.

In this section, we discuss examples of some homogeneous deformations of practical relevance, while

in the next section we discuss a few examples of non-homogeneous deformations. Note that there is no

need to specify the geometry of the body to discuss homogeneous deformations, but the same is not true

for non-homogeneous deformations.

2.5.1 Uniform extension

Consider an arbitrary body with undeformed configuration Ω0. If there is a Cartesian frame of reference

for which the deformation field has the component form

x1 = λX1, x2 = X2, x3 = X3

with λ > 1, then we say that the body is under uniform extension. The matrix representation F of the

associated deformation gradient tensor F = λe1 ⊗ e1 + e2 ⊗ e2 + e3 ⊗ e3 reads

F =


λ 0 0

0 1 0

0 0 1

 .
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2.5.2 Pure dilation

Consider an arbitrary body with undeformed configuration Ω0. If for any Cartesian frame of reference

the deformation field has the component form

x1 = λX1, x2 = λX2, x3 = λX3

with λ > 0, then we say that the body is under pure dilation. The matrix representation F of the

associated deformation gradient tensor F = λI reads

F =


λ 0 0

0 λ 0

0 0 λ

 .

2.5.3 Pure shear

Consider an arbitrary body with undeformed configuration Ω0. If there is a Cartesian frame of reference

for which the deformation field has the component form

x1 = λX1, x2 = λ−1X2, x3 = X3

with λ > 0, then we say that the body is under pure shear. The matrix representation F of the associated

deformation gradient tensor F = λe1 ⊗ e1 + λ−1e2 ⊗ e2 + e3 ⊗ e3 reads

F =


λ 0 0

0 λ−1 0

0 0 1

 .

Clearly, J = 1 and so pure shear is an isochoric deformation.

2.5.4 Simple shear

Consider an arbitrary body with undeformed configuration Ω0. If there is a Cartesian frame of reference

for which the deformation field has the component form

x1 = X1 + γX2, x2 = X2, x3 = X3,

where γ, called the amount of shear, is an arbitrary real number, then we say that the body is under

simple shear. The matrix representation F of the associated deformation gradient tensor F = I+γe1⊗e2

reads

F =


1 γ 0

0 1 0

0 0 1

 .

Clearly, J = 1 and so simple shear, much like pure shear, is an isochoric deformation. As opposed to

pure shear for which F = U = V, however, a rigid rotation R 6= I is part of a simple shear deformation.
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It follows from the polar decomposition of F that, in matrix representation,

R =
1√

4 + γ2


2 γ 0

−γ 2 0

0 0 1

 .

2.6 Non-homogeneous deformations

2.6.1 Torsion of a circular cylinder

Consider a body that occupies a circular cylindrical domain of radius A and length L in its undeformed

configuration Ω0. With respect to the Cartesian frame of reference indicated in Fig. 2.7, the body is

defined by

0 ≤
√
X2

1 +X2
2 ≤ A, 0 ≤ X3 ≤ L. (2.23)

Holding the plane face X3 = 0 fixed, consider a deformation so that the plane face X3 = L is rotated

an angle τL in a manner such that plane sections of the cylinder normal to its axis e3 remain plane and

their radii remain constant at A. The quantity τ characterizes the angle of twist per unit length of the

deformed cylinder; see Fig. 2.7. The corresponding deformation field has the component form

x1 = cos (τX3)X1 − sin (τX3)X2, x2 = sin (τX3)X1 + cos (τX3)X2, x3 = X3 (2.24)

and describes the torsion of the circular cylinder (2.23). Clearly, this deformation is non-homogeneous.

e1

e2

e3

e1

e2

e3

Figure 2.7: Schematic of the torsion of a circular cylinder.

The deformation gradient tensor F(X) associated with the mapping (2.24) is given by

F =


cos (τX3) − sin (τX3) −τ (sin (τX3)X1 + cos (τX3)X2)

sin (τX3) cos (τX3) τ (cos (τX3)X1 − sin (τX3)X2)

0 0 1

 (2.25)

in matrix representation. It is straightforward to check that J = 1 and hence that (2.24) is an isochoric

deformation.
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2.6.2 Bending of a rectangular block

As another example of a non-homogeneous deformation, consider now a body that in its undeformed

configuration Ω0 occupies the rectangular block defined by

−L1

2
≤ X1 ≤

L1

2
, −L2

2
≤ X2 ≤

L2

2
, −L3

2
≤ X3 ≤

L3

2
(2.26)

with respect to the Cartesian frame of reference depicted in Fig. 2.8. The block is deformed into a sector

of a circular tube in a manner such that the position vector x = xiei of a material point in the deformed

configuration Ω satisfies the relations

r =
√
x2

1 + x2
2 = f(X1), θ = tan−1

(
x2

x1

)
= g(X2), x3 = λX3, (2.27)

where f(X1) > 0 and g(X2) are arbitrary functions of their arguments and λ > 0. In other words, the

block is deformed into a sector of a circular tube in a manner such that the planes X1 = constant become

sectors of the cylindrical surface r = constant, the planes X2 = constant become planes θ = constant,

while the planes X3 = constant become planes x3 = constant; see Fig. 2.8. Rearranging (2.27), the

corresponding deformation field has the component form

x1 = f(X1) cos (g(X2)) , x2 = f(X1) sin (g(X2)) , x3 = λX3 (2.28)

and describes the bending of the rectangular block (2.26).

e1

e2

e1

e2

Figure 2.8: Schematic of the bending of a rectangular block.

The deformation gradient tensor F(X) associated with the mapping (2.28) is given by

F =


f ′(X1) cos (g(X2)) −f(X1)g′(X2) sin (g(X2)) 0

f ′(X1) sin (g(X2)) f(X1)g′(X2) cos (g(X2)) 0

0 0 λ

 (2.29)

in matrix representation. It follows immediately that

J = λf(X1)f ′(X1)g′(X2).
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That is, the deformation (2.28) is in general not isochoric.

For the special case when the block is made of an incompressible solid (e.g., rubber), the deformation

must be isochoric, in which case

λf(X1)f ′(X1)g′(X2) = 1.

This is a separable ordinary differential equation (ODE) whose solution is given by

f(X1) =
√

2αX1 + β and g(X2) =
X2

αλ
+ γ,

where α, β, and γ are constants. It follows that the bending deformation (2.28) of an incompressible

rectangular block must be of the specialized form

x1 =
√

2αX1 + β cos

(
X2

αλ
+ γ

)
, x2 =

√
2αX1 + β sin

(
X2

αλ
+ γ

)
, x3 = λX3.

If the values f(L1/2) and g(L2/2) are prescribed, the constants α, β, and γ can be determined in terms

of L1, L2, L3 and f(L1/2) and g(L2/2).

2.6.3 Radially symmetric deformation of a spherical shell

As a final example of a non-homogeneous deformation, consider a body that occupies a spherical-shell

domain of inner radius A and outer radius B in its undeformed configuration Ω0. With respect to the

Cartesian frame of reference indicated in Fig. 2.9, the body is defined by

A ≤
√
X2

1 +X2
2 +X2

3 ≤ B.

The body is deformed in a radially symmetric manner such that it occupies also a spherical-shell domain

in its deformed configuration Ω, but of different inner radius a and outer radius b; see Fig. 2.9. In

component form, the corresponding deformation field is then given by

xi = f(R)Xi, R ≡ |X|, (2.30)

where f(R) > 0 is an arbitrary function of its argument.

e1

e2

e1

e2

Figure 2.9: Schematic of the radially symmetric deformation of a spherical shell.
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The deformation gradient tensor F(X) associated with the mapping (2.30) is given by

F(X) = f(R)I +
f ′(R)

R
X⊗X. (2.31)

As opposed to the deformation gradients (2.25) and (2.29) for the torsion of a circular cylinder and the

bending of a rectangular block, the deformation gradient (2.31) is a pure strain deformation as it does

not contain any rigid rotation. In other words,

F(X) = U(X) = V(X) = f(R)I +
f ′(R)

R
X⊗X.

Accordingly, it can be spectrally represented. It it not difficult to deduce that its spectral representation

is given by

F(X) = λ1
1

R2
X⊗X + λ2

(
I− 1

R2
X⊗X

)
, (2.32)

where

λ1 = Rf ′(R) + f(R) and λ2 = λ3 = f(R) (2.33)

are the principal stretches. It follows immediately from (2.32) and (2.33) that

J = λ1λ
2
2 = (Rf ′(R) + f(R)) f2(R)

and hence that the deformation (2.30) is in general not isochoric.

For the special case when the shell is made of an incompressible solid (e.g., again, rubber), the

deformation must be isochoric, in which case

(Rf ′(R) + f(R)) f2(R) = 1.

This is a separable ODE whose solution is given by

f(R) =

(
1 +

a3 −A3

R3

)1/3

or equivalently by f(R) =

(
1 +

b3 −B3

R3

)1/3

,

where use has been made of the facts that a = Af(A) and b = Bf(B) and hence that B3−A3 = b3− a3.

It follows that the radially symmetric deformation (2.30) of an incompressible spherical shell must be of

the specialized form

xi =

(
1 +

a3 −A3

R3

)1/3

Xi =

(
1 +

b3 −B3

R3

)1/3

Xi.

2.7 Time dependence

Up to this point in this chapter, we have focused on how to describe in a quantitative manner the

deformation of a body in a configuration with respect to another configuration. In the so-called real

world, the process of deformation of a body takes place over a period of time — it may occur relatively

slowly (think of glacial motion) or relatively fast (think of the striking of a tennis ball with a racket) —

and hence, in principle, it is a time-dependent process. To describe this dependence, we augment the

arguments in the deformation field (2.1) and rewrite

x = y(X, t), (2.34)
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where the scalar argument t ∈ [0, T ] represents time. We also rewrite the current or deformed configura-

tion as Ω(t) and note that Ω(0) = Ω0.

The velocity of the material point that occupies the position vector X ∈ Ω0 at the initial time t = 0

is denoted by V(X, t) and defined by

V(X, t) = ẏ(X, t) ≡ ∂y

∂t
(X, t). (2.35)

Similarly, the acceleration of the material point that occupies the position vector X ∈ Ω0 at the initial

time t = 0 is denoted by A(X, t) and defined by

A(X, t) = ÿ(X, t) ≡ ∂2y

∂t2
(X, t). (2.36)

Henceforth, we shall use the superposed dot notation to indicate partial derivatives with respect to time

t with X held fixed. Such derivatives are called material or Lagrangian time derivatives.

Making use of the mapping (2.34), we note that (2.35) and (2.36) can be rewritten as

V(X, t) = v {y(X, t), t} = v(x, t) (2.37)

and

A(X, t) = a {y(X, t), t} = a(x, t),

which define the velocity v(x, t) and acceleration a(x, t) of the material point that occupies the position

vector x ∈ Ω(t) at time t. The fields V(X, t) and A(X, t) are referred to as the material or Lagrangian

descriptions of the velocity and acceleration, while the fields v(x, t) and a(x, t) are referred to as the

spatial or Eulerian descriptions of the velocity and acceleration.

It follows that the material time derivative of the deformation gradient tensor

F(X, t) =
∂y

∂X
(X, t)

is given by

Ḟij(X, t) =
∂ẏi
∂Xj

(X, t) =
∂vi
∂xk

(x, t)
∂xk
∂Xj

(X, t) =
∂vi
∂xk

(x, t)Fkj(X, t)

in component form, and by

Ḟ(X, t) = Grad ẏ(X, t) = (gradv(x, t))F(X, t) (2.38)

in abstract form, where, again, Grad denotes the gradient operation with respect to X, while grad denotes

the gradient operation with respect to x. In view of (2.38), we define

Γ(x, t) = gradv(x, t)

as the Eulerian velocity gradient. We thus have the relation

Ḟ = ΓF (2.39)

between the Lagrangian velocity gradient Ḟ and the Eulerian velocity gradient Γ.

We conclude by placing on record the useful connection

∂

∂t
(·)
∣∣∣∣
X

=
∂

∂t
(·)
∣∣∣∣
x

+ v · ∂
∂x

(·) or in component form
∂

∂t
(·)
∣∣∣∣
X

=
∂

∂t
(·)
∣∣∣∣
x

+ vi
∂

∂xi
(·)

relating the material (Lagrangian) time derivative with the spatial (Eulerian) time derivative, which

follows from the chain rule, the mapping (2.34), and the definition (2.35).
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Chapter 3

Balance Principles and the Concept of Stress

The preceding chapter has dealt with the first two of the four basic ingredients

1. Geometry

2. Deformation

3. Forces

4. Material (Constitutive) Behavior

involved in the description of the mechanics of solids. This chapter is devoted to the third basic ingredient:

forces.

We attribute the reason why bodies deform to “external stimuli” applied to them. We call such stimuli

forces. While our sense of sight allows us to directly observe the geometry and deformation of bodies

(think of dropping a tennis ball on a tennis court, for example), none of our senses allow us to directly

observe the forces that cause their deformation; the sense of touch does provide us, however, with some

indirect mechanism of sensing forces (think of an arm wrestle, for example). Because of this lack of direct

observations, our approach to forces is necessarily axiomatic in nature. In a nutshell, we posit that there

exist two types of forces:

� Surface forces: these are contact forces that are applied on the boundary of bodies,

� Body forces: these are non-contact forces that act at material points within bodies,

and that these forces satisfy certain balance principles (essentially, Newton’s laws) which are the same

for all bodies, hence the terminology of “principles”.

The six balance principles for continuum media. Before proceeding with the details on forces per

se, it is appropriate to spell out all the six principles that describe not just the mechanics but the rest of

physics of any substance (not just solids) from a continuum perspective. They are:

1. Conservation of Mass

2. Balance of Linear and Angular Momenta

3. Maxwell’s Equations
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4. Balance of Configurational Forces

5. Conservation of Energy (1st Law of Thermodynamics)

6. Entropy Imbalance (2nd Law of Thermodynamics)

In this monograph, the focus is on the mechanics of solids that are subject to Newtonian surface and

body forces in a manner such that their temperature remains constant and no energy is dissipated. It

follows that the only two principles that are relevant for our purposes here are the conservation of mass

and the balance of linear and angular momenta.

3.1 Conservation of mass

Let a body1 occupy an arbitrary configuration Ω0, with boundary ∂Ω0 and outward unit normal N, in

its undeformed state. Let y(X, t) denote the deformation field that maps material points X ∈ Ω0 to their

position x = y(X, t) in the deformed configuration Ω(t), with boundary ∂Ω(t) and outward unit normal

n, at time t ∈ (0, T ]. We posit that there exist a function

ρ(x, t) ≥ 0 for all x ∈ Ω(t)

called the mass density of the body in the configuration Ω(t). Furthermore, we say that conservation of

mass is satisfied provided that
d

dt

∫
Ω(t)

ρ(x, t) dx = 0. (3.1)

It is worth placing on record different but equivalent statements of conservation of mass for uses in

different contexts. To that end, we begin by noting from (3.1) that∫
Ω(t)

ρ(x, t) dx =

∫
Ω0

ρ0(X) dX,

where ρ0(X) denotes the mass density of the body in the undeformed configuration Ω0. It follows that∫
Ω0

ρJ dX =

∫
Ω0

ρ0 dX,

where we have dropped the function arguments for simplicity. In view of the arbitrariness of the choice

of undeformed configuration Ω0, it further follows that

ρ = J−1ρ0, (3.2)

which is another useful statement of conservation of mass. Taking the material time derivative of expres-

sion (3.2) renders

ρ̇ =
∂ρ

∂t
+ v · ∂ρ

∂x
= −J−2J̇ρ0 = −J−1F−T · Ḟρ0.

On use of relations (2.39) and (3.2), this last expression can be recast in yet another useful form of

conservation of mass:
∂ρ

∂t
+ div (ρv) = 0. (3.3)

Relation (3.3) is commonly referred to as the continuity equation.

1For simplicity, throughout this chapter we use the term “body” to refer to bodies as well as to sub-bodies.
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3.2 Balance of linear and angular momenta

In addition to having the property of mass density introduced above, in its deformed configuration Ω(t)

at time t ∈ (0, T ] the body is assumed to be acted on by an applied body force b(x, t) per unit mass

and an applied surface force t(x, t) per unit area. We say that balance of linear momentum is satisfied

provided that
d

dt

∫
Ω(t)

ρ(x, t)v(x, t) dx =

∫
Ω(t)

ρ(x, t)b(x, t) dx +

∫
∂Ω(t)

t(x, t) dx, (3.4)

where we recall that v(x, t) stands for the spatial description (2.37) of the velocity. Furthermore, we say

that balance of angular momentum is satisfied provided that

d

dt

∫
Ω(t)

ρ(x, t)x ∧ v(x, t) dx =

∫
Ω(t)

ρ(x, t)x ∧ b(x, t) dx +

∫
∂Ω(t)

x ∧ t(x, t) dx. (3.5)

On use of the continuity equation (3.3), noting that for any function f(x, t) we have the connection

d

dt

∫
Ω(t)

fρdx =
d

dt

∫
Ω0

fρJ dX

=

∫
Ω0

(
∂f

∂t
+ v · ∂f

∂x

)
ρJ dX +

∫
Ω0

f

(
∂ρ

∂t
+ v · ∂ρ

∂x

)
J dX +

∫
Ω0

fρJ̇ dX

=

∫
Ω0

(
∂f

∂t
+ v · ∂f

∂x

)
ρJ dX−

∫
Ω0

fρdivv J dX +

∫
Ω0

fρdivv J dX

=

∫
Ω(t)

(
∂f

∂t
+ v · ∂f

∂x

)
ρdx

=

∫
Ω(t)

ḟρdx,

the balance of linear momentum (3.4) and the balance of angular momentum (3.5) can be rewritten as∫
Ω(t)

ρ(x, t)v̇(x, t) dx =

∫
Ω(t)

ρ(x, t)b(x, t) dx +

∫
∂Ω(t)

t(x, t) dx (3.6)

and ∫
Ω(t)

ρ(x, t)x ∧ v̇(x, t) dx =

∫
Ω(t)

ρ(x, t)x ∧ b(x, t) dx +

∫
∂Ω(t)

x ∧ t(x, t) dx. (3.7)

At this stage no further progress can be made with these principles unless a specific functional form

for the surface force t(x, t), also called the traction or stress vector, is prescribed. We do so next.

3.3 The Cauchy stress tensor and corresponding laws of motion

and equilibrium

3.3.1 Cauchy’s fundamental postulate

In general, the traction t(x, t) in (3.6) and (3.7) may depend on the geometry of the surface ∂Ω(t) on

which is acting. Symbolically, we rewrite

t(x, ∂Ω(t), t)

to indicate such a dependence explicitly.
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Cauchy’s fundamental postulate posits that the dependence of t on ∂Ω(t) is exclusively through the

unit outward normal n to ∂Ω(t), and not through any other of its properties such as, for instance, its

curvature. We hence write

t(x, ∂Ω(t), t) = t(x,n, t). (3.8)

3.3.2 Cauchy’s lemma

An immediate consequence of Cauchy’s fundamental postulate (3.8) and the balance of linear momentum

(3.6) is the result

t(x,−n, t) = −t(x,n, t). (3.9)

We call this relation Cauchy’s lemma.

The standard proof for (3.9) goes as follows. Consider a body that occupies a cylindrical domain

centered at x, with base area a and length h, in its deformed configuration Ω(t) at time t; see Fig. 3.1.

In the limit as h↘ 0, the balance of linear momentum (3.6) applied to this body reduces to∫
A

[t(x,n, t) + t(x,−n, t)] dx = 0

to leading order, where the integration is over an end-face A of the cylindrical domain. Specialization of

this result to the case of a cylinder of infinitesimally small base area a yields (3.9).

Figure 3.1: Schematic of the cylindrical domain used to prove Cauchy’s lemma.

3.3.3 Cauchy’s theorem

Another consequence of Cauchy’s fundamental postulate (3.8) and the balance of linear momentum (3.6)

is Cauchy’s theorem. This theorem states that, provided that it is continuous on x, the traction t(x,n, t)

depends linearly on n. That is, there exist a second-order tensor T such that

t(x,n, t) = T(x, t)n (3.10)

or, in component form,

ti(x,n, t) = Tij(x, t)nj .

The second-order tensor T is called the Cauchy stress tensor.

The standard proof for (3.10) goes as follows. Consider a body that occupies in its deformed configura-

tion Ω(t) at time t a tetrahedron with the following characteristics. The four faces of the tetrahedron are
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Ah, A1h, A2h, A3h and have outward unit normals n, −e1, −e2, −e3, respectively. The vertex opposite

to Ah is x and the distance from x to Ah is h; see Fig. 3.2 for a schematic. In the limit as h ↘ 0, the

balance of linear momentum (3.6) applied to this body reduces to∫
Ah

t(x,n, t) dx +

3∑
j=1

∫
Ajh

t(x,−ej , t) dx = 0 (3.11)

to leading order. On use of Cauchy’s lemma (3.9) and the fact that the area ajh of the face Ajh is given

in terms of the area ah of the face Ah by ajh = ahn · ej (j = 1, 2, 3), it follows from (3.11) that

t(x,n, t) =

3∑
j=1

t(x, ej , t) (n · ej)

or, in component form,

ti(x,n, t) = ti(x, ej , t)nj .

By labeling ti(x, ej , t) = Tij(x, t), (3.10) is established.

e1

e2

e3

Figure 3.2: Schematic of the tetrahedron used to prove Cauchy’s theorem.

Physical interpretation of the components of the Cauchy stress tensor T. In view of the

relation

ti(x, ej , t) = Tij(x, t),

we deduce that Tij(x, t) corresponds to the ei component of the force (per unit area) on a surface element

in the deformed configuration Ω(t) at time t whose unit outward normal is in the ej direction; see Fig.

3.3. The components:

� T11, T22, T22 are called normal stresses,

while the components

� T12, T21, T13, T31, T23, T32 are called shear stresses.

It turns out that not all shear stresses are independent. In fact, the next section establishes that Tij = Tji.
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e1

e2

e3

Figure 3.3: Schematic depiction of the components Tij of the Cauchy stress tensor T.

3.3.4 Cauchy’s laws of motion

Direct substitution of the form (3.10) for the traction t in the balance of linear momentum (3.6) yields∫
Ω(t)

ρ(x, t)v̇(x, t) dx =

∫
Ω(t)

ρ(x, t)b(x, t) dx +

∫
∂Ω(t)

T(x, t)n dx.

Use of the divergence theorem further yields∫
Ω(t)

[div T(x, t) + ρ(x, t)b(x, t)− ρ(x, t)v̇(x, t)] dx = 0.

In view of the arbitrariness of Ω(t), we can then conclude that

div T + ρb = ρv̇ (3.12)

for all x ∈ Ω(t) and t ∈ (0, T ]. This partial differential equation (PDE) is referred to as Cauchy’s first

law of motion. In component form, we write

∂Tij
∂xj

+ ρbi = ρv̇i.

It can be shown that direct use of the form (3.10) for the traction t and of relation (3.12) in the

balance of angular momentum (3.7) leads to the result

T = TT (3.13)

for all x ∈ Ω(t) and t ∈ (0, T ], which is referred to as Cauchy’s second law of motion. In component form,

we write

Tij = Tji.

It follows immediately from (3.13) that the Cauchy stress tensor T admits a spectral representation.

We shall write

T =

3∑
i=1

tiv
(i) ⊗ v(i)

and refer to the eigenvalues ti as the principal Cauchy stresses and to the mutually orthonormal eigen-

vectors v(i) as the principal directions of the Cauchy stress tensor.
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3.3.5 Cauchy’s equations of equilibrium

In the event that the surface and body forces are applied quasi-statically — that is, slowly enough that

the inertial term ρv̇ in (3.12) can be neglected — the Cauchy’s laws of motion (3.12)-(3.13) reduce to the

Cauchy’s equations of equilibrium

div T + ρb = 0 and T = TT .

3.4 The first Piola-Kirchhoff stress tensor and corresponding

equations of motion and equilibrium

The Cauchy’s laws of motion (3.12) and (3.13) are applicable to all types of continuum substances, be

them solids or fluids. As opposed to fluids, solids have a well defined undeformed configuration Ω0.

In this section, we rewrite the laws of motion (3.12) and (3.13) over Ω0, instead of over the deformed

configuration Ω(t), which is the natural and mathematically preferred form for solids.

With help of Nanson’s formula (2.6), we begin by noting that the sum of tractions t applied on the

boundary ∂Ω(t) of the body in its deformed configuration Ω(t) may be written as∫
∂Ω(t)

Tn dx =

∫
∂Ω0

JTF−TN dX, (3.14)

where we recall that N is the outward unit normal to the boundary ∂Ω0 of the undeformed configuration

Ω0. In view of this result, it is natural to introduce the notation

S = JTF−T , (3.15)

so that (3.14) reads ∫
∂Ω(t)

Tn dx =

∫
∂Ω0

SN dX.

Relation (3.15) defines the first Piola-Kirchhoff stress tensor S.

Physical interpretation of the components of the first Piola-Kirchhoff stress tensor S. In

view of its definition (3.15) and the physical meaning of the components of the Cauchy stress tensor T, we

e1

e2

e1

e2

Figure 3.4: Schematic depiction of the components Sij of the first Piola-Kirchhoff stress tensor S; only
S11, S12, S21, S22 are shown for clarity.
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see that Sij(X, t) corresponds to the ei component of the force (per unit undeformed area) on a surface

element in the deformed configuration Ω(t) at time t whose unit outward normal was in the ej direction

in the undeformed configuration Ω0; see Fig. 3.4.

3.4.1 The Lagrangian equations of motion

Having introduced the stress measure (3.15), we are now in a position to rewrite the laws of motion over

the undeformed configuration Ω0.

Let us begin with Cauchy’s first law of motion

∂Tij
∂xj

+ ρbi = ρv̇i. (3.16)

From (3.15) we have

Tij = J−1SikFjk.

Then

∂Tij
∂xj

=
∂

∂xj

[
J−1SikFjk

]
=

∂

∂xj

[
J−1Fjk

]
Sik + J−1 ∂Sik

∂Xm

∂Xm

∂xj
Fjk

=J−1 ∂Sik
∂Xm

F−1
mjFjk

=J−1 ∂Sik
∂Xk

,

where we have made use of the result (2.7)2. Substitution of this result in (3.16) renders

J−1 ∂Sij
∂Xj

+ ρbi = ρv̇i.

By defining

B(X, t) = b{y(X, t), t}

and recalling (2.37) and (3.2), we finally have

∂Sij
∂Xj

+ ρ0Bi = ρ0ÿi,

or, in abstract form,

Div S + ρ0B = ρ0ÿ (3.17)

for all X ∈ Ω0 and t ∈ (0, T ]. We refer to (3.17) as the first Lagrangian equation of motion.

From Cauchy’s second law of motion (3.13) and the definition (3.15), it immediately follows that

SFT = FST (3.18)

or, in component form,

SikFjk = FikSjk

for all X ∈ Ω0 and t ∈ (0, T ]. We refer to (3.18) as the second Lagrangian equation of motion. In contrast

to the Cauchy stress tensor T, the first Piola-Kirchhoff stress tensor S is not symmetric.
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3.4.2 The Lagrangian equations of equilibrium

In the event that the surface and body forces are applied quasi-statically — that is, again, slowly enough

that the inertial term ρ0ÿ in (3.17) can be neglected — the Lagrangian equations of motion (3.17)-(3.18)

reduce to the Lagrangian equations of equilibrium

Div S + ρ0B = 0 and SFT = FST .

3.5 Homogeneous and non-homogeneous stresses

In general, much like the deformation field, the Cauchy stress tensor T(x, t) varies spatially in a compli-

cated manner throughout a body. Stress states where T(x, t) is uniform throughout the entire body are

called states of homogeneous stress. Those that are not are called non-homogeneous or inhomogeneous

stresses. The same terminology applies to the first Piola-Kirchhoff stress tensor S(X, t).

In the next two subsections, we discuss examples of some homogeneous Cauchy stresses of practical

relevance, while in a third subsection we discus an example of non-homogeneous Cauchy stresses. In all

these examples, we restrict attention to situations where the inertial term ρv̇ in (3.12) is negligible. Much

like for homogeneous deformations, we note that there is no need to specify the geometry of the body to

discuss homogeneous stresses, but the same is not true for non-homogeneous stresses.

3.5.1 Uniaxial tension and compression

Consider an arbitrary body with deformed configuration Ω(t) at time t. If there is a Cartesian frame of

reference for which the Cauchy stress tensor has the form

T = σe1 ⊗ e1 (3.19)

or, in matrix representation,

T =


σ 0 0

0 0 0

0 0 0

 ,

where σ is an arbitrary scalar, then we say that the body is under uniaxial tension if σ > 0 and uniaxial

compression if σ < 0.

It follows from (3.12), since inertia is absent, that the state of stress (3.19) can only occur if the effect

of body forces b is negligible.

3.5.2 Pure hydrostatic pressure or isotropic stress

Consider an arbitrary body with deformed configuration Ω(t) at time t. If for any Cartesian frame of

reference the Cauchy stress tensor has the form

T = pI = p(e1 ⊗ e1 + e2 ⊗ e2 + e3 ⊗ e3) (3.20)
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or, in matrix representation,

T =


p 0 0

0 p 0

0 0 p

 ,

where p is an arbitrary scalar, called the pressure, then we say that the body is under pure hydrostatic

pressure or isotropic stress.

Here, it is important to note that the traction t associated with the pure hydrostatic pressure (3.20)

is given by

t = Tn = pn.

That is, the traction on any given surface element of the body is invariably: i) of magnitude p and

ii) aligned with the normal direction of the given surface n. States of pure hydrostatic pressure occur

naturally within fluids, either liquids (such as water) or gases (such as air).

Since inertia is absent, it follows again from (3.12) that the state of stress (3.20) can only occur if the

effect of body forces b is negligible.

3.5.3 Radially symmetric stress in a spherical shell

Consider now a body that occupies a spherical-shell domain of inner radius a and outer radius b in its

deformed configuration Ω(t) at time t. With respect to the Cartesian frame of reference indicated in Fig.

3.5, the body is defined by

a ≤
√
x2

1 + x2
2 + x2

3 ≤ b

and its outward normal vector on its inner (|x| = a) and outer (|x| = b) boundaries take the simple form

n||x|=a = −1

a
x and n||x|=b =

1

b
x.

e1

e2

Figure 3.5: Schematic depiction of a pressurized spherical shell.

On its inner boundary, the shell is subjected to the traction

t(x, t)||x|=a = −pan||x|=a =
pa
a

x,



3. Balance Principles and the Concept of Stress 45

while on its outer boundary is subjected to the traction

t(x, t)||x|=b = −pbn||x|=b = −pb
b

x.

Consistent with the terminology introduced in Section 3.5.2, we say that the shell is pressurized from the

inside with a pressure −pa and from the outside with a pressure −pb.
We say that the shell is under a state of radially symmetric stress when the Cauchy stress tensor is

of the form

T = t1(r)
1

r2
x⊗ x + t2(r)

(
I− 1

r2
x⊗ x

)
with r ≡ |x|, (3.21)

where the functions t1(r) and t2(r) are related by the ODE

dt1
dr

+
2

r
(t1 − t2) = 0 (3.22)

and satisfy the (boundary) conditions

t1(a) = −pa and t1(b) = −pb.

Clearly, the state of stress (3.21) in non-homogeneous. Also, since inertia is absent, it follows again

from (3.12) that the state of stress (3.21) can only occur if the effect of body forces b is negligible. To

see this, note that

∂Tij
∂xj

=
∂

∂xj

[
t1

1

r2
xixj + t2

(
δij −

1

r2
xixj

)]
=

dt1
dr

1

r3
xixjxj + (t1 − t2)

∂

∂xj

[
1

r2
xixj

]
+

dt2
dr

xj
r

(
δij −

1

r2
xixj

)
=

1

r

dt1
dr

xi + (t1 − t2)

(
−2xi
r2

+
xi
r2

+
3xi
r2

)
=

1

r

dt1
dr

xi +
2

r2
(t1 − t2)xi

=
1

r

(
dt1
dr

+
2

r
(t1 − t2)

)
xi

=0, (3.23)

the last equality holding by virtue of (3.22). In other words, the Cauchy stress tensor (3.21) is divergence

free and so, in the absence of inertia, it satisfies Cauchy’s first law of motion (3.12) only if the body force

b is negligible.
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Chapter 4

Constitutive Behavior of Solids: The Basic

Case of Elasticity

The preceding two chapters have dealt with the first three of the four basic ingredients

1. Geometry

2. Deformation

3. Forces

4. Material (Constitutive) Behavior

involved in the description of the mechanics of solids. This chapter is devoted to the fourth basic ingre-

dient: material behavior.

To set the stage, consider a body that occupies a certain undeformed configuration Ω0 defining its

initial geometry (e.g., the Eiffel tower) at time t = 0. The body is subject to surface forces on its boundary

(e.g., winds and people walking on the restaurant 58 Tour Eiffel) and to body forces in its volume (e.g.,

gravity). As a result, the body deforms into certain deformed configuration Ω(T ) at time t = T . The

mechanical response of such a body is fully described by

� the deformation field y(X, t) for all (X, t) ∈ Ω0 × (0, T ],

� the mass density ρ(x, t) for all (x, t) ∈ Ω(t)× (0, T ], and

� the Cauchy stress tensor T(x, t) for all (x, t) ∈ Ω(t)× (0, T ] or, equivalently,

the first Piola-Kirchoff stress tensor S(X, t) for all (X, t) ∈ Ω0 × (0, T ].

The three components of y, the one component of ρ, and the nine components of T (or S) amount to

a total of thirteen unknowns. At this stage, however, we only have the seven equations provided by

the conservation of mass (one equation) and the equations of motion (six equations in all), which are

insufficient. This should not come as a surprise, since we have not yet specified the mechanical behavior

of the material that the body is made of. In our example, the Eiffel tower is made mostly of iron. Had

it been made of rubber, its mechanical response would be drastically different when subject to the same
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surface forces of winds and people walking on the restaurant 58 Tour Eiffel and the same body force of

gravity!

To reach a complete set of equations, we must therefore provide the additional equations that describe

the mechanical behavior of the material (or materials) that the body is made of. We call such equations

constitutive equations.

Out of the four basic ingredients involved in the description of the mechanics of solids, material

behavior is the one that remains an open and vibrant subject of research for obvious reasons. Indeed, if

one thinks of how to write down mathematical equations that accurately describe the mechanical behavior

of, for instance, Gorilla glass, or 7075 aluminum alloys, or bamboo, or heart muscle under arbitrary surface

and body forces, one quickly realizes that it is a tall order, yet one that is essential to advance and enable

new technologies.

4.1 Simple materials

The standard starting point to construct constitutive equations that describe the mechanical behavior of

materials at large (not just solids) is the so-called principle of determinism of the stress, which posits: the

Cauchy stress tensor T(x, t) at a point x and time t in a body (free of internal constraints) is determined

by the complete current and past (but not the future) motion of that body. Symbolically, we write

T(x, t) = G
0≤s≤t
Z∈Ω0

{y(Z, s); X, t} (4.1)

to emphasize that the stress at a point x and time t may depend on the deformation of all material points

Z in the body for all times s preceding the current time t.

In order to make further progress from the very general functional form (4.1), experimental knowledge

about the material of interest is required. Based on experimental observations gathered over more than

two centuries, it turns out that the mechanical behavior of the vast majority of solids (iron, granite, steel,

concrete, asphalt, carbon black, rubber,...) and fluids (air, water, blood,...) alike can be described with

a constitutive equation (4.1) of the specialized form

T(x, t) = G
0≤s≤t

{F(X, s); X, t} . (4.2)

According to (4.2), the stress at a point x and time t depends exclusively on the deformation in a small

neighborhood of that point (and not the deformation of all points in the body) for all times s preceding

the current time t. A material (solid or fluid) whose mechanical behavior is characterized by a constitutive

equation of the form (4.2) is called a simple material.

4.1.1 Elastic materials

The focus of this monograph is on solids. Provided that the exerted surface and body forces are applied

sufficiently slowly and that their magnitude is sufficiently small, experiments indicate that the mechanical
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behavior of any solid can be idealized as elastic. Elastic materials are a special class of simple materials.

They correspond to the specialization of (4.2) to the case when

T(x, t) = GT (F(X, t); X, t) .

That is, the stress at a point x and time t in an elastic material depends exclusively on the deformation

gradient at that point and at that time. Since the dependence on time is trivial, we simplify the notation

and write

T(x, t) = GT(F(X, t); X). (4.3)

The explicit dependence on X of the function GT in (4.3) indicates that the body may be heterogeneous

and hence made of different classes of elastic materials (think of a car tire made of a rubber matrix

filled with carbon black particles, for example). To further simplify notation, we restrict attention to

homogeneous materials and hence write

T = GT(F), (4.4)

where we have omitted the arguments of T and F for additional simplicity.

It immediately follows from (3.15) that the constitutive relation (4.4) for an elastic material can also

be written as

S = G(F) (4.5)

with G(F) = JGT(F)F−T in terms of the first Piola-Kirchhoff stress tensor S.

4.1.2 Elastic materials with internal constraints

It is not uncommon for some materials to pose great resistance to accommodate certain types of deforma-

tion. The most prominent example in solids (fluids) is that of rubber (water), which requires exceedingly

large forces to change volume compared to the forces required to change its shape. In such cases, it is

expedient to idealize that those types of deformations are not accessible and hence that the deformation

of the material at hand satisfies an internal constraint of the form

C(F) = 0. (4.6)

Since F is no longer arbitrary because of (4.6), its knowledge is not sufficient to determine the state of

stress of the material. Accordingly, the constitutive relation (4.5) for an elastic material whose deformation

must comply with a constraint of the form (4.6) is no longer applicable and must be replaced by

S = G(F) + q
∂C

∂F
(F),

where q is an arbitrary scalar. More specifically, q is the Lagrange multiplier associated with the constraint

(4.6).

As an example, we note that for a material constrained by incompressibility, we have

C(F) = det F− 1 = 0

and

S = G(F)− pJF−T ,

where we have replaced q by −p, which is typically referred to as the arbitrary hydrostatic pressure.
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4.2 Hyperelastic materials

As alluded to above, experimental evidence gathered over more than two centuries has revealed that there

exists a range of loading conditions under which the mechanical behavior of any solid can be idealized

as elastic. More precisely, the experimental evidence has revealed that such an elastic behavior is of the

specialized form

S =
∂W

∂F
(F), (4.7)

where the scalar-valued function W (F) ≥ 0 is called the stored- or strain-energy function and physically

represents the energy density (per unit undeformed volume) required to subject the solid to a deformation

gradient F.

Elastic materials whose constitutive relation is of the form (4.7) are referred to as hyperelastic mate-

rials. We remark that the response function G(F) of an elastic material need not be the derivative of a

scalar-valued function W (F) and hence that an elastic material need not be hyperelastic in general.

For hyperelastic materials subject to an internal constraint of the form (4.6), the constitutive relation

(4.7) is replaced by

S =
∂W

∂F
(F) + q

∂C

∂F
(F).

For hyperelastic materials constrained by incompressibility, we have in particular

S =
∂W

∂F
(F)− pF−T . (4.8)

In the next three subsections, we outline a series of restrictions on W (F) that arise from basic physical

considerations.

4.2.1 The concept of natural configuration

An undeformed configuration Ω0 occupied by a body made of a hyperelastic material for which its stored-

energy function W (F) is such that

W (Q) = 0 and
∂W

∂F
(Q) = 0 for all Q ∈ Orth+, (4.9)

where Orth+ stands for the set of all proper orthogonal second-order tensors, is called a natural configu-

ration. Physically, such a configuration corresponds to a state wherein the body is not only undeformed

but also free of energy and stress. In the vast majority of applications, it is most convenient to iden-

tify and choose an undeformed configuration that is a natural configuration to carry out the pertinent

calculations.

For hyperelastic materials subject to an internal constraint of the form (4.6), the conditions (4.9) are

replaced by

W (Q) = 0 and
∂W

∂F
(Q) + q

∂C

∂F
(Q) = 0 for all Q ∈ Orth+. (4.10)

Remark. Henceforth, any undeformed configuration Ω0 is tacitly assumed to be a natural configuration

and, moreover, we restrict attention to stored-energy functions W (F) that satisfy relations (4.9), or (4.10)

for hyperelastic materials subject to internal constraints.
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4.2.2 Material frame indifference

By definition, the mechanical behavior of a material is an intrinsic property. In the present context, this

implies that if a body that is made of a hyperelastic material is deformed by the action of surface and

body forces, then the stored-energy function W (F) at every material point X ∈ Ω0 should be the same

irrespectively of the Cartesian frame of reference used to describe the deformed configuration Ω(t) of

the body, in other words, irrespectively of the observer. This is called the principle of material frame

indifference or the principle of objectivity. As we demonstrate next, it imposes a restriction on the

functional form of W (F).

E1

E2

E3
e1

e2

e3

O
o

o*

Figure 4.1: The deformation of a body made of a hyperelastic material viewed by two different observers.

As illustrated by Fig. 4.1, consider a body made of a hyperelastic material that initially occupies the

undeformed configuration Ω0 at time t = 0. At a later time t ∈ (0, T ], in response to some applied forces,

the body occupies the deformed configuration Ω(t). When the positions occupied in Ω(t) by material

points are described with respect to the Cartesian frame of reference {o, ei}, the two configurations Ω0

and Ω(t) are related by the deformation field

x = y(X, t).

Consider now a second Cartesian frame of reference {o∗, e∗i } that is related to {o, ei} via a rigid rotation

Q(t) and a rigid translation c(t), namely,

x∗ = Q(t)x + c(t). (4.11)

When the positions occupied in Ω(t) by material points are described with respect to this second Cartesian

frame of reference, the configurations Ω0 and Ω(t) are related by the deformation field

x∗ = y∗(X, t).

Using the notation

F(X, t) = Grad y(X, t) and F∗(X, t) = Grad y∗(X, t),

material frame indifference requires that

W (F∗) = W (F) (4.12)
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for all material points X ∈ Ω0. But, from (4.11) we have

F∗(X, t) = Q(t)F(X, t).

It then follows immediately from (4.12) that the stored-energy functionW (F) for any hyperelastic material

must satisfy the restriction

W (QF) = W (F) for all Q ∈ Orth+ (4.13)

and arbitrary deformation gradient tensors F. Stored-energy functions W (F) that satisfy (4.13) are called

objective stored-energy functions.

On use of the polar decomposition (2.8), an implication of the restriction (4.13) is that

W (F) = W (U)

for arbitrary deformation gradient tensors F. Thus, the energy required to deform a hyperelastic material

depends only on the stretch (or strain) part of the deformation and not on the rigid rotation that it may

contain.

Another implication is that the second Lagrangian equation of motion (3.18), or equivalently Cauchy’s

second law of motion (3.13), is automatically satisfied by hyperelastic materials characterized by objective

stored-energy functions. That is,

If W (QF) = W (F) for all Q ∈ Orth+ and arbirary F then SFT = FST . (4.14)

The proof of this is left as an exercise for the reader.

For hyperelastic materials subject to an internal constraint of the form (4.6), following the same above

reasoning as for W (F), material frame indifference places the restriction

C(QF) = C(F) for all Q ∈ Orth+

and arbitrary deformation gradient tensors F on the constraint.

4.2.3 Material symmetry

Because of their microstructure and/or nanostructure, most materials exhibit inherent symmetries. Sim-

ilar to the material frame indifference discussed above, these symmetries also place restrictions on the

functional form of the constitutive equations that describe their mechanical behavior. In the present con-

text of hyperelastic materials, the restrictions placed by material symmetry on the stored-energy function

W (F) can be readily understood via the following example.

As illustrated by Fig. 4.2, consider a body made of a hyperelastic material whose initial microstruc-

ture at time t = 0 comprises a periodic square distribution of circular cylindrical fibers, aligned in the

same direction, embedded in a matrix. Choose a Cartesian frame of reference {O,Ei} to describe the

undeformed configuration Ω0 of this body such that the fibers are aligned in the E3 direction. Clearly,

such a microstructure remains invariant under 90◦, 180◦, and 270◦ rigid rotations around the E3 axis.



4. Constitutive Behavior of Solids: The Basic Case of Elasticity 52

E1

E2

O

E1

E2

O

Figure 4.2: Schematic of a representative microstructure for a hyperelastic material with symmetry group
(4.15) subject to two different deformations that are equivalent in their mechanical response.

We write

K90 =


0 −1 0

1 0 0

0 0 1

 , K180 = K90K90 =


−1 0 0

0 −1 0

0 0 1

 , K270 = K90K90K90 =


0 1 0

−1 0 0

0 0 1


for the matrix representations of the corresponding proper orthogonal second-order tensors K90, K180,

and K270 describing these rotations and define the set

Symm = {I,K90,K180,K270}. (4.15)

This set forms a group (in the mathematical sense) which is referred to as the symmetry group of the

material relative to the undeformed configuration Ω0.

In order to probe the mechanical response of the body, let us consider two thought experiments. In

the first experiment, let us assume that the body deforms according to the mapping

x = yI(X, t). (4.16)

The corresponding deformation gradient tensor is denoted by

FI(X, t) = Grad yI(X, t).

In the second thought experiment, let us consider instead that the body deforms according to the

mapping

x = yII(X, t), (4.17)

where

yII(X, t) = yI ◦ z = yI(z(X, t), t) = yI(X′, t) with X′ = z(X, t) = KX, K ∈ Symm.

The corresponding deformation gradient tensor in this case is given by

FII(X, t) =
∂yI

∂X′
(X′, t)

∂z

∂X
(X, t) = FI(X′, t)K.
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In words, the deformation field (4.17) corresponds first to rigidly rotating the body by one of the proper

orthogonal second-order tensors in the symmetry group of the material (4.15) and then to deforming the

resulting configuration, Ω′0 say, by the same mapping (4.16) considered in the first thought experiment.

Since the microstructure of the material remains invariant under any of the rotations in (4.15), the

mechanical response of the body for both thought experiments should be the same. We therefore have

established the following result.

The stored-energy function W (F) for a hyperelastic material with symmetry group Symm must satisfy

the restriction

W (FK) = W (F) for all K ∈ Symm (4.18)

and arbitrary deformation gradient tensors F.

4.2.4 Isotropic hyperelastic materials

Because of their synthesis/fabrication process, the symmetry group of very many materials (including

very many metals, ceramics, and polymers) used across all (aerospace, civil, mechanical) engineering

disciplines is the proper orthogonal group, that is, Symm = Orth+. Such materials are called isotropic

materials.

It follows from (4.13) and (4.18) that the stored-energy function W (F) for any isotropic hyperelastic

material must be such that

W (QFK) = W (F) for all Q,K ∈ Orth+ (4.19)

and arbitrary deformation gradient tensors F. Stored-energy functions that satisfy (4.19) are called

isotropic stored-energy functions.

On use of the polar decomposition (2.8), the restriction (4.19) implies in particular that

W (F) = W (U) = W (QUQT ) = W (KVKT ) = W (V) for all Q,K ∈ Orth+ (4.20)

and arbitrary deformation gradient tensors F. With help of the spectral representation (2.9), the second

of the equalities in (4.20) reads

W (U) = W
(
λ1Qu(1) ⊗Qu(1) + λ2Qu(2) ⊗Qu(2) + λ3Qu(3) ⊗Qu(3)

)
for all Q ∈ Orth+ (4.21)

revealing that the dependence of the stored-energy function on the right stretch tensor is only through

the principal stretches λ1, λ2, λ3; the same argument applies to the last equality in (4.20) for W (V).

Accordingly, the stored-energy function W (F) for any isotropic hyperelastic material admits the repre-

sentation

W (F) = Ŵ (λ1, λ2, λ3), (4.22)
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where Ŵ ≥ 0 is a symmetric function of its arguments, namely,

Ŵ (λ1, λ2, λ3) =Ŵ (λ1, λ3, λ2)

=Ŵ (λ2, λ1, λ3)

=Ŵ (λ2, λ3, λ1)

=Ŵ (λ3, λ1, λ2)

=Ŵ (λ3, λ2, λ1) (4.23)

such that

Ŵ (1, 1, 1) = 0,
∂Ŵ

∂λ1
(1, 1, 1) =

∂Ŵ

∂λ2
(1, 1, 1) =

∂Ŵ

∂λ3
(1, 1, 1) = 0. (4.24)

The symmetry (4.23) of Ŵ follows immediately from (4.21), while the values (4.24) follow from the

restrictions (4.9).

Recalling now that the principal stretches λ1, λ2, λ3 are defined by the characteristic function (1.28)

in terms of the principal invariants

I1(U) = tr U, I2(U) =
1

2

[
(tr U)2 − tr U2

]
, I3(U) = det U

of the right stretch tensor U, it is plain that the stored-energy function W (F) for any isotropic hyperelas-

tic material admits not only the representation (4.22) but also other representations in terms of the three

principal invariants of any non-zero integer power Up of the right stretch tensor. Because of its mathe-

matical convenience, the most common of such representations is the one in terms of U2 = FTF = C.

We write

W (F) = W̃ (I1, I2, I3) (4.25)

with

I1 =I1(C) = tr C = λ2
1 + λ2

2 + λ2
3,

I2 =I2(C) =
1

2

[
(tr C)2 − tr C2

]
= λ2

1λ
2
2 + λ2

1λ
2
3 + λ2

2λ
2
3,

I3 =I3(C) = det C = λ2
1λ

2
2λ

2
3,

where the function W̃ ≥ 0 is such that

Ŵ (3, 3, 1) = 0,
∂Ŵ

∂I1
(3, 3, 1) + 2

∂Ŵ

∂I2
(3, 3, 1) +

∂Ŵ

∂I3
(3, 3, 1) = 0, (4.26)

but is arbitrary otherwise. The values (4.26) follow from the restrictions (4.9). The second-order tensor

C is called the right Cauchy-Green deformation tensor.

Remark. Henceforth, for notational simplicity, we shall drop the “hat” and the “tilde” in the represen-

tations (4.22) and (4.25) and write

W (F) = W (λ1, λ2, λ3) = W (I1, I2, I3)

with the understanding that despite the use of the same symbol “W” these are three different functions.
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The stress-deformation relation for isotropic hyperelastic materials. Upon substitution of the

representation (4.25) in (4.7), if follows that the stress-deformation relation for isotropic hyperelastic

materials can be written as

S = 2
∂W

∂I1
F + 2

∂W

∂I2

[
I1F− FFTF

]
+ 2I3

∂W

∂I3
F−T . (4.27)

On use of the polar decomposition (2.8) of the deformation gradient tensor F and the spectral represen-

tations (2.9) and (2.10) of the right U and left V stretch tensors, relation (4.27) can be rewritten in the

form

S =

3∑
i=1

siv
(i) ⊗ u(i) with si =

∂W

∂λi
, (4.28)

where use has been made of the identities

∂W

∂I1
=
λ3

1(λ2
2 − λ2

3)
∂W

∂λ1
+ λ3

2(λ2
3 − λ2

1)
∂W

∂λ2
+ λ3

3(λ2
1 − λ2

2)
∂W

∂λ3

2(λ2
1 − λ2

2)(λ2
1 − λ2

3)(λ2
2 − λ2

3)
,

∂W

∂I2
=
λ1(λ2

3 − λ2
2)
∂W

∂λ1
+ λ2(λ2

1 − λ2
3)
∂W

∂λ2
+ λ3(λ2

2 − λ2
1)
∂W

∂λ3

2(λ2
1 − λ2

2)(λ2
1 − λ2

3)(λ2
2 − λ2

3)
,

∂W

∂I3
=
λ2λ3(λ2

2 − λ2
3)
∂W

∂λ1
+ λ1λ3(λ2

3 − λ2
1)
∂W

∂λ2
+ λ1λ2(λ2

1 − λ2
2)
∂W

∂λ3

2λ1λ2λ3(λ2
1 − λ2

2)(λ2
1 − λ2

3)(λ2
2 − λ2

3)
. (4.29)

In terms of the Cauchy stress tensor T = J−1SFT , the stress-deformation relation (4.27) reads

T =2J−1 ∂W

∂I1
FFT + 2J−1 ∂W

∂I2

[
I1FFT − FFTFFT

]
+ 2J

∂W

∂I3
I

=2J−1 ∂W

∂I1
V2 + 2J−1 ∂W

∂I2

[
I1V

2 −V4
]

+ 2J
∂W

∂I3
I. (4.30)

The second equality in (4.30) reveals that the Cauchy stress tensor T is coaxial with left stretch tensor

V. In other words, the principal Eulerian axes coincide (in some order) with the principal directions of

the Cauchy stress tensor. Given the spectral representation (2.10) of V, with help of (4.29), we note in

particular that

T =

3∑
i=1

tiv
(i) ⊗ v(i) with ti = J−1λi

∂W

∂λi
.

Incompressible isotropic hyperelastic materials. The most common internal constraint that isotropic

materials may exhibit is that of incompressibility:

C(F) = det F− 1 = 0. (4.31)

Since this constraint implies that I3 = 1, we rewrite the representation (4.25) as W (F) = W (I1, I2),

where now

W (3, 3) = 0, 2
∂W

∂I1
(3, 3) + 4

∂W

∂I2
(3, 3)− p = 0,

according to the restrictions (4.10). Upon substitution of this representation in (4.8), if follows that the

stress-deformation relation for incompressible isotropic hyperelastic materials can be written as

S = 2
∂W

∂I1
F + 2

∂W

∂I2

[
I1F− FFTF

]
− pF−T . (4.32)
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Recognizing now that the relations (4.29) specialize in this case to

∂W

∂I1
=
λ2(λ2

1 + λ2
3)
∂W

∂λ1
− λ1(λ2

2 + λ2
3)
∂W

∂λ2

2λ1λ2(λ2
1 − λ2

2)
,

∂W

∂I2
=
−λ2

∂W

∂λ1
+ λ1

∂W

∂λ2

2λ1λ2(λ2
1 − λ2

2)
,

∂W

∂λ3
=
λ2λ3(λ2

3 − λ2
2)
∂W

∂λ1
+ λ1λ3(λ2

1 − λ2
3)
∂W

∂λ2

λ1λ2(λ2
1 − λ2

2)
,

on use of the polar decomposition (2.8) and the spectral representations (2.9) and (2.10), the stress-

deformation relation (4.32) can be equivalently written as

S =

3∑
i=1

siv
(i) ⊗ u(i) with si =

∂W

∂λi
− p

λi
, (4.33)

subject to the incompressibility constraint det F = λ1λ2λ3 = 1.

In terms of the Cauchy stress tensor, the relation (4.32) reads

T =2
∂W

∂I1
FFT + 2

∂W

∂I2

[
I1FFT − FFTFFT

]
− pI

=2
∂W

∂I1
V2 + 2

∂W

∂I2

[
I1V

2 −V4
]
− pI

or, in spectral form,

T =

3∑
i=1

tiv
(i) ⊗ v(i) with ti = λi

∂W

∂λi
− p,

subject to the incompressibility constraint det F = λ1λ2λ3 = 1.

4.2.5 Examples of isotropic stored-energy functions for elastomers and foams

This section presents a few examples of isotropic stored-energy functions that describe fairly accurately

the mechanical response of various classes of elastomers and foams.

We begin with the compressible Neo-Hookean stored-energy function

W (F) =
µ

2
(I1 − 3)− µ ln J +

Λ

2
(J − 1)2

=
µ

2
(λ2

1 + λ2
2 + λ2

3 − 3)− µ ln(λ1λ2λ3) +
Λ

2
(λ1λ2λ3 − 1)2. (4.34)

This model, which has two material parameters, µ > 0 and Λ, is able to describe reasonably well the

response of rubber up to moderately large deformations.

The compressible Mooney-Rivlin stored-energy function

W (F) =
µ1

2
(I1 − 3) +

µ2

2
(I2 − 3)− (µ1 + 2µ2) lnJ +

Λ

2
(J − 1)2

=
µ1

2
(λ2

1 + λ2
2 + λ2

3 − 3) +
µ2

2
(λ2

1λ
2
2 + λ2

1λ
2
3 + λ2

2λ
2
3 − 3)− (µ1 + 2µ2) ln(λ1λ2λ3) +

Λ

2
(λ1λ2λ3 − 1)2,

(4.35)
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which has three material parameters, µ1 > 0, µ2 > 0, and Λ, improves somewhat the descriptive capabil-

ities of (4.34).

A more elaborate model that is capable of describing fairly accurately the response of a broad range

of natural rubbers and synthetic elastomers for arbitrarily large deformations is given by

W (F) =

2∑
r=1

31−αr

2αr
µr (Iαr

1 − 3αr )−
2∑
r=1

µr ln J +
Λ

2
(J − 1)2, (4.36)

where µr > 0, αr, and Λ are materials parameters.

Incompressible versions of all three models (4.34), (4.35), (4.36) can be readily generated by setting

the material parameter Λ = +∞. They then read

W (F) =
µ

2
(I1 − 3), W (F) =

µ1

2
(I1 − 3) +

µ2

2
(I2 − 3), W (F) =

2∑
r=1

31−αr

2αr
µr (Iαr

1 − 3αr ) (4.37)

together with the incompressibility constraint J = 1.

An example of a stored-energy function that describes reasonably well the mechanical response of

some foams is given by

W (F) =
3(1− f0)µ

2 (3 + 2f0)
[ I1 − 3] +

3µ

2J1/3

[
2J − 1− (1− f0)J1/3(3J2/3 + 2f0)

3 + 2f0
− f

1/3
0 J1/3(2J + f0 − 2)

(J − 1 + f0)1/3

]
,

where µ ≥ 0 and 0 < f0 ≤ 1 are material parameters.

4.3 The small-strain limit: Linear elastic materials

As anticipated in Section 2.4.1, many solids of great practical relevance are capable of undergoing only

small strains before failing. In this section, we work out the specialization of the constitutive relation

(4.7) for hyperelastic materials in the limit of small strains.

For any hyperelastic material that is free of energy and stress in its undeformed state, that is, granted

(4.9), its stored-energy function W (F) reduces to

W (F) =
1

2
H · LH, L ≡ L(I) =

∂2W

∂F∂F
(I) (4.38)

to leading order in the limit of small strains as F→ I. In component form, relation (4.38) reads

W (F) =
1

2
HijLijklHkl, Lijkl ≡ Lijkl(I) =

∂2W

∂Fij∂Fkl
(I).

Here, we recall from Section 2.4.1 that H = F− I is the gradient (2.21) of the displacement field (2.20).

The fourth-order tensor L is called the (initial tangent) modulus of elasticity of the material.

By definition and the fact that W (F) ≥ 0, the modulus of elasticity L has major symmetry

Lklij = Lijkl (4.39)

and is positive semi-definite

AijLijklAkl ≥ 0 for all A.
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A consequence of the objectivity (4.13) of the stored-energy function W (F) is that L has also minor

symmetries in its first and second pairs of components:

Ljikl = Lijkl = Lijlk. (4.40)

To see this, recall the result (4.14) and note that

SFT =
(
LH +O(H2)

) (
HT + I

)
= LH +O(H2) = FST = (H + I)

(
(LH)T +O(H2)

)
= (LH)T +O(H2)

or, in component form,

SikFjk = LijklHkl +O(H2) = FikSjk = LjiklHkl +O(H2), (4.41)

from which the first equality in (4.40) follows. On use of the major symmetry (4.39) of L, relation (4.41)

can be rewritten as

SikFjk = LklijHkl +O(H2) = FikSjk = LkljiHkl +O(H2),

from which the second equality in (4.40) follows.

The symmetries (4.39) and (4.40) imply that the modulus of elasticity L has at most 21 independent

components in any given basis. They also imply that the stored-energy function (4.34) depends of the

gradient H of the displacement field u only through its symmetric part, the infinitesimal strain tensor ε.

Indeed,

W (F) =
1

2
HijLijklHkl =

1

2
Hij

(
1

4
Lijkl +

1

4
Ljikl +

1

4
Lijlk +

1

4
Ljilk

)
Hkl

=
1

2

(
1

2
Hij +

1

2
Hji

)
Lijkl

(
1

2
Hkl +

1

2
Hlk

)
=

1

2
εijLijklεkl. (4.42)

The stress-deformation relation (4.7) implied by (4.38) is given by the linear relation

S = LH or, in component form, Sij = LijklHkl

to leading order in the limit as F→ I. In terms of the Cauchy stress tensor T = J−1SFT , we have

T = LH or, in component form, Tij = LijklHkl

to leading order in the limit as F → I. Thus, to leading order, the first Piola-Kirchhoff and the Cauchy

stress tensors are identical. Moreover, it follows from the minor symmetry (4.40) of L that the linear

dependence of these stress tensors on H is only through its symmetric part ε, to wit,

T = S = Lε or, in component form, Tij = Sij = Lijklεkl. (4.43)

The results (4.42) and (4.43) prompt the definitions

W (ε) =
1

2
ε · Lε (4.44)
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and

σ =
∂W

∂ε
(ε) = Lε (4.45)

for the stored-energy function and associated stress-strain relation that describe the mechanical response

of linear elastic materials. The stress-strain relation (4.45) is often referred to as Hooke’s law.

Assuming that the modulus of elasticity L is invertible, with inverse L−1 say, Hooke’s law (4.45) can

be alternatively rewritten as

ε = L−1σ.

The fourth-order tensor L−1 is referred to as the compliance tensor. We note that the inverse L−1 of L

exist and is unique if L is positive definite and hence such that

AijLijklAkl > 0 for all non-zero A. (4.46)

Given a positive-definite modulus of elasticity L, its inverse L−1 can be readily determined from its

definition

LL−1 = I = L−1L or, in component form, LijpqL
−1
pqkl = Iijkl = L−1

ijpqLpqkl,

where

Iijkl =
1

2
(δikδjl + δilδjk)

stands the fourth-order identity tensor with major and minor symmetry.

4.3.1 Material symmetry

Given a hyperelastic material with material symmetry group Symm, it follows immediately from the

restrictions (4.13) and (4.18) on its stored-energy function W (F) that

Lijkl(F) = KipKjqKkrKlsLpqrs(KTFK) for all K ∈ Symm

and arbitrary deformation gradient tensors F. When this result is evaluated at F = I, we then have

Lijkl = KipKjqKkrKlsLpqrs for all K ∈ Symm, (4.47)

which are nothing more than the restrictions placed on the form of the modulus of elasticity L of a linear

elastic material by material symmetry.

As already mentioned above, by virtue of its major and minor symmetries (4.39) and (4.40), the

modulus of elasticity L of any linear elastic material has at most 21 independent components. If the

material happens to have material symmetries, then, by virtue of the associated restrictions (4.47), its

modulus of elasticity L will have less than 21 independent components. In the next section, we discuss

in detail the prominent case of isotropic materials, when Symm = Orth+, for which L turns out to have

only 2 independent components.
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4.3.2 Isotropic linear elastic materials

According to (4.47), the modulus of elasticity L of any isotropic linear elastic material, when Symm =

Orth+, must be such that

Lijkl = KipKjqKkrKlsLpqrs for all K ∈ Orth+.

Recalling the definition (1.20) of isotropic tensors, we recognize that L is an isotropic fourth-order tensor

and hence expressible in the form (1.21). Because of its minor symmetry (4.40), we conclude in particular

that the modulus of elasticity L of any isotropic linear elastic material must be of the form

Lijkl = µ(δikδjl + δilδjk) + Λδijδkl, (4.48)

where µ and Λ are two material constants. They are called the Lamé constants or Lamé moduli. The

constant µ is also called the shear modulus.

In view of (4.48), the stored-energy function (4.44) and stress-strain relation (4.45) for an isotropic

linear elastic material read as

W (ε) = µ tr ε2 +
Λ

2
(tr ε)2

and

σ =
∂W

∂ε
(ε) = 2µ ε+ Λ(tr ε)I. (4.49)

Spectral representation of L. By virtue of its symmetries, the modulus of elasticity (4.48) admits the

spectral representation

L = 2µK + 3κJ , (4.50)

where

κ = Λ +
2

3
µ (4.51)

and

Kijkl =
1

2

(
δikδjl + δilδjk −

2

3
δijδkl

)
and Jijkl =

1

3
δijδkl. (4.52)

The combination (4.51) of Lamé constants is called the bulk modulus, while the fourth-order tensors (4.52)

are referred to as the deviatoric and volumetric projection tensors. The latter satisfy the partition of unit

and orthonormality properties

K + J = I, KK = K, JJ = J , KJ = JK = 0

or, in component form,

Kijkl + Jijkl = Iijkl, KijpqKpqkl = Kijkl, JijpqJpqkl = Jijkl, KijpqJpqkl = JijpqKpqkl = 0.
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The spectral form (4.50) of the modulus of elasticity L allows to readily determine the compliance

tensor

L−1 =
1

2µ
K +

1

3κ
J ,

which in turn allows to readily invert the stress-strain relation (4.49)

ε =
1

2µ
σ − Λ

2µ(2µ+ 3Λ)
(trσ)I. (4.53)

Furthermore, the spectral form (4.50) also allows to readily establish that the modulus of elasticity L

of an isotropic linear elastic material is positive definite — see equation (4.46) — if and only if

µ > 0 and κ > 0 (4.54)

or, equivalently, if and only if

µ > 0 and Λ > −2

3
µ.

Physical meaning of the material constants µ and κ. The terminology of shear modulus for µ and

bulk modulus for κ stems from the facts that these constants are the natural constants that arise when

the material is subjected, respectively, to simple shear (see Section 2.5.4) and pure hydrostatic pressure

(see Section 3.5.2).

To see this, consider that the material of interest is subjected to simple shear with displacement field

u = γX2e1.

The corresponding infinitesimal strain tensor is then given by

ε =
γ

2
(e1 ⊗ e2 + e2 ⊗ e1) . (4.55)

Substitution of (4.55) in Hooke’s law (4.49) yields

[σ] =


0 σ12 0

σ12 0 0

0 0 0

 =


0 µγ 0

µγ 0 0

0 0 0

 ,

in matrix representation. That is, the constant of proportionality between the shear stress σ12 and the

shear strain ε12 = γ/2 is simply 2µ.

Consider now that the material is subjected to the pure hydrostatic pressure

σ = pI.

It follows from Hooke’s law (4.53) that

[ε] =


ε 0 0

0 ε 0

0 0 ε

 =


p

3κ
0 0

0
p

3κ
0

0 0
p

3κ

 ,
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in matrix representation, and hence that

p = 3κε.

Other material constants. In addition to the bulk modulus κ, there are two other popular combinations

of the first Lamé constant Λ and the second Lamé constant or shear modulus µ that are widely used in

practice to describe the linear elasticity of isotropic materials. Those are the Young’s modulus

E =
µ(2µ+ 3Λ)

µ+ Λ

and the Poisson’s ratio

ν =
Λ

2(µ+ Λ)
.

When written in terms of E and ν, the positive-definite inequalities (4.54) read

E > 0 and − 1 ≤ ν ≤ 1

2
.

The practical prominence of E and ν stems from the fact that they are the natural material constants

that arise when the material is subjected to a state of uniaxial tension or compression (see Section 3.5.1),

which is the state of stress most often used in experiments to measure elastic properties. To see this,

consider that the material of interest is subjected to the uniaxial tension

σ = σ11e1 ⊗ e1.

It follows from Hooke’s law (4.53) that

[ε] =


ε11 0 0

0 ε22 0

0 0 ε33

 =


Λ + µ

µ(2µ+ 3Λ)
σ11 0 0

0 − Λ

2µ(2µ+ 3Λ)
σ11 0

0 0 − Λ

2µ(2µ+ 3Λ)
σ11

 ,

in matrix representation, and hence that

σ11 = Eε11, and ε22 = ε33 = −νε11.

Most naturally occurring materials exhibit lateral contraction (expansion) when subjected to uniaxial

tension (compression) and thus have positive Poisson’s ratio. Materials with negative Poisson’s ratio

expand (contract) laterally when subjected to uniaxial tension (compression). Such materials are called

auxetic materials.

Incompressible isotropic linear elastic materials. In the limit of small strains as F → I, the

constraint of incompressibility (4.31) reduces to

C(F) = det F− 1 = tr H = tr ε = 0

to leading order. Consistent with the definitions (4.44) and (4.45), we thus write

C(ε) = tr ε = 0 (4.56)
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for the constraint of incompressibility as it pertains to linear elastic materials. It follows that the stored-

energy function and the stress-strain relation for incompressible isotropic linear elastic materials are given

by

W (ε) = µ tr ε2

and

σ =
∂W

∂ε
(ε)− pI = 2µ ε− pI,

where the infinitesimal strain tensor ε is subject to the incompressibility constraint (4.56).
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Chapter 5

Initial-Boundary-Value Problems

Having worked out separately in Chapters 2, 3, and 4 the pertinent mathematical formulations for the

four basic ingredients

1. Geometry

2. Deformation

3. Forces

4. Material (Constitutive) Behavior

involved in the description of the mechanics of solids, we are now ready to bring them together and

“cook”. That is, we are ready to write down a complete set of equations that describe the mechanical

response of any structure made of any (hyperelastic) material under any mechanical stimuli. Such a set

of equations are referred to as initial-boundary-value problems (IBVPs).

In this chapter, we present the Lagrangian formulation of IBVPs for bodies made of hyperelastic

materials and its specialization to linear elastic materials in the limit of small strains. We restrict attention

to the case when the deformation field y(X, t) — or, equivalently, the displacement field u(X, t) =

y(X, t) − X — is chosen as the independent field, namely, the field that needs to be solved for and in

terms of which all other fields are expressed.

5.1 Formulation of IBVPs for hyperelastic bodies

Consider a body that occupies the undeformed configuration Ω0, with boundary ∂Ω0 and outward unit

normal N, at time t = 0. The body is made of a hyperelastic material with initial mass density ρ0 and

objective stored-energy function W (F). In its volume Ω0, the body is subjected to a body force B(X, t)

spanning in time from t = 0 to t = T , while part of its boundary, ∂ΩN0 say, is subjected to a prescribed

traction s(X,y,∇y, t). The complementary part of the boundary ∂ΩD0 = ∂Ω0 \ ∂ΩN0 is subjected to a

prescribed deformation y(X, t). Given this input, on substitution of the constitutive relation (4.7) in the
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first Lagrangian equation of motion (3.17), it then follows that the set of equations

Div

[
∂W

∂F
(∇y)

]
+ ρ0B(X, t) = ρ0ÿ(X, t), (X, t) ∈ Ω0 × (0, T ]

det∇y(X, t) > 0, (X, t) ∈ Ω0 × (0, T ][
∂W

∂F
(∇y)

]
N = s(X,y,∇y, t), (X, t) ∈ ∂ΩN0 × (0, T ]

y(X, t) = y(X, t), (X, t) ∈ ∂ΩD0 × (0, T ]

y(X, 0) = X, X ∈ Ω0

ẏ(X, 0) = 0, X ∈ Ω0

(5.1)

describes the deformation field y(X, t) for all material points X ∈ Ω0 at any given time t ∈ [0, T ]. This

set of equations is referred to as an IBVP because it becomes a complete set of equations thanks to the

specification of the initial conditions (5.1)5,6 and the boundary conditions (5.1)3,4. Equations (5.1) are

also referred to as the equations of finite elastodynamics. The following remarks are in order:

Initial conditions. The initial conditions (5.1)5,6 embody the tacit assumption that the undeformed

configuration Ω0 is a natural configuration. In this context, note that the zero initial velocity ẏ(X, 0) = 0

could be replaced by any non-zero velocity, ẏ0 say, so long as this is uniform throughout the body.

Well-posedness: existence and non-uniqueness. From a mathematical point of view, because of

the nonlinearity of the PDE (5.1)1 and the constraint (5.1)2, proving existence of solution to (5.1) is

extremely challenging and remains an active topic of research. Uniqueness of solution to (5.1) should

not be expected in general, as we know from a myriad of observations that structures are susceptible to

instabilities; think of the buckling of a slender column under compression, for instance.

One key aspect to prove existence worth mentioning here has to do with the growth conditions of the

stored-energy function W (F) as the deformation gradient F deviates from the identity I. Another key

aspect has to do with the convexity of W (F). In regard to the latter, one typically requires that W (F)

be strictly rank-one convex or strongly elliptic:

min
||m||=||M||=1

{miMjLijkl(F)mkMl} > 0

for arbitrary deformation gradient tensors F, where we recall from (4.38) that L(F) = ∂2W (F)/∂F∂F.

Second Lagrangian equation of motion. We emphasize that by virtue of the objectivity of the

stored-energy function W (F), the second Lagrangian equation of motion (3.18) is already automatically

satisfied; see Section 4.2.2.

The deformation gradient, mass density, and stress as byproducts. Once the IBVP (5.1) has

been solved for the deformation field y(X, t), all other relevant fields

F(X, t) = ∇y, ρ(x, t) =
ρ0

det F
, S(X, t) =

∂W

∂F
(F), T(x, t) =

1

det F
SFT

can be determined as byproducts.
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5.1.1 Types of boundary conditions

For theoretical and practical reasons, it is helpful to classify the boundary conditions (5.1)3,4 into the

following types.

Traction or Neumann boundary conditions. Boundary conditions in which the traction s(X,y,∇y, t)

is prescribed for all points X ∈ ∂Ω0 are called traction or Neumann boundary conditions. There are two

sub-types of traction boundary conditions:

(i) Dead loading. Traction boundary conditions in which the prescribed traction depends spatially

exclusively on X

s = s(X, t)

are referred to as dead loading. Physically, the independence of s on the deformation field y and of its

gradient ∇y implies that the surface forces applied to the body remain undisturbed by the deformation

of the boundary of the body.

(ii) Live loading. Traction boundary conditions in which the prescribed traction depends spatially not

only on X but also on the deformation field y and/or its gradient ∇y (and/or on higher-order gradients

of y)

s = s(X,y,∇y, t)

are referred to as live loading. Physically, the dependence of s on the deformation field y or its gradient

∇y (or on higher-order gradients of y) implies that the surface forces applied to the body are dependent

on the deformation of the boundary of the body.

Most situations involving traction boundary conditions in practice correspond to live loading. Perhaps

the simplest example to realize this is that of a body subjected to pure Cauchy hydrostatic pressure (e.g.,

atmospheric pressure)

t = Tn = −pn, x ∈ ∂Ω(t)

which, on use of (2.6) and (3.15), corresponds to

s = −pJF−TN = −p (det∇y)∇y−TN, X ∈ ∂Ω0, (5.2)

where p is the applied Cauchy pressure; see Section 3.5.2.

Displacement or Dirichlet boundary conditions. Boundary conditions in which the deformation

field y(X, t) is prescribed for all points X ∈ ∂Ω0 are called displacement or Dirichlet boundary conditions.

Mixed boundary conditions. Boundary conditions in which the traction s(X,y,∇y, t) is prescribed on

some part of the boundary ∂ΩN0 , while the deformation field y(X, t) is prescribed on the complementary

part ∂ΩD0 = ∂Ω0 \ ∂ΩN0 are called mixed boundary conditions.
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5.1.2 IBVPs for incompressible materials

If the body is made of an incompressible hyperelastic material, in view of the corresponding constitutive

relation (4.8), the relevant IBVP is given by the set of equations

Div

[
∂W

∂F
(∇y)− p∇y−T

]
+ ρ0B(X, t) = ρ0ÿ(X, t), (X, t) ∈ Ω0 × (0, T ]

det∇y(X, t) = 1, (X, t) ∈ Ω0 × (0, T ][
∂W

∂F
(∇y)− p∇y−T

]
N = s(X,y,∇y, t), (X, t) ∈ ∂ΩN0 × (0, T ]

y(X, t) = y(X, t), (X, t) ∈ ∂ΩD0 × (0, T ]

y(X, 0) = X, X ∈ Ω0

ẏ(X, 0) = 0, X ∈ Ω0

(5.3)

for the deformation field y(X, t) and the pressure field p(X, t) for all material points X ∈ Ω0 at any given

time t ∈ [0, T ].

5.1.3 Time independence: BVPs

When the boundary conditions (5.1)3,4 are applied quasi-statically, the inertial term ρ0ÿ in the PDE

(5.1)1 can be neglected and the dependence of the deformation field y(X, t) on time becomes trivial. The

IBVP (5.1) becomes then the boundary-value problem (BVP)

Div

[
∂W

∂F
(∇y)

]
+ ρ0B(X) = 0, X ∈ Ω0

det∇y(X) > 0, X ∈ Ω0[
∂W

∂F
(∇y)

]
N = s(X,y,∇y), X ∈ ∂ΩN0

y(X) = y(X), X ∈ ∂ΩD0

(5.4)

for the deformation field y(X) for all material points X ∈ Ω0, where we have omitted the time argument t

in all functions since it is trivial. The equations (5.4) are referred to as the equations of finite elastostatics.

Similarly, under quasi-static loading conditions, the IBVP (5.3) for incompressible materials reduces

to the BVP 

Div

[
∂W

∂F
(∇y)− p∇y−T

]
+ ρ0B(X) = 0, X ∈ Ω0

det∇y(X) = 1, X ∈ Ω0[
∂W

∂F
(∇y)− p∇y−T

]
N = s(X,y,∇y), X ∈ ∂ΩN0

y(X) = y(X), X ∈ ∂ΩD0

(5.5)
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for the deformation field y(X) and the pressure field p(X).

An alternative form of the equations of finite elastostatics in terms of the Eshelby energy-

momentum tensor P. For the case of homogeneous materials only, the equations of elastostatics (5.4)

can be alternatively written as

Div

[
W (∇y)I−∇yT

∂W

∂F
(∇y)

]
− ρ0∇yTB(X) = 0, X ∈ Ω0

det∇y(X) > 0, X ∈ Ω0[
∂W

∂F
(∇y)

]
N = s(X,y,∇y), X ∈ ∂ΩN0

y(X) = y(X), X ∈ ∂ΩD0

, (5.6)

where the term inside the divergence operator in (5.6)1

P = W I− FTS (5.7)

is referred to as the Eshelby energy-momentum tensor.

Similarly, the equations of elastostatics (5.5) for incompressible materials can be alternatively written

as 

Div

[
W (∇y)I−∇yT

∂W

∂F
(∇y) + pI

]
− ρ0∇yTB(X) = 0, X ∈ Ω0

det∇y(X) = 1, X ∈ Ω0[
∂W

∂F
(∇y)− p∇y−T

]
N = s(X,y,∇y), X ∈ ∂ΩN0

y(X) = y(X), X ∈ ∂ΩD0

(5.8)

in terms of the Eshelby energy-momentum tensor (5.7).

5.1.4 Methods of solution

In general, the IBVP (5.1), or any of its specializations (5.3), (5.4), (5.5), (5.6), (5.8), does not admit

analytical solutions and hence must be solved numerically. To that end, both the dependencies on space

X and time t need to be discretized so as to convert the PDE (5.1)1 into a set of algebraic equations.

A robust approach to do so consists in discretizing space with finite elements (FE) and time with finite

differences (FD). We will discus the basics of the FE method in the next chapter.

Special geometries and boundary conditions. There are a handful of special geometries of bodies

and loading conditions that allow for the construction of analytical solutions for (5.1). Such solutions

are helpful to gain physical insight into the mechanics of solids at large. The manner is which these

solutions are typically constructed is by specifying the deformation field to within certain functions which

are then determined from the PDE (5.1)1 and the initial (5.1)5,6 and boundary (5.1)3,4 conditions. Such

an approach is called the semi-inverse method. We present examples of solutions constructed with this

method for two BVPs in the next section.
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Dimension reduction. Many mechanics problems of practical relevance involve bodies with initial ge-

ometries where one or two of their dimensions are much smaller than the remaining dimensions. For such

bodies, it is then sensible to take the limits of those small dimensions to zero in order to simplify the cal-

culations involved. Such limits are called dimension reduction limits because they lead to IBVPs of lower

spatial dimension. The resulting asymptotic theories are the theories of plates, shells, and rods. While

IBVPs for plates, shells, and rods do not generally admit analytical solutions either, they are significantly

easier to solve numerically than the IBVPs (5.1) for their fully three-dimensional counterparts.

Linear elastic behavior. As already mentioned at different passages above, many mechanics problems

of practical relevance involve bodies that are able to undergo only small strains and, moreover, exhibit

linear elastic behavior. As we discussed at length in Section 5.3 below, the IBVP (5.1) simplifies greatly

for such classes of problems.

5.2 Examples of BVPs for hyperelastic bodies

5.2.1 Inflation of a compressible rubber balloon

Consider a spherical balloon of inner radius A and outer radius B > A in its undeformed configuration

Ω0. With respect to a Cartesian frame of reference with origin placed at the geometric center of the

balloon, the initial domain occupied by the balloon is then characterized by

A ≤
√
X2

1 +X2
2 +X2

3 ≤ B.

The balloon is made of a compressible rubber with mass density ρ0 and isotropic stored-energy function

W (F) = W (I1, I2, I3) = W (λ1, λ2, λ3). It is inflated by slowly injecting air inside of it at a higher Cauchy

pressure −pi than the surrounding atmospheric pressure −po on its outside; see Fig. 5.1 for a schematic.

e1

e2

e1

e2

Figure 5.1: Inflation of a rubber balloon.

Because the mass density of rubber is in the order of ρ0 = 1500 kg/m3, the acceleration of gravity is

in the order of g = 10 m/s2, and the atmospheric pressure is in the order of po = 105 Pa, the body force
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due to gravity can be neglected altogether provided that the thickness of the balloon t = B−A is not in

the order of B, but smaller. To see this, simply compare the total body force ρ0g4π(B3 − A3)/3 due to

gravity to the total surface force p04πB2 due to the atmospheric pressure. Because the balloon is inflated

slowly and the mass density of rubber is relatively low, inertial effects can also be neglected altogether.

This means that this problem is a BVP governed by the set of equations (5.4) or, equivalently, (5.6).

Precisely, since the boundary conditions are of pure Cauchy hydrostatic pressure type (5.2) at both the

inner |X| = A and the outer |X| = B boundaries of the balloon, we have

Div

[
∂W

∂F
(∇y)

]
= 0, A < |X| < B

det∇y(X) > 0, A < |X| < B[
∂W

∂F
(∇y)

]
X = −pi (det∇y)∇y−TX, |X| = A[

∂W

∂F
(∇y)

]
X = −po (det∇y)∇y−TX, |X| = B

, (5.9)

where we have made explicit use of the relations N||X|=A = −X/A and N||X|=B = X/B for the outward

unit normal N to the inner and outer boundaries of the balloon.

Given the spherical symmetry of the balloon and the symmetry of the loading conditions, the defor-

mation field y(X) defined by the governing equations (5.9) is expected to be radially symmetric, at least

from low up to moderate1 values of the applied internal pressure −pi. In view of this observation, we

look for a solution to equations (5.9) of the radially symmetric form

y(X) = f(R)X, R ≡ |X|, (5.10)

where the function f(R) is to be determined. As worked out in Section 2.6.3, the deformation gradient

tensor associated with this deformation field is given by

F(X) = ∇y(X) = λ1
1

R2
X⊗X + λ2

(
I− 1

R2
X⊗X

)
(5.11)

with  λ1 = Rf ′(R) + f(R)

λ2 = λ3 = f(R)
. (5.12)

On substitution of (5.11) in the stress-deformation relations (4.27) and (4.28) for isotropic hyperelastic

materials, we have

S(X) =
∂W

∂F
(∇y) = s1

1

R2
X⊗X + s2

(
I− 1

R2
X⊗X

)
(5.13)

with 
s1 = 2WI1λ1 + 2WI2λ1

(
I1 − λ2

1

)
+ 2I3WI3λ

−1
1 =

∂W

∂λ1
(λ1, λ2, λ2)

s2 = s3 = 2WI1λ2 + 2WI2λ2

(
I1 − λ2

2

)
+ 2I3WI3λ

−1
2 =

∂W

∂λ2
(λ1, λ2, λ2)

, (5.14)

1If the applied pressure reaches large enough values, the radially symmetric solution may become unstable, but we shall
not discuss such instabilities here.
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where WI1 = ∂W (I1, I2, I3)/∂I1, WI2 = ∂W (I1, I2, I3)/∂I2, WI3 = ∂W (I1, I2, I3)/∂I3, I1 = λ2
1 + 2λ2

2,

I2 = 2λ2
1λ

2
2 + λ4

2, and I3 = λ2
1λ

4
2.

For a stress-deformation relation of the radially symmetric form (5.13), a calculation entirely analogous

to (3.23) shows that the PDE (5.9)1 for the deformation field y(X) reduces to the ODE

ds1

dR
+

2

R
(s1 − s2) = 0, A < R < B (5.15)

for the function f(R). More explicitly, on use of relations (5.12) and (5.14), the ODE (5.15) reads

∂2W

∂λ2
1

Rf ′′ + 2

(
∂2W

∂λ2
1

+
∂2W

∂λ1∂λ2

)
f ′ +

2

R

(
∂W

∂λ1
− ∂W

∂λ2

)
= 0, A < R < B,

which makes apparent that it is a second-order nonlinear ODE for f(R).

By the same token, for a stress-deformation relation of the radially symmetric form (5.13), noting

that

F−T (X) = ∇y−T (X) = λ−1
1

1

R2
X⊗X + λ−2

2

(
I− 1

R2
X⊗X

)
,

a straightforward calculation shows that the boundary conditions (5.9)3,4 reduce to

s1|R=A = −piλ2
2

∣∣
R=A

and s1|R=B = −poλ2
2

∣∣
R=B

or, more explicitly,

∂W

∂λ1
(Af ′(A) + f(A), f(A), f(A)) = −pif2(A) and

∂W

∂λ1
(Bf ′(B) + f(B), f(B), f(B)) = −pof2(B).

In short, putting things together, we have that for deformation fields of the form (5.10) the BVP (5.9)

for y(X) reduces to the BVP

∂2W

∂λ2
1

Rf ′′ + 2

(
∂2W

∂λ2
1

+
∂2W

∂λ1∂λ2

)
f ′ +

2

R

(
∂W

∂λ1
− ∂W

∂λ2

)
= 0, A < R < B

(Rf ′ + f)f2 > 0, A < R < B

∂W

∂λ1
(Af ′(A) + f(A), f(A), f(A)) = −pif2(A)

∂W

∂λ1
(Bf ′(B) + f(B), f(B), f(B)) = −pof2(B)

(5.16)

for f(R). In general, the second-order nonlinear ODE (5.16)1 does not admit analytical solutions, even

for relatively simple stored-energy functions such as (4.34) and (4.35). Nevertheless, it is straightforward

to solve the BVP (5.16) numerically. A particularly well suited method to do so is the so-called shooting

method. It is left as an exercise for the reader to generate numerical solutions with the shooting method

for any of the examples of compressible stored-energy functions presented in Section 4.2.5.

5.2.2 Inflation of an incompressible rubber balloon

We now turn to solve the same balloon problem considered in the preceding section with the sole difference

that the balloon is made of incompressible rubber. This is indeed the case for the natural rubber used
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to make standard party balloons. We still denote the stored-energy function by W (F) = W (I1, I2) =

W (λ1, λ2, λ3). To mix it up, we make use of the equivalent set of equations (5.8) in terms of the Eshelby

energy-momentum tensor instead of (5.5). Precisely, we have

Div

[
W (∇y)I−∇yT

∂W

∂F
(∇y) + pI

]
= 0, A < |X| < B

det∇y(X) = 1, A < |X| < B[
∂W

∂F
(∇y)− p∇y−T

]
X = −pi (det∇y)∇y−TX, |X| = A[

∂W

∂F
(∇y)− p∇y−T

]
X = −po (det∇y)∇y−TX, |X| = B

(5.17)

as the governing equations for the deformation field y(X) and the pressure field p(X) in the balloon.

In Section 2.6.3, we established that the constraint of incompressibility (5.17)2 implies that the function

f(R) in deformation fields of the radially symmetric form (5.10) under consideration here are restricted

to be of the form

f(R) =

(
1 +

k

R3

)1/3

,

where k is a constant of integration. On introducing the notation

r(R) =
√

y(X) · y(X) = f(R)R, a = r(A), b = r(B),

where a and b denote, respectively, the inner and outer radii of the balloon in its deformed configuration

(see Fig. 5.1), we can readily conclude that k = a3 −A3 = b3 −B3. For definiteness, we write

f(R) =

(
1 +

a3 −A3

R3

)1/3

. (5.18)

Thanks to the incompressibility constraint (5.17)2, the deformation field (5.10) is thus — already at this

early stage — fully known to within the constant a.

Consistent with the restriction to radially symmetric deformation fields (5.10), we also look for solu-

tions to (5.17) of pressure fields p(X) that depend on X only through R = |X|. With a slight abuse of

notation, we write

p = p(R).

Now, the deformation gradient tensor (5.11) in this case specializes to

F(X) = ∇y(X) = λ−2 1

R2
X⊗X + λ

(
I− 1

R2
X⊗X

)
, (5.19)

where we have introduced the notation

λ ≡ λ2 = λ3 = f(R) =

(
1 +

a3 −A3

R3

)1/3

. (5.20)

On substitution of (5.19) in the stress-deformation relations (4.32) and (4.33) for incompressible isotropic

hyperelastic materials, we have

S(X) =
∂W

∂F
(∇y)− p∇y−T = s1

1

R2
X⊗X + s2

(
I− 1

R2
X⊗X

)
(5.21)
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with 
s1 = 2WI1λ

−2 + 2WI2λ
−2
(
I1 − λ−4

)
− pλ2 =

∂W

∂λ1
(λ−2, λ, λ)− pλ2

s2 = s3 = 2WI1λ+ 2WI2λ
(
I1 − λ2

)
− pλ−1 =

∂W

∂λ2
(λ−2, λ, λ)− pλ−1

, (5.22)

where WI1 = ∂W (I1, I2)/∂I1, WI2 = ∂W (I1, I2)/∂I2, I1 = λ−4 + 2λ2, and I2 = 2λ−2 + λ4. In turn, the

Eshelby energy-momentum tensor (5.7) specializes to

P(X) = W (∇y)I−∇yT
∂W

∂F
(∇y)+pI = W (λ−2, λ, λ)I−λ−2s1

1

R2
X⊗X−λs2

(
I− 1

R2
X⊗X

)
. (5.23)

Substitution of relation (5.23) in the PDE (5.17)1 yields, in component form,

∂

∂Xj
[Wδij ] =

∂

∂Xj

[
λ−2s1

1

R2
XiXj + λs2

(
δij −

1

R2
XiXj

)]
1

R

dW

dR
Xi =

1

R

d

dR

[
λ−2s1

]
Xi +

(
λ−2s1 − λs2

) ∂

∂Xj

[
1

R2
XiXj

]
1

R

dW

dR
Xi =

1

R

d

dR

[
λ−2s1

]
Xi +

2

R2

(
λ−2s1 − λs2

)
Xi,

from which it follows that

d

dR

[
λ−2s1

]
=

dW

dR
− 2

R

(
λ−2s1 − λs2

)
, A < R < B. (5.24)

At this point, it is expedient to introduce the function

W(λ) ≡W (λ−2, λ, λ) (5.25)

and to note the connection

W ′(λ) =
dW
dλ

(λ) =− 2λ−3 ∂W

∂λ1
(λ−2, λ, λ) + 2

∂W

∂λ2
(λ−2, λ, λ)

=− 2λ−1

(
λ−2 ∂W

∂λ1
(λ−2, λ, λ)− λ∂W

∂λ2
(λ−2, λ, λ)

)
=− 2λ−1

(
λ−2s1 − λs2

)
(5.26)

as well as

dW

dR
(λ) =W ′(λ)

dλ

dR

=− λ− λ−2

R
W ′(λ). (5.27)

Direct use of (5.25)-(5.27) in (5.24) finally leads to the simplified ODE

d

dR

[
λ−2s1

]
=
W ′(λ)

λ2R
, A < R < B (5.28)

for the pressure field p(R). More explicitly, on use of relations (5.20) and (5.22), the ODE (5.28) reads

d

dR

[
f−2(R)

∂W

∂λ1
(f−2(R), f(R), f(R))− p(R)

]
=
W ′(f(R))

Rf2(R)
, A < R < B,

which makes apparent that it is a linear first-order ODE for p(R).
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By the same token, for a stress-deformation relation of the radially symmetric form (5.21), it imme-

diately follows that the boundary conditions (5.17)3,4 reduce to

s1|R=A = −piλ2
∣∣
R=A

and s1|R=B = −poλ2
∣∣
R=B

or, more explicitly, 
∂W

∂λ1

(
f−2(A), f(A), f(A)

)
− p(A)f2(A) = −pif2(A)

∂W

∂λ1

(
f−2(B), f(B), f(B)

)
− p(B)f2(B) = −pof2(B)

.

In short, putting things together, we have that the BVP (5.17) for y(X) for p(X) reduces to the BVP

d

dR

[
f−2(R)

∂W

∂λ1
(f−2(R), f(R), f(R))− p(R)

]
=
W ′(f(R))

Rf2(R)
, A < R < B

∂W

∂λ1

(
f−2(A), f(A), f(A)

)
− p(A)f2(A) = −pif2(A)

∂W

∂λ1

(
f−2(B), f(B), f(B)

)
− p(B)f2(B) = −pof2(B)

(5.29)

for the function p(R) and the constant a in the function f(R) given by (5.18). Since the ODE (5.29)1 is

linear and separable it can be readily solved for p(R) in closed form. Making use of the first boundary

condition (5.29)2, its solution reads

p(R) = pi + f−2(R)
∂W

∂λ1
(f−2(R), f(R), f(R))−

∫ R

A

W ′(f(z))

z f2(z)
dz. (5.30)

Use of this result evaluated at R = B in the second boundary condition (5.29)3 yields the equation

pi − po =

∫ B

A

W ′(f(z))

z f2(z)
dz (5.31)

for the constant a in the function f(R) given by (5.18). In general, this equation does not admit an

analytical solution, but it is straightforward to solve it numerically, for instance, by first making use of

Gauss quadrature to approximate the integral in its right-hand side and then using a standard Newton-

Rapshon method to solve the resulting nonlinear algebraic equation. It is left as an exercise for the reader

to generate such numerical solutions for any of the examples of incompressible stored-energy functions

presented in Section 4.2.5.

Neo-Hookean rubber. An illustrative example that is amenable to partial analytical treatment is

that of Neo-Hookean rubber. In that case, the elasticity of the rubber is described by the stored-energy

function (4.37)1 and so

W(λ) =
µ

2
(λ−4 + 2λ2 − 3) and W ′(λ) = 2µ(λ− λ−5).

These expressions are simple enough that the pressure field (5.30) specializes to the explicit form

p(R) = pi +
µ

2

4A

a
+
A4

a4
+

4(A3 − a3)− 3R3(
1 +

a3 −A3

R3

)4/3

R3

 .
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Moreover, the equation (5.31) for a reduces to

pi − po =
µ

2

(
B
(
4a3 − 4A3 + 5B3

)
(a3 −A3 +B3)

4/3
− 4a3A+A4

a4

)
.

The limit of thin-walled balloons. The solution (5.30) for the pressure field p(R) and the equation

(5.31) for the constant a admit further simplification in the limit when the thickness of the balloon

t = B −A↘ 0, which happens to be the case of most practical relevance.

Indeed, to leading order, the pressure field (5.30) reduces to

p(A) = pi + f−2(A)
∂W

∂λ1
(f−2(A), f(A), f(A))

in the limit as t↘ 0, while the equation (5.31) reduces to the nonlinear algebraic equation

pi − po =
W ′(λa)

λ2
aA

t, λa ≡ f(A) =
a

A
. (5.32)

In general, equation (5.32)1 must be solved numerically, but it is a simple matter to do so.

5.3 Formulation of IBVPs for linear elastic bodies

We proceed by spelling out the specialization of IBVPs (5.1) for bodies made of linear elastic materials

subject to small strains. Consider therefore a body that occupies the undeformed configuration Ω0, with

boundary ∂Ω0 and outward unit normal N, at time t = 0. In this case, the body is taken to be made of

a linear elastic material with mass density ρ0 and modulus of elasticity L. In its volume Ω0, the body

is subjected to a body force B(X, t) spanning in time from t = 0 to t = T , while a traction s(X, t) is

prescribed on the part ∂ΩN0 of its boundary. The complementary part of the boundary ∂ΩD0 = ∂Ω0 \∂ΩN0

is subjected to a prescribed displacement u(X, t). Given this input, on substitution of the constitutive

relation (4.49) in the first Lagrangian equation of motion (3.17), it then follows that the set of equations

Div [ L∇u ] + ρ0B(X, t) = ρ0ü(X, t), (X, t) ∈ Ω0 × (0, T ]

[ L∇u ] N = s(X, t), (X, t) ∈ ∂ΩN0 × (0, T ]

u(X, t) = u(X, t), (X, t) ∈ ∂ΩD0 × (0, T ]

u(X, 0) = 0, X ∈ Ω0

u̇(X, 0) = 0, X ∈ Ω0

(5.33)

describes the displacement field u(X, t) for all material points X ∈ Ω0 at any given time t ∈ [0, T ]. The

equations (5.33) are referred to as the equations of linear elastodynamics. The following two remarks are

in order:

Well-posedness: existence and uniqueness. Under fairly general conditions, it can be shown that the

solution to the IBVP (5.33) exists and is unique. In general, existence requires the modulus of elasticity

L to be positive definite.
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The strain and stress as byproducts. Once the IBVP (5.33) has been solved for the displacement

field u(X, t), the strain and stress fields

ε(X, t) =
1

2

(
∇u +∇uT

)
and σ(X, t) = L∇u

can be determined as byproducts.

5.3.1 Time independence: BVPs

When the boundary conditions (5.33)3,4 are applied quasi-statically, the inertial term ρ0ü in the PDE

(5.33)1 can be neglected and the dependence of the displacement field u(X, t) on time becomes trivial.

The IBVP (5.33) becomes then the BVP

Div [ L∇u ] + ρ0B(X) = 0, X ∈ Ω0

[ L∇u ] N = s(X), X ∈ ∂ΩN0

u(X) = u(X), X ∈ ∂ΩD0

(5.34)

for the displacement field u(X) for all material points X ∈ Ω0, where we have omitted the time argument

t in all functions since it is trivial. The equations (5.34) are referred to as the equations of linear

elastostatics.

5.3.2 Methods of solution

In general, akin to its finite-deformation counterpart (5.1), the IBVP (5.33), or its specialization (5.34),

does not admit analytical solutions and hence must be solved numerically. A FE discretization of space

together with a FD discretization of time is the standard approach to generate such numerical solutions.

In contrast to the its finite-deformation counterpart (5.1), however, the IBVP (5.33) does admit

analytical and semi-analytical solutions for a considerable number of geometries of bodies and loading

conditions thanks to the linearity of the PDE (5.33)1. Indeed, the linearity of the PDE (5.33)1 makes

it possible to use powerful methods such as Green’s functions methods, Laplace transforms, and Fourier

transforms to construct solutions that are analytical or semi-analytical.

5.4 Examples of BVPs for linear elastic bodies

5.4.1 Torsion of a concrete column with circular cross section

Consider a circular cylindrical column of constant radius A and length L in its undeformed configuration

Ω0. With respect to the Cartesian frame of reference shown in Fig. 5.2, the initial domain occupied by

the column is characterized by

0 ≤
√
X2

1 +X2
2 ≤ A, 0 ≤ X3 ≤ L.
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The column is made of concrete with mass density ρ0 whose linear elastic behavior is isotropic and

characterized by Lamé constants µ and Λ. While its bottom boundary (X3 = 0) is held fixed and its

lateral boundary (
√
X2

1 +X2
2 = A) is free of tractions, the top boundary of the column (X3 = L) is

slowly rotated through a small angle τL in a manner such that it remains a plane section with normal

e3 and constant radius A. To be precise, based on the results presented in Section 2.6.1, the position of

material points on the rotated top boundary of the column is given by

x1 = cos (τL)X1 − sin (τL)X2, x2 = sin (τL)X1 + cos (τL)X2, x3 = L

for arbitrary values of the angle τL, and therefore by

x1 = X1 − τLX2, x2 = X2 + τLX1, x3 = L

in the limit of small angles |τL| � 1 of interest here.

e1

e2

e3

e1

e2

e3

Figure 5.2: Torsion of a concrete column with circular cross section.

Given that the mass density of concrete is about ρ0 = 2500 kg/m3 and its Young’s modulus and

Poisson’s ratio are about E = 50 GPa and ν = 0.2 so that µ = E/2(1 + ν) = 21 GPa and Λ =

Eν/(1 + ν)(1 − 2ν) = 14 GPa, the body force due to gravity (assuming a gravitational acceleration of

g = 10 m/s2) can be neglected for columns of standard meter size. Moreover, since the top boundary of

the column is rotated slowly, inertial effects can also be neglected. Accordingly, this problem is a BVP

governed by the set of equations (5.34). Precisely, given the above-outlined geometric, material, and

loading inputs, we have

Div
[
µ(∇u +∇uT ) + Λ(tr∇u)I

]
= 0, 0 <

√
X2

1 +X2
2 < A, 0 < X3 < L

[
µ(∇u +∇uT ) + Λ(tr∇u)I

](X1

A
e1 +

X2

A
e2

)
= 0,

√
X2

1 +X2
2 = A, 0 < X3 < L

u(X) = 0, 0 <
√
X2

1 +X2
2 < A, X3 = 0

u(X) = −τLX2e1 + τLX1e2, 0 <
√
X2

1 +X2
2 < A, X3 = L

(5.35)
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as the governing equations for the displacement field u(X) in the column.

By inspection, it is not difficult to deduce that the solution to the BVP (5.35) is given explicitly by

u1 = −τX2X3, u2 = τX1X3, u3 = 0. (5.36)

To see this, note that the gradient ∇u, the strain ε = 1/2(∇u +∇uT ), and stress σ = µ(∇u +∇uT ) +

Λ(tr∇u)I fields associated with (5.36) read, in matrix representation,

[∇u] =


0 −τX3 −τX2

τX3 0 τX1

0 0 0

 , [ε] =
1

2


0 0 −τX2

0 0 τX1

−τX2 τX1 0

 ,

and

[σ] =


0 0 −µ τX2

0 0 µ τX1

−µ τX2 µ τX1 0

 . (5.37)

On substitution of (5.37) in the PDE (5.35)1, we indeed have

∂σ11

∂X1
+
∂σ12

∂X2
+
∂σ13

∂X3
= 0

∂σ12

∂X1
+
∂σ22

∂X2
+
∂σ23

∂X3
= 0

∂σ13

∂X1
+
∂σ23

∂X2
+
∂σ33

∂X3
= 0

as required. Moreover, on substitution of (5.37) in the lateral boundary condition (5.35)2, we also have

σ11
X1

A
+ σ12

X2

A
= 0

σ12
X1

A
+ σ22

X2

A
= 0

σ13
X1

A
+ σ23

X2

A
= −µτ X1X2

A
+ µτ

X1X2

A
= 0

,

as required. Finally, it is trivial to check that the displacement field (5.36) also satisfies the boundary

conditions (5.35)3,4 at the bottom and top boundaries of the column.

The resultant forces and moments at the bottom and top boundaries of the column. Two

important quantities that provide key insight into the mechanical response of the column as a structure are

the resultant axial forces and torsional moments at its bottom and top boundaries where the displacements

(5.35)3,4 are prescribed.

The magnitudes P1 and P2 of the components of the resultant axial forces at the top PT = P1e1+P2e2

and bottom PB = −P1e1 − P2e2 boundaries (since σ33 = 0 there is no e3 component) are given by

P1 =

∫ 2π

0

∫ A

0

σ13|X3=LR dΘ dR = −µτ
∫ 2π

0

∫ A

0

sin ΘR2 dΘ dR = 0

and

P2 =

∫ 2π

0

∫ A

0

σ23|X3=LR dΘ dR = µτ

∫ 2π

0

∫ A

0

cos ΘR2 dΘ dR = 0,
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where R ≡
√
X2

1 +X2
2 and Θ ≡ tan−1 X2

X1
. The resultant axial forces on the end sections of the column

are thus zero when the column is subjected to pure torsion.

The magnitude M of the resultant torsional moments at the top MT = Me3 and bottom MB = −Me3

boundaries is given by

M =

∫ 2π

0

∫ A

0

(X1σ23 −X2σ13)|X3=LR dΘ dR

=

∫ 2π

0

∫ A

0

(
µτX2

1 + µτX2
2

)
R dΘ dR

=2πµτ

∫ A

0

R3 dΘ dR

=
πA4

2
µτ.

5.4.2 Torsion of a concrete column with non-circular cross section

We now turn to solve the more general torsion problem of a concrete column that is still prismatic, of

length L, but has non-circular cross section A in its undeformed configuration Ω0; see Fig. 5.3. With

respect to a Cartesian frame of reference whose e3 axis is aligned with the long axis of the column and

its origin is placed at the geometric center of the bottom boundary, the initial domain occupied by the

column is characterized by

(X1, X2) ∈ A ∪ ∂A, 0 ≤ X3 ≤ L.

e1

e2

e3

e1

e2

e3

Figure 5.3: Torsion of a concrete column with non-circular cross section.

From our childhood experience of twisting erasers and rulers of rectangular — and hence non-circular

— cross section, we expect that the plane sections in the column will not remain plane after deformation.

Instead, we expect them to warp, that is, to deform non-uniformly out of plane. We shall therefore

consider that the bottom (X3 = 0) and the top (X3 = L) boundaries of the column are deformed

according to the mappings

x1 = X1, x2 = X2, x3 = τφ(X1, X2)
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and

x1 = X1 − τLX2, x2 = X2 + τLX1, x3 = L+ τφ(X1, X2),

respectively, where the warping function φ(X1, X2) is yet to be determined. The lateral boundary

((X1, X2) ∈ ∂A) is kept free of tractions. Given these inputs, we have that in this case the govern-

ing equations for the displacement field u(X) in the column are given by

Div
[
µ(∇u +∇uT ) + Λ(tr∇u)I

]
= 0, (X1, X2) ∈ A, 0 < X3 < L

[
µ(∇u +∇uT ) + Λ(tr∇u)I

]
N = 0, (X1, X2) ∈ ∂A, 0 < X3 < L

u(X) = τφ(X1, X2)e3, (X1, X2) ∈ A, X3 = 0

u(X) = −τLX2e1 + τLX1e2 + τφ(X1, X2)e3, (X1, X2) ∈ A, X3 = L

. (5.38)

Prompted by the solution (5.36) for the special case of columns with circular cross section, we look

for solutions to (5.38) of the form

u1 = −τX2X3, u2 = τX1X3, u3 = τφ(X1, X2), (5.39)

which satisfy from the outset the displacement boundary conditions (5.38)3,4 at the top and bottom

boundaries of the column. The gradient ∇u, the strain ε = 1/2(∇u + ∇uT ), and the stress σ =

µ(∇u +∇uT ) + Λ(tr∇u)I fields associated with (5.39) are given by, in matrix representation,

[∇u] =


0 −τX3 −τX2

τX3 0 τX1

τ
∂φ

∂X1
τ
∂φ

∂X2
0

 , [ε] =
1

2


0 0 τ

(
∂φ

∂X1
−X2

)
0 0 τ

(
∂φ

∂X2
+X1

)
τ

(
∂φ

∂X1
−X2

)
τ

(
∂φ

∂X2
+X1

)
0

 ,

and

[σ] =


0 0 µ τ

(
∂φ

∂X1
−X2

)
0 0 µ τ

(
∂φ

∂X2
+X1

)
µ τ

(
∂φ

∂X1
−X2

)
µ τ

(
∂φ

∂X2
+X1

)
0

 . (5.40)

On use of the stress field (5.40), the PDE (5.38)1 and lateral boundary condition (5.38)1 for the displace-

ment field u(X) reduce to the BVP
∂2φ

∂X2
1

+
∂2φ

∂X2
2

= 0, (X1, X2) ∈ A(
∂φ

∂X1
−X2

)
N1 +

(
∂φ

∂X2
+X1

)
N2 = 0, (X1, X2) ∈ ∂A

(5.41)

for the warping function φ(X1, X2). Interestingly, the PDE (5.41)1 is Laplace’s equation. Whether its

solution can be worked out in closed form depends on the shape of the cross section A of the column.

For general shapes, it must be solved numerically, for instance, with the FE method.
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The resultant forces and moments at the bottom and top boundaries of the column. Akin

to the column with circular cross section, the resultant axial forces on the end sections of the column

with non-circular cross section can be shown to be zero when subject to pure torsion. On the other hand,

the magnitude M of the resultant torsional moments at the top MT = Me3 and bottom MB = −Me3

boundaries is given by

M =

∫
A

(X1σ23 −X2σ13)|X3=L dX

=µτ

∫
A

(
X2

1 +X2
2 +X1

∂φ

∂X2
−X2

∂φ

∂X1

)
dX. (5.42)

An example: Columns with elliptical cross section. The BVP (5.41) for the warping function

φ(X1, X2) can be solved in closed form only for a handful of simple cross sections. Elliptical cross

sections when

A =

{
(X1, X2) :

X2
1

A2
+
X2

2

B2
< 1

}
are one of such cross sections. The warping function in this case is simply given by

φ(X1, X2) = −A
2 −B2

A2 +B2
X1X2.

The magnitude (5.42) of the resultant torsional moments at the top and bottom boundaries of this type

of columns specializes to

M =
πA3B3

A2 +B2
µτ.
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Chapter 6

Energy Methods

Many time-independent (and some time-dependent) problems in physics can be described mathematically

in terms of the minimization of a scalar quantity. In mechanics, that quantity is often the total energy of

the system. In this chapter, we show that the equations of linear elastostatics (5.34) can be reformulated1

as the minimization of the potential energy of the body. This reformulation is referred to as the principle

of minimum potential energy. Such an energy-based — as opposed to force-based — perspective is of great

utility to make progress in the mathematical aspects of the problem as well as to construct approximate

methods of solution, such as for instance the finite element method.

Before proceeding with the principle of minimum potential energy per se in Section 6.2, we introduce

in Section 6.1 the needed mathematical concepts from the calculus of variations, which is the branch

of mathematics that deals with minimization problems. We devote Section 6.3 to introducing the finite

element method in the context of linear elastostatics.

6.1 Calculus of variations

6.1.1 The brachistochrone problem

The so-called brachistochrone problem is commonly credited with being one of the first problems that

started the field of calculus of variations at the end of the 1600s; its name derives from Greek and it means

(brachistos) the shortest (chronos) time. The problem consists in finding the curve in a plane down which

a bead initially at rest and acted on only by gravity will slide (without friction) from its initial position

to any other position of choice in the least time.

In order to cast the problem in quantitative terms, as depicted in Fig. 6.1, let us characterize the

plane where the curve lies in with Cartesian coordinates (x, y) and let y = u(x), x1 ≤ x ≤ x2, denote

an arbitrary curve joining the initial position p1 = (x1, y1) occupied by the bead to its final position

p2 = (x2, y2). The total time T spent by the bead in traveling from position p1 to position p2 along the

curve y = u(x) is

T =

∫ t2

t1

dt =

∫ p2

p1

ds

v
,

1The same can be done for the equations of finite elastostatics (5.4), but we do not discuss this more general case here.
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Figure 6.1: Schematic of the brachistochrone problem.

where s(t) and v(t) = ds(t)/dt denote, respectively, the distance traveled and the associated instantaneous

speed of the bead. Making use of the elementary result

ds =
√

dx2 + dy2 =
√

1 + (u′)2 dx,

we can rewrite

T =

∫ x2

x1

√
1 + (u′)2

v
dx.

But from conservation of (kinetic and potential) energy we also have

v =
√

2gu

and so we can finally write the total time of travel T exclusively in terms of u(x) and the acceleration of

gravity g, to wit,

T {u} =

∫ x2

x1

√
1 + (u′)2

2gu
dx. (6.1)

For any given curve y = u(x), the formula (6.1) provides the time of travel for the bead. From a

mathematical point of view then, the brachistochrone problem amounts to minimizing (6.1) among “all

curves” y = u(x) joining p1 = (x1, y1) to p2 = (x2, y2). To do so, we must specify what we mean by

“all curves” y = u(x). In other words, we must specify a set of admissible functions u(x), A say, that

identifies precisely the types of curves that are allowed to compete as minimizers. For instance, if we are

interested in curves that are once differentiable on the interval of interest [x1, x2], we have

A =
{
u(x) : u ∈ C1[x1, x2], u(x1) = y1, u(x2) = y2

}
and write the resulting minimization problem as

min
u(x)∈A

T {u} . (6.2)

At this point, it is important to remark that T is not a function but rather a functional, that is,

roughly speaking, a function of a function. Accordingly, elementary tools from calculus to carry out the

minimization of functions do not apply to (6.2). In the sequel, we introduce the appropriate tools.
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6.1.2 The simplest problem in the calculus of variations

The brachistochrone functional (6.1) is a specific example within the class of functionals

J {u} =

∫ 1

0

F (x, u, u′)dx, (6.3)

where F (x, y, z) is a smooth function of its three arguments. The minimization of functionals of the form

(6.3) among all functions u(x) belonging to the admissible set

A =
{
u(x) : u ∈ C1[0, 1], u(0) = u0, u(1) = u1

}
(6.4)

constitutes the simplest problem in the calculus of variations. We use it here to introduce the key elements

of the theory.

Suppose that u(x) ∈ A is a minimizer of (6.3) and let u∗(x) ∈ A be any other admissible function

that is “close” to u(x) in the sense that the values of the function u∗ and of its derivative u∗′ are close,

with respect to some norm, to those of u and u′. Define

∆J {u} = J {u∗} − J {u} =

∫ 1

0

F (x, u∗, u∗′)dx−
∫ 1

0

F (x, u, u′)dx. (6.5)

Clearly,

∆J {u} ≥ 0 for all u∗ ∈ A. (6.6)

On use of the Taylor expansion

F (x, u∗, u∗′) =F (x, u, u′) +
∂F

∂u
(x, u, u′)δu+

∂F

∂u′
(x, u, u′)δu′+

1

2

∂2F

∂u2
(x, u, u′)(δu)2 +

1

2

∂2F

∂u′2
(x, u, u′)(δu′)2 +

∂2F

∂u∂u′
(x, u, u′)δuδu′ +O

(
(δu)3

)
,

where we have introduced the notation

δu = u∗ − u and δu′ = u∗′ − u′, (6.7)

in expression (6.5) yields

∆J {u} = δJ +
1

2
δ2J +O

(
(δu)3

)
with

δJ =

∫ 1

0

(
∂F

∂u
(x, u, u′)δu+

∂F

∂u′
(x, u, u′)δu′

)
dx (6.8)

and

δ2J =

∫ 1

0

(
∂2F

∂u2
(x, u, u′)(δu)2 +

∂2F

∂u′2
(x, u, u′)(δu′)2 + 2

∂2F

∂u∂u′
(x, u, u′)δuδu′

)
dx. (6.9)

Expressions (6.8) and (6.9) are referred to as the first and second variations of J with respect to u. It

follows from (6.6) that

δJ = 0 and δ2J ≥ 0 (6.10)

are necessary conditions for u(x) to be a minimizer of (6.3).
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The necessary condition δJ = 0: The Euler-Lagrange equation. Condition (6.10)1 can be

rewritten in a more insightful form by making use of the divergence theorem. Indeed, with help of the

divergence theorem, noting also that

δu′ = u∗′ − u′ =
d

dx
(u∗ − u) =

dδu

dx
= (δu)

′
,

the first variation (6.8) can be rewritten (omitting the arguments for simplicity) as follows:

δJ =

∫ 1

0

(
∂F

∂u
δu+

∂F

∂u′
δu′
)

dx

=

∫ 1

0

∂F

∂u
δudx+

∫ 1

0

d

dx

(
∂F

∂u′
δu

)
dx−

∫ 1

0

d

dx

(
∂F

∂u′

)
δudx

=−
∫ 1

0

[
d

dx

(
∂F

∂u′

)
− ∂F

∂u

]
δudx+

(
∂F

∂u′
δu

)∣∣∣∣x=1

x=0

. (6.11)

But δu(0) = 0 and δu(1) = 0 given that u∗(x) ∈ A, then we have that condition (6.10)1 reduces to

δJ = −
∫ 1

0

[
d

dx

(
∂F

∂u′

)
− ∂F

∂u

]
δudx = 0. (6.12)

Since equation (6.12) must hold for all u∗(x) ∈ A and hence all δu, we finally conclude that the minimizer

u(x) must satisfy the differential equation

d

dx

(
∂F

∂u′
(x, u, u′)

)
− ∂F

∂u
(x, u, u′) = 0, 0 < x < 1 (6.13)

together with the boundary conditions

u(0) = u0 and u(1) = u1. (6.14)

The differential equation (6.13) is referred to as the Euler-Lagrange equation associated with the functional

(6.3). The boundary conditions (6.14) are referred to as essential boundary conditions because they are

part of the admissible set (6.4).

The weak form of the Euler-Lagrange equation. The Euler-Lagrange equation (6.13) with boundary

conditions (6.14) are said to be written in strong form. The derivation (6.11) has revealed that they can

be alternatively written in the following weak form:
Find u(x) ∈ A such that∫ 1

0

(
∂F

∂u
w +

∂F

∂u′
w′
)

dx = 0 for all w ∈ A0

, (6.15)

where

A0 =
{
w(x) : w ∈ C1[0, 1], w(0) = 0, w(1) = 0

}
.

As discussed further below in Section 6.1.5, one of several advantages of the weak form (6.15) versus the

strong form (6.13)-(6.14) is that the former is naturally amenable to approximate methods of solution,

which is of far-reaching practical implications since the Euler-Lagrange equations for most variational

problems in physics do not admit analytical solutions.
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6.1.3 Generalizations

There are numerous generalizations of the preceding development that can be considered. In this subsec-

tion, we spell out four that are particularly relevant in mechanics.

Natural boundary conditions. Suppose that we would like to minimize the functional (6.3) among

all functions u(x) belonging not to (6.4) but to the different admissible set

A =
{
u(x) : u ∈ C1[0, 1]

}
(6.16)

which does not prescribe the values of the function u(x) at x = 0 and x = 1. Following the same

calculations presented above, we can readily determine that

δJ = −
∫ 1

0

[
d

dx

(
∂F

∂u′

)
− ∂F

∂u

]
δudx+

∂F

∂u′

∣∣∣∣
x=1

δu(1)− ∂F

∂u′

∣∣∣∣
x=0

δu(0) = 0. (6.17)

In this case, however, δu(1) and δu(0) are not necessarily zero. Still, equation (6.17) must hold true for all

δu(x), including those for which δu(0) = 0 and δu(1) = 0. This implies that the Euler-Lagrange equation

for this problem is still given by (6.13), but now the boundary conditions are given not by (6.14) but by

∂F

∂u′

∣∣∣∣
x=0

= 0 and
∂F

∂u′

∣∣∣∣
x=1

= 0.

This type of boundary conditions — which are derived from the minimization procedure itself and are

not part of the given admissible set (6.16) — are referred to as natural boundary conditions.

Higher-order derivatives. Another generalization of relevance in mechanics is that of functionals that

include dependence on higher-order derivatives; a prominent example is that of the Euler-Bernoulli beam

theory. Consider in particular that we would like to minimize the functional

J {u} =

∫ 1

0

F (x, u, u′, u′′)dx, (6.18)

where F (x, y, z1, z2) is a smooth function of its four arguments, among all functions u(x) belonging to

the admissible set

A =
{
u(x) : u ∈ C4[0, 1], u(0) = u0, u

′(0) = u′0, u(1) = u1, u
′(1) = u′1

}
.

By following the same steps (6.5) through (6.9), one can readily establish that a minimizer of (6.18) must

also satisfy the conditions δJ = 0 and δ2J ≥ 0, where δJ and δ2J are of course given not by (6.8) and

(6.9) but by different formulas.

Let us now work out the necessary condition δJ = 0 for (6.18). To this end, consistent with (6.7), let

us first introduce the notation

δu′′ = u∗′′ − u′′

and note that

δu′′ = u∗′′ − u′′ =
d2

dx2
(u∗ − u) =

d2δu

dx2
= (δu)

′′
.
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We then have

δJ =

∫ 1

0

(
∂F

∂u
δu+

∂F

∂u′
δu′ +

∂F

∂u′′
δu′′
)

dx

=−
∫ 1

0

[
d

dx

(
∂F

∂u′

)
− ∂F

∂u

]
δudx+

(
∂F

∂u′
δu

)∣∣∣∣x=1

x=0

+

∫ 1

0

d

dx

(
∂F

∂u′′
δu′
)

dx−
∫ 1

0

d

dx

(
∂F

∂u′′

)
δu′ dx

=

∫ 1

0

[
d2

dx2

(
∂F

∂u′′

)
− d

dx

(
∂F

∂u′

)
+
∂F

∂u

]
δudx+

(
∂F

∂u′
δu− d

dx

[
∂F

∂u′′

]
δu

)∣∣∣∣x=1

x=0

+

(
∂F

∂u′′
δu′
)∣∣∣∣x=1

x=0

=

∫ 1

0

[
d2

dx2

(
∂F

∂u′′

)
− d

dx

(
∂F

∂u′

)
+
∂F

∂u

]
δudx,

the last equality following from the fact that δu(0) = δu(1) = 0 and δu′(0) = δu′(1) = 0. For this

problem, therefore, the necessary condition δJ = 0 yields the Euler-Lagrange equation

d2

dx2

(
∂F

∂u′′

)
− d

dx

(
∂F

∂u′

)
+
∂F

∂u
= 0, 0 < x < 1

for the minimizer u(x), which in this case is subject to the essential boundary conditions

u(0) = u0, u′(0) = u′0, u(1) = u1, u′(1) = u′1.

Multiple functions. Yet another generalization of relevance in mechanics is that of functionals of

multiple functions; a prominent example is that of the Timoshenko beam theory. Consider in particular

that we would like to minimize the functional

J {u, v} =

∫ 1

0

F (x, u, u′, v, v′)dx, (6.19)

where F (x, y1, z1, y2, z2) is a smooth function of its five arguments, among all functions u(x) and v(x)

belonging to the admissible set

A =
{

(u(x), v(x)) : u, v ∈ C1[0, 1], u(0) = u0, u(1) = u1, v(0) = v0, v(1) = v1

}
.

Following again steps (6.5) through (6.9) reveals that a minimizer of (6.19) must satisfy the conditions

δJ = 0 and δ2J ≥ 0. In this problem, the first variation δJ reads

δJ =

∫ 1

0

(
∂F

∂u
δu+

∂F

∂u′
δu′ +

∂F

∂v
δv +

∂F

∂v′
δv′
)

dx

=−
∫ 1

0

[
d

dx

(
∂F

∂u′

)
− ∂F

∂u

]
δudx+

(
∂F

∂u′
δu

)∣∣∣∣x=1

x=0

−
∫ 1

0

[
d

dx

(
∂F

∂v′

)
− ∂F

∂v

]
δv dx+

(
∂F

∂v′
δv

)∣∣∣∣x=1

x=0

=−
∫ 1

0

[
d

dx

(
∂F

∂u′

)
− ∂F

∂u

]
δudx−

∫ 1

0

[
d

dx

(
∂F

∂v′

)
− ∂F

∂v

]
δv dx,

the last equality following from δu(0) = δu(1) = 0 and δv(0) = δv(1) = 0. Since the condition δJ = 0

must hold true for all admissible u∗ and v∗ and hence all δu and δv, we conclude that the minimizer pair

(u(x), v(x)) of (6.19) must satisfy the Euler-Lagrange equations
d

dx

(
∂F

∂u′
(x, u, u′, v, v′)

)
− ∂F

∂u
(x, u, u′, v, v′) = 0, 0 < x < 1

d

dx

(
∂F

∂v′
(x, u, u′, v, v′)

)
− ∂F

∂v
(x, u, u′, v, v′) = 0, 0 < x < 1

,
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subject, in this case, to the essential boundary conditions

u(0) = u0, u(1) = u1, v(0) = v0, v(1) = v1.

Higher dimensions. The ideas presented above can be generalized to higher dimensions in space.

Consider for example that we would like to minimize a functional of the form

J {u} =

∫
Ω0

F (X,u,∇u)dX, (6.20)

where F , as above, is a smooth scalar-valued function of its arguments, Ω0 is an open bounded domain in

a Euclidean point space E3, with boundary ∂Ω0 and outward unit normal N, u is a vector-valued function

of X ∈ Ω0, and where we recall that ∇u = ∂u/∂X. The selection of a meaningful admissible set A over

which to carry out the minimization of (6.20) with respect to u(X) is more technical than in the preceding

development because of the higher dimensionality of the problem. For mechanics problems in linear

elastostatics, when restricting attention to essential boundary conditions, the appropriate admissible set

is

A =
{
u(X) : u ∈ H1(Ω0;R3), u(X) = u0(X) for X ∈ ∂Ω0

}
.

Here,

H1(Ω0;R3) =
{
v(X) : v ∈ L2(Ω0;R3), ∇v ∈ L2(Ω0;R3×3)

}
stands for the Sobolev space of square integrable functions

||v(X)||L2 =

(∫
Ω0

v · v dX

)1/2

=

(∫
Ω0

vivi dX

)1/2

<∞

whose gradients are also square integrable

||∇v(X)||L2 =

(∫
Ω0

∇v · ∇v dX

)1/2

=

(∫
Ω0

∂vi
∂Xj

∂vi
∂Xj

dX

)1/2

<∞.

Applying the same ideas as for the analogous one-dimensional problem (6.3), one can establish that

a minimizer of (6.20) must satisfy the conditions δJ = 0 and δ2J ≥ 0 and that the first variation δJ is

given by

δJ =

∫
Ω0

(
∂F

∂u
· δu +

∂F

∂∇u
· δ(∇u)

)
dX

=

∫
Ω0

∂F

∂u
· δu dX +

∫
Ω0

Div

[(
∂F

∂∇u

)T
δu

]
dX−

∫
Ω0

Div

[
∂F

∂∇u

]
· δu dX

=−
∫

Ω0

{
Div

[
∂F

∂∇u

]
− ∂F

∂u

}
· δu dX +

∫
∂Ω0

(
∂F

∂∇u
N

)
· δu dX

=−
∫

Ω0

{
Div

[
∂F

∂∇u

]
− ∂F

∂u

}
· δu dX,

where the last equality follows from the fact that δu = 0 for X ∈ ∂Ω0. Since the condition δJ = 0

must hold true for all admissible δu, we conclude that a minimizer u(X) of (6.20) must satisfy the

Euler-Lagrange equations

Div

[
∂F

∂∇u
(X,u,∇u)

]
− ∂F

∂u
(X,u,∇u) = 0, X ∈ Ω0
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subject, in this case, to the essential boundary conditions

u(X) = u0(X), X ∈ ∂Ω0.

6.1.4 The Ritz method

As alluded to in the opening paragraph of this chapter, one of the great utilities of variational formulations

of problems in physics is that they provide a natural framework for the construction of approximate

solutions. One method to construct such approximate solutions, called the Ritz method, goes as follows.

Suppose that we would like to minimize the functional J {u} over an admissible set A of functions

u(x). Let the infinite set of functions {φ1(x), φ2(x), φ3(x), ...} be a basis for the functions in A so that

any function u(x) ∈ A admits the representation

u(x) =

∞∑
m=1

αmφm(x)

for some choice of coefficients αm ∈ R. Now, define Ah ⊆ A as the finite-dimensional subset of functions

that can be expressed as the linear combination of the first M basis functions φm(x), namely,

Ah =

{
vh(x) : vh(x) =

M∑
m=1

αmφm(x), αm ∈ R

}
. (6.21)

It immediately follows that

uh(x) ≡ arg min
vh(x)∈Ah

J {vh} = arg min
αn

n=1,2,...,M−1,M

J

{
M∑
m=1

αmφm(x)

}
(6.22)

and that

min
u(x)∈A

J {u} ≤ J
{
uh
}
. (6.23)

That is, the function uh(x) defined by (6.22) provides an approximation for the minimizer of the functional

J {u} over the admissible set A in the sense of the inequality (6.23). There are two key points to remark

here:

� The first one is that the computation of uh(x) amounts to solving a set of M algebraic — as opposed

to differential — equations for the minimizing coefficients αm, namely, the M equations

∂J
∂αn

{
M∑
m=1

αmφm(x)

}
= 0, n = 1, 2, ...,M − 1,M.

� The second key point is that the accuracy of the approximate solution uh(x) depends critically on

the type and number of basis functions φm(x) chosen to define the subset (6.21).
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6.1.5 The method of weighted residuals

An intimately related yet more general method than the Ritz method described above is the method

of weighted residuals. Roughly speaking, the idea is to still look for approximate solutions in a finite-

dimensional subset Ah ⊆ A of the set of admissible functions A over which the functional is minimized,

but to do so by making direct use of the weak form of the Euler-Lagrange equation as opposed to the

functional itself.

For clarity of presentation, suppose that would like to solve the simplest problem in the calculus of

variations outlined in Section 6.1.2:

min
u(x)∈A

J {u} , J {u} =

∫ 1

0

F (x, u, u′)dx,

where A stands for the admissible set of functions (6.4). As noted above, and repeated here for conve-

nience, the weak form of the Euler-Lagrange equation associated with this variational principle is given

by 
Find u(x) ∈ A such that∫ 1

0

[(
∂F

∂u
(x, u, u′)

)
w +

(
∂F

∂u′
(x, u, u′)

)
w′
]

dx = 0 for all w ∈ A0

, (6.24)

where

A0 =
{
w(x) : w ∈ C1[0, 1], w(0) = 0, w(1) = 0

}
.

Let the infinite sets of functions {φ1(x), φ2(x), φ3(x), ...} and {ϕ1(x), ϕ2(x), ϕ3(x), ...} be bases for the

C1[0, 1] functions in A and A0 so that any function u(x) ∈ A and w(x) ∈ A0 admit the representations

u(x) =

∞∑
m=1

αmφm(x) and w(x) =

∞∑
m=1

βmϕm(x)

for some choice of coefficients αm, βm ∈ R. Now, define Ah ⊂ A and Ah0 ⊂ A0 as the finite-dimensional

subsets of functions that can be expressed as the linear combination of the first M bases functions φm(x)

and ϕm(x), namely,

Ah =

{
uh(x) : uh(x) =

M∑
m=1

αmφm(x), αm ∈ R

}
(6.25)

and

Ah0 =

{
wh(x) : wh(x) =

M∑
m=1

βmϕm(x), βm ∈ R

}
. (6.26)

Replacing the admissible sets A and A0 in (6.24) with the finite-dimensional subsets (6.25) and (6.26)

yields the approximate weak form of the Euler-Lagrange equation
Find uh(x) ∈ Ah such that∫ 1

0

[(
∂F

∂u
(x, uh, (uh)′)

)
wh +

(
∂F

∂u′
(x, uh, (uh)′)

)
(wh)′

]
dx = 0 for all wh ∈ Ah0

. (6.27)

The function uh(x) in (6.27) is often referred to as the trial function, while the function wh(x) is referred

to as the weight or test function. On use of the representation wh(x) =
∑M
m=1 βmϕm(x), the approximate
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weak form (6.27) takes the more explicit form
Find uh(x) ∈ Ah such that∫ 1

0

M∑
m=1

[(
∂F

∂u
(x, uh, (uh)′)

)
ϕm +

(
∂F

∂u′
(x, uh, (uh)′)

)
ϕ′m

]
βmdx = 0 for all βm ∈ R

. (6.28)

Making use in turn of the representation uh(x) =
∑M
m=1 αmφm(x), and the fact that the equation in

(6.28) must hold true for arbitrary βm, the approximate weak form (6.28) of the Euler-Lagrange equation

reduces to the system of M algebraic — as opposed to differential — equations∫ 1

0

{[
∂F

∂u

(
x,

M∑
m=1

αmφm,

M∑
m=1

αmφ
′
m

)]
ϕn +

[
∂F

∂u′

(
x,

M∑
m=1

αmφm,

M∑
m=1

αmφ
′
m

)]
ϕ′n

}
dx = 0,

n = 1, 2, ...,M − 1,M , for the M coefficients αm that define the approximate solution uh(x).

The Galerkin method. Different choices for the basis functions ϕm(x) defining the subset (6.26) result

in different methods of weighted residuals. Among a plurality of choices used in practice, the most widely

used is the so-called Galerkin method of weighted residuals — or simply the Galerkin method — which

corresponds to setting ϕm(x) = φm(x), to within the satisfaction of the essential boundary conditions, in

the present example problem, w(0) = 0 and w(1) = 0.

Remark. For the same choice of subset Ah, it is a simple matter to show that the Galerkin method

generates the same approximate solution as the Ritz method. As opposed to the Ritz method, however,

the Galerkin method remains applicable for PDEs that are not the Euler-Lagrange equations of variational

problems.

6.1.6 The solution to the brachistochrone problem

For demonstration purposes, we close this introductory section on the calculus of variations by returning

to the brachistochrone problem (6.1)-(6.2) and solving it, first exactly and then approximately by means

of the Ritz method.

The exact solution. For definiteness, let us take p1 = (x1, y1) = (0, 0) as the initial point of the bead

and p2 = (x2, y2) = (1, 1) as its final point. A straightforward calculation shows that the Euler-Lagrange

equation (6.13) associated with the brachistochrone functional (6.1) reduces to

d

dx

(
u′√

u(1 + (u′)2)

)
−
√

1 + (u′)2

2u3/2
= 0, 0 < x < 1.

The solution to this first-order nonlinear ODE reads, in parametric form,

x =
k2

1

2
(z − sin z) + k2, u = k2

1 sin2
(z

2

)
, z1 < z < z2,

where the constants k1, k2, z1, z2 need to be determined from the boundary conditions

u(0) = 0 and u(1) = 1.
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From u(0) = 0 we deduce that k2 = 0 and z1 = 0. On the other hand, the boundary condition u(1) = 1

yields the following two nonlinear algebraic equations

1 =
k2

1

2
(z2 − sin z2) and 1 = k2

1 sin2
(z2

2

)
for k1 and z2, which can be solved numerically to render k1 = 1.0704 and z2 = 2.4120.

Thus the curve that minimizes the total time T of travel of the bead — departing from p1 = (0, 0)

and arriving at p2 = (1, 1) — is given by

x = 0.5729 (z − sin z) , u = 1.1458 sin2
(z

2

)
, 0 < z < 2.4120. (6.29)

It corresponds precisely to a cycloid, that is, the curve traced by a point on a circle as it rolls along a

straight line without slipping; see Fig. 6.2. The total time of travel can be readily computed to be given

by

min
u(x)∈A

T {u} =
1.8257
√
g

. (6.30)

An approximate solution constructed by means of the Ritz method. Let us now look for an

approximate solution to the brachistochrone problem of the form

uh(x) = α1x+ α2x
3/2 + (1− α1 − α2)x2, (6.31)

where the coefficients α1 and α2 are to determined by the Ritz method. Note that the function (6.31) is

admissible, as required, for all α1 and α2 since it is a C1 function in the interval [0, 1] and it satisfies the

essential boundary conditions uh(0) = 0 and uh(1) = 1.

Substitution of (6.31) in the brachistochrone functional (6.1) yields

T{uh} =

∫ 1

0

√
1 +

(
α1 + 3

2α2
√
x+ 2(1− α1 − α2)x

)2
2gx(α1 + α2

√
x+ (1− α1 − α2)x)

dx. (6.32)

Clearly (6.32) is not a functional but rather a function of α1 and α2. Therefore, it can be minimized by

simply taking its derivative with respect to α1 and α2 and equating the result to zero to determine the

minimizing α1 and α2. We proceed accordingly and write

∂T

∂α1
{uh} =

∫ 1

0

∂

∂α1

√1 +
(
α1 + 3

2α2
√
x+ 2(1− α1 − α2)x

)2
2gx(α1 + α2

√
x+ (1− α1 − α2)x)

 dx = 0

∂T

∂α2
{uh} =

∫ 1

0

∂

∂α2

√1 +
(
α1 + 3

2α2
√
x+ 2(1− α1 − α2)x

)2
2gx(α1 + α2

√
x+ (1− α1 − α2)x)

 dx = 0

. (6.33)

The system of equations (6.33) does not admit an analytical solution, but it is not difficult to solve it

numerically. We do so by first using a Gauss quadrature to discretize the integrals and by then solving

the resulting system of nonlinear algebraic equations with a Newton-Raphson method, which yields the

solution

α1 = 4.3310 and α2 = −5.7337.
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Substitution of this result in (6.31) finally renders the approximation

uh(x) = 4.3310x− 5.7337x3/2 + 2.4028x2. (6.34)

The total time of travel associated with the curve (6.34) is

min
uh(x)∈Ah

T
{
uh
}

=
1.8320
√
g

,

which is only about 0.3% higher than the time (6.30) associated with the minimizing curve (6.29). For

further comparison, Fig. 6.2 presents plots for both the exact (6.29) and approximate (6.34) curves.

Figure 6.2: Exact (6.29) and approximate (6.34) solutions to the brachistochrone problem with initial
point p1 = (0, 0) and final point p2 = (1, 1).

6.2 The principle of minimum potential energy

Having introduced the pertinent mathematical concepts, we are now in a position to state the principle

of minimum potential energy.

For an arbitrary body made of a linear elastic material that occupies the domain Ω0, with boundary

∂Ω0 and outward unit normal N, in its undeformed configuration, the principle of minimum potential

energy states that: if the body is subjected to the body force B(X) in its volume and a part of its boundary

∂ΩD0 is subjected to the prescribed displacement u(X) while the complementary part ∂ΩN0 = ∂Ω0\∂ΩD0 is

subjected to the prescribed traction s(X), then the equilibrium displacement u(X) minimizes the energy

functional

P{u} =

∫
Ω0

1

2
∇u · L∇u dX−

∫
Ω0

ρ0B · u dX−
∫
∂ΩN0

s · u dX (6.35)

over the set of kinematically admissible displacements

K =
{
u(X) : u ∈ H1(Ω0;R3), u(X) = u(X) for X ∈ ∂ΩD0

}
. (6.36)

The energy functional (6.35) is referred to as the potential energy. Physically, it corresponds to the elastic

energy stored in the body minus the work done by the body and surface forces acting on it.
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In other words, the principle of minimum potential energy is the variational reformulation of the

equations of linear elastostatics (5.34). More specifically, the Euler-Lagrange equations associated with

the functional (6.35) are precisely the equations of linear elastostatics (5.34). We now show so explicitly.

Begin by rewriting the potential energy (6.35) in component form

P{u} =

∫
Ω0

1

2

∂ui
∂Xj

Lijkl
∂uk
∂Xl

dX−
∫

Ω0

ρ0Biui dX−
∫
∂ΩN0

siui dX. (6.37)

The first variation of (6.37) then reads

δP =

∫
Ω0

∂ui
∂Xj

Lijklδ

(
∂uk
∂Xl

)
dX−

∫
Ω0

ρ0Biδui dX−
∫
∂ΩN0

siδui dX

=

∫
Ω0

∂ui
∂Xj

Lijkl
∂δuk
∂Xl

dX−
∫

Ω0

ρ0Biδui dX−
∫
∂ΩN0

siδui dX

=

∫
Ω0

∂

∂Xl

[
∂ui
∂Xj

Lijklδuk

]
dX−

∫
Ω0

∂

∂Xl

[
∂ui
∂Xj

Lijkl

]
δuk dX−

∫
Ω0

ρ0Biδui dX−
∫
∂ΩN0

siδui dX

=−
∫

Ω0

{
∂

∂Xj

[
Lijkl

∂uk
∂Xl

]
+ ρ0Bi

}
δui dX +

∫
∂Ω0

Lijkl
∂uk
∂Xl

Njδui dX−
∫
∂ΩN0

siδui dX

=−
∫

Ω0

{
∂

∂Xj

[
Lijkl

∂uk
∂Xl

]
+ ρ0Bi

}
δui dX+∫

∂ΩD0

Lijkl
∂uk
∂Xl

Njδui dX +

∫
∂ΩN0

{
Lijkl

∂uk
∂Xl

Nj − si
}
δui dX

=−
∫

Ω0

{
∂

∂Xj

[
Lijkl

∂uk
∂Xl

]
+ ρ0Bi

}
δui dX +

∫
∂ΩN0

{
Lijkl

∂uk
∂Xl

Nj − si
}
δui dX,

where the last equality follows from the fact that u(X) = u(X) for X ∈ ∂ΩD0 . Since the condition δJ = 0

must hold true for all admissible δu, we conclude that a minimizer u(X) of (6.35) over the kinematically

admissible set (6.36) must satisfy the Euler-Lagrange equations

∂

∂Xj

[
Lijkl

∂uk
∂Xl

]
+ ρ0Bi = 0, X ∈ Ω0

together with the boundary conditions
ui(X) = ui(X), X ∈ ∂ΩD0

si = Lijkl
∂uk
∂Xl

Nj , X ∈ ∂ΩN0

,

which are nothing more than the equations of linear elastostatics (5.34).

6.2.1 Weak form of the equations of linear elastostatics

In view of the derivation of the first variation δP of the potential energy presented above, it is a simple

matter to establish that the weak form of the equations of linear elastostatics (5.34) reads as follows:
Find u(X) ∈ K such that∫

Ω0

∂ui
∂Xj

Lijkl
∂wk
∂Xl

dX =

∫
Ω0

ρ0Biwi dX +

∫
∂ΩN0

siwi dX for all w ∈ K0

, (6.38)

where

K0 =
{
w(X) : w ∈ H1(Ω0;R3), w(X) = 0 for X ∈ ∂ΩD0

}
.
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6.3 The finite element method for linear elastostatics: A 1D

primer

The finite element method (FEM) is a method to numerically solve PDEs which is particularly well suited

for the type of PDEs that arise in the mechanics of solids, more so (in general, with a few exceptions)

than other methods such as finite difference and finite volume methods. More specifically, the FEM is

a particular method within the large class of methods of weighted residuals introduced in Section 6.1.5

that has the distinguishing feature of employing basis functions with small compact support relative to

the size of the domain governed by the PDE.

e2

e1

e3

Figure 6.3: Schematic of a bar under uniaxial body and surface forces.

In this section, we lay out the basics of the Galerkin FEM to solve the equations of linear elastostatics

(5.34). For clarity of presentation, as schematically illustrated in Fig. 6.3, we restrict attention to the

case when the body of interest is a prismatic bar made of a homogeneous isotropic linear elastic material

with Young’s modulus E, Poisson’s ratio ν = 0, cross-sectional area A and length L that is subjected

to the uniaxial body force B(X) = B(X1)e1 in its volume, the uniaxial traction s(X)|X1=L = se1 at

its right-end boundary, it is free on tractions of its lateral boundary, and its left-end boundary is firmly

bonded to a foundation so that u(X)|X1=0 = 0. For such a problem, the displacement field turns out to

be of the simple uniaxial form u = u(X1)e1 and the equations of linear elastostatics (5.34) reduce to

d

dX

[
E

du

dX

]
+ ρ0B(X) = 0, X ∈ (0, L)

E
du

dX
(L) = s

u(0) = 0

(6.39)

for the displacement field u(X), where we have dropped the subscript “1” in the spatial variable X1

for notational simplicity at no risk of misinterpretation. In turn, the weak form (6.38) of the equations

reduces to 
Find u(X) ∈ K such that∫ L

0

du

dX
E

dw

dX
dX =

∫ L

0

ρ0Bw dX + sw(L) for all w ∈ K0

, (6.40)
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where

K = K0 =
{
u(X) : u ∈ H1[0, 1], u(0) = 0

}
.

Equation (6.39)1 is a separable linear second-order ODE and hence can be readily solved in closed

form; its solution reads

u(X) =
s

E
X +

ρ0

E

∫ X

0

[∫ L

ξ

B(ζ)dζ

]
dξ.

We exploit its simplicity here to illustrate in very clear terms the key elements of the Galerkin FEM to

solve the equations of linear elastostatics (5.34) at large.

As a first step, we begin by applying the Galerkin method of weighted residuals to the weak form

(6.40) of the equations and hence write
Find uh(X) ∈ Kh such that∫ L

0

duh

dX
E

dwh

dX
dX =

∫ L

0

ρ0Bw
h dX + swh(L) for all wh ∈ Kh0

, (6.41)

where the finite-dimensional subsets Kh ⊂ K and Kh0 ⊂ K0 are yet to be defined. To that end, consider

a partition Ωh0 of the domain [0, L] occupied by the body into Ne non-overlapping subdomains Ω
(e)
0 =

[X
(e)
1 , X

(e)
2 ], called elements, such that Ωh0 = ∪Nee=1Ω

(e)
0 with Ω

(i)
0 ∩ Ω

(j)
0 = ∅ for all i 6= j. Given this

partition, we define the finite-dimensional subsets

Kh =

{
uh ∈ C0[0, L] : uh

∣∣
Ω

(e)
0

= uh(e) =

Nn∑
n=1

N (e)
n (X)u(e)

n , ∀Ω(e)
0 ∈ Ωh0 , u

h(0) = 0

}
(6.42)

and

Kh0 =

{
wh ∈ C0[0, L] : wh

∣∣
Ω

(e)
0

= wh(e) =

Nn∑
n=1

N (e)
n (X)w(e)

n , ∀Ω(e)
0 ∈ Ωh0 , w

h(0) = 0

}
, (6.43)

where the basis functions N
(e)
n (X) — more commonly referred to as shape functions in the FEM parlance

— have compact support Ω
(e)
0 — that is, N

(e)
n (X) = 0 for X /∈ Ω

(e)
0 — and satisfy the Krönecker delta

property

N
(e)
i (X

(e)
j ) = δij , i, j = 1, ..., Nn, (6.44)

as well as the completeness properties

Nn∑
n=1

N (e)
n (X) = 1 and

Nn∑
n=1

N (e)
n (X)X(e)

n = X, (6.45)

and where the coordinates X
(e)
n indicate the Nn positions in element Ω

(e)
0 , called nodes, of the Nn degrees

of freedom u
(e)
n in that element.

Lagrange shape functions. The most commonly used type of shape functions N
(e)
n (X) that satisfy

the properties (6.44) and (6.45) are the Lagrange polynomials. Below we list the corresponding formulas

for two- and three-node elements when Nn = 2 and 3.



6. Energy Methods 97

� Two-node linear elements: 
N

(e)
1 (X) =

X
(e)
2 −X

X
(e)
2 −X(e)

1

N
(e)
2 (X) =

X −X(e)
1

X
(e)
2 −X(e)

1

.

� Three-node quadratic elements:

N
(e)
1 (X) =

(
X −X(e)

2

)(
X −X(e)

3

)
(
X

(e)
1 −X(e)

2

)(
X

(e)
1 −X(e)

3

)
N

(e)
2 (X) =

(
X −X(e)

1

)(
X −X(e)

3

)
(
X

(e)
2 −X(e)

1

)(
X

(e)
2 −X(e)

3

)
N

(e)
3 (X) =

(
X −X(e)

1

)(
X −X(e)

2

)
(
X

(e)
3 −X(e)

1

)(
X

(e)
3 −X(e)

2

)
.

Matrix representation. Making explicit use of the representations

uh(X) =

Ne∑
e=1

uh(e)(X) =

Ne∑
e=1

Nn∑
n=1

N (e)
n (X)u(e)

n

and

wh(X) =

Ne∑
e=1

wh(e)(X) =

Ne∑
e=1

Nn∑
n=1

N (e)
n (X)w(e)

n

that ensue from the finite-dimensional subsets (6.42) and (6.43) and of the compact support of the shape

functions, the approximate weak form equation (6.41) specializes to

Ne∑
e=1

[∫
Ω

(e)
0

duh(e)

dX
E

dwh(e)

dX
dX

]
=

Ne∑
e=1

[∫
Ω

(e)
0

ρ0Bw
h(e) dX

]
+

Ne∑
e=1

swh(e)(L). (6.46)

On introducing the matrix representations

u(e) =


u

(e)
1

u
(e)
2

...

u
(e)
n

 , w(e) =


w

(e)
1

w
(e)
2

...

w
(e)
n

 , N(e) =
(
N

(e)
1 N

(e)
2 ... N (e)

n

)
, B(e) =

(
dN

(e)
1

dX

dN
(e)
2

dX
...

dN
(e)
n

dX

)
,

(6.47)

so that

uh(e) = N(e)u(e) = u(e)TN(e)T ,
duh(e)

dX
= B(e)u(e) = u(e)TB(e)T

and

wh(e) = N(e)w(e) = w(e)TN(e)T ,
dwh(e)

dX
= B(e)w(e) = w(e)TB(e)T ,
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equation (6.46) can be simplified further to

Ne∑
e=1

w(e)TK(e)u(e) =

Ne∑
e=1

w(e)T f
(e)
Ω0

+

Ne∑
e=1

w(e)T f
(e)

∂ΩN0
, (6.48)

where

K(e) =

∫
Ω

(e)
0

EB(e)TB(e) dX, f
(e)
Ω0

=

∫
Ω

(e)
0

ρ0BN(e)T dX, f
(e)

∂ΩN0
= sN(e)T

∣∣∣
X=L

. (6.49)

The matrix (6.49)1 is referred to as the stiffness matrix of element e, while the sum f(e) = f
(e)
Ω0

+ f
(e)

∂ΩN0
is

referred to as the load vector on element e.

Enforcing the continuity of the approximate solution uh(X): Assembly into global degrees

of freedom. The next step in the derivation consists in enforcing that the approximate solution uh(X)

defined by the equation (6.48) is indeed C0[0, L] as required. We do so by assembling the element degrees

of freedom u(e) into global degrees of freedom u. In this regard, note that any pair of adjacent elements

in the partition Ωh0 of the domain [0, L] share a node and hence the global degree of freedom associated

with that shared node must be one and the same for both elements in order for the resulting approximate

solution uh(X) to be continuous.

For a partition Ωh0 with Ne elements each having Nn nodes, there is a total of Nf = (Nn − 1)Ne + 1

nodes and hence, for the 1D problem at hand here, Nf = (Nn− 1)Ne + 1 global degrees of freedom. Let us

define the matrix representations

u =


u1

u2

...

uNf

 and w =


w1

w2

...

wNf


for the global degrees of freedom u1, u2, ..., uNf and the corresponding global weights w1, w2, ..., wNf . Each

element degree of freedom (6.47)1 can now be expediently identified with its global representation by

means of a Boolean (Nn)× (Nf ) matrix G(e), called the gather matrix, via the relation

u(e) = G(e)u. (6.50)

Similarly,

w(e) = G(e)w. (6.51)

On use of the element-to-global relations (6.50)-(6.51) in (6.48), it follows that

Ku = f, (6.52)

where

K =

Ne∑
e=1

G(e)TK(e)G(e) and f =

Ne∑
e=1

G(e)T
(
f
(e)
Ω0

+ f
(e)

∂ΩN0

)
. (6.53)

The matrix (6.53)1 is referred to as the global stiffness matrix, while f is referred to as the global load

vector.
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Solving the equation Ku = f for the global degrees of freedom u. Having assembled the global

equation (6.52), the final step is to solve for the global degrees of freedom u. Depending on the size of

the stiffness matrix K, the solution can be computed via direct or iterative solvers.

Once the solution for u has been determined, the approximate solutions for the displacement, strain,

and stress fields

uh(X) =

Ne∑
e=1

N(e)(X)G(e)u,
duh

dX
(X) =

Ne∑
e=1

B(e)(X)G(e)u, E
duh

dX
(X) = E

Ne∑
e=1

B(e)(X)G(e)u

for all material points in the body can be finally computed.

6.3.1 Convergence theorems

The power of the FEM outlined above in a 1D setting lies in the fact that it can generate approximate

solutions uh(X) for the displacement field that converge to the exact solution u(X) to the equations of

linear elastostatics (5.34).

Precisely, for cases when the exact solution u(X) is smooth and complete polynomials of order p are

used for the shape functions, it can be shown that the error between the FEM solution uh(X) and the

exact solution u(X) is bounded as follows:

||u− uh||L2 ≤ C1h
p+1

and

||∇u−∇uh||L2 ≤ C2h
p,

where h denotes the size of the largest element and C1 and C2 are constants. Two observations are

immediate. First, in the limit of h refinement as h ↘ 0, the FEM solution converges to the exact

solution. Second, increasing the order p of the polynomial in the shape functions increases the rate of

convergence. This is called p refinement.
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