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Bottom up vs top down perspectives

A “simple” example to get us going:

How should we describe the mechanical response of a
rubber band subjected to quasi-static stretching?

1. From the top down:

* large campaign of macroscopic experiments for large ranges of deformations and histories of deformation

e continuum viscoelastic model fitted to experimental data that (hopefully) is able to extrapolate for all
types of deformations and deformation histories.

2. From the bottom up:

 We first need to define the bottom, i.e., what is the smallest length scale that we are willing to consider as
the bottom: Angstroms, nanometers, micrometers...”?

A model needs to be constructed that describes the mechanical response at the bottom length scale

* Finally, the governing equations at the bottom need to be up-scaled to the length scale of the rubber band



Bottom up vs top down perspectives

A “simple” example to get us going:

How should we describe the mechanical response of a
rubber band subjected to quasi-static stretching?

1. From the top down:

» Difficult/impossible to explore all deformations and deformation histories of interest in practice.

e Exploring the subset of deformations and deformation histories for which experiments are possible is
expensive

2. From the bottom up:

* (Currently) impossible to choose the nanometer length scale of the polymer chains as the bottom

. {Choosing hundreds of nanometers as the bottom is possible, the up-scaling is difficult, but doable!}
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Formulation of the bottom (or local) problem for nonlinear elasticity

Rubber matrix

¢ ,’O'\\ .' "’ Carbon-black
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Formulation of the local problem for nonlinear elasticity

* Geometry and deformation deformation field
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Formulation of the local problem for nonlinear elasticity

e Balance of linear and angular momenta

[DivS:O} SF! = FS’
Automatically satisfied if W (X, F)is objective

e Putting things together leads to the Governing Equations
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Formulation of the local problem for nonlinear elasticity

* The expectation is that in the limit as § \ 0 the deformation field y°(X) will converge to the solution of
a macroscopic deformation y(X) solution of the governing equations for a homogeneous nonlinear

elastic solid
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[ W is the effective stored-energy function that describes the macroscopic elastic response of the composite J




The macroscopic or homogenized response: a visual example




Formulation of the local problem for nonlinear elasticity

* For the case of periodic microstructures, there exists a formula for the effective stored-energy function

[W(F) _%%W/ W (X Vy)dX}

where

K={y: y:FX—I—u, u c W&’p(YO§RN)}

The associated Euler-Lagrange equations read
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Remarks:

The computation of }}/ amounts to solving this PDE

In general, this can only be done numerically

Hill (1972); Braides (1985); Miiller (1987)



A powerful analytical approach: Iterative dilute homogenization

Suppose that the effective stored-energy function for an elastomer filled with a dilute concentration of

filler particles is known:
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Bruggeman (1935); Norris (1985); Avellaneda (1987); Lopez-Pamies JAM (2010)

= Wi + H{Wy,, Wy, } ct!
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That is: from dilute
solutions, we can construct
exact solutions for
arbitrary concentrations



A second powerful analytical approach: Comparison medium methods

Suppose that the effective stored-energy function for an elastomeric composite with local stored-energy
function Wy (X, F) is known:

— = 1
Wo (F) = min — Wo (X, Vy)dX
0 ( ) yeK |YO| v, 0( Y)

with help of suitably selected Legendre transforms we can generate a variational approximation for other
elastomeric composites with different stored-energy functions W (X, F)

That is: from solutions for a given
type of elastomeric composite,
we can construct variational
solutions for other types of
elastomeric composites

W (F) > Wy (F) + ﬁ min {W (X, F) — W(X,F)}dX

Talbot and Willis (1985); Lopez-Pamies et al. JMPS (2013)



A computational approach: Finite elements

Given a microscopy image of the microstructure, we can construct a unit cell that is representative of the
material (e.g., random distribution of spherical filler particles) and compute the associated effective
stored-energy function numerically by means of FE:

7 1o

Remark:

Care has to be exercised in choosing a stable
hybrid FE discretization to be able to deal
with the typical near incompressibility of
elastomers

unit cell Gusev (1997); Lopez-Pamies et al. JMPS (2013)



A Fundamental Problem:
Isotropic Neo-Hookean Composites



A fundamental problem: Isotropic Neo-Hookean composites

The simplest prototypal model for the elastic behavior of elastomers is the Neo-Hookean model:

I=F -F =)\ 4+ )3+ \2

X
HX) p g g1
W(X,F) = 2
+00 else

where

J =detF = )\1)\2)\3

In general T/ is functionally very different from 11/
Isotropic Neo-Hookean composites are a rare exception !!!

The effective stored-energy function for any (n-phase) isotropic Neo-Hookean composite is accurately
approximated by the Neo-Hookean stored-energy function

i L

+00 else

where 11 is the corresponding effective shear modulus from linear elasticity

Remark: While in 3D this result is an approximation, in 2D it has been conjectured to be exact!

Treloar (1943) Lefevre, Francfort, Lopez-Pamies J Elas (2022)



A fundamental problem: Isotropic Neo-Hookean composites
The simplest prototypal model for the elastic behavior of elastomers is the Neo-Hookean model:

I=F -F =)\ 4+ )3+ \2

X
MX) 1y =1
W(X,F) = 2
+00 else

where

J =detF = )\1)\2)\3
In general T/ is functionally very different from 11/

For a Neo-Hookean matrix filled with monodisperse rigid spheres at volume fractionc

S -3 ifJ=1 L o = 0.635
2 with B = 0.027
p = 0.64

Lefevre and Lopez-Pamies Extreme Mech. Lett. (2022) Lefevre, Francfort, Lopez-Pamies J Elas (2022)



A sample of other isotropic Neo-Hookean composites studied

Polydisperse rigid spherical particles Monodisperse rigid and liquid spheroidal particles
with interphases

Among others...

Lopez-Pamies et al. JMPS (2013); Goudarzi et al. JIMPS (2015); Lefevre and Lopez-Pamies JMPS (2017)



A generalization: Isotropic Neo-Hookean composites with pores

Consider now the more general case of a Neo-Hookean composite that contains pores. For example,

W\m (Neo-Hookean matrix) Here, the local stored-energy function is given by
5

© ® o C:@\> W, (vacuous spherical pores) W<X’ F) — [1 N HP(X)] WinH <X’ F)

- C? o o where (X)

o 2 p .

¢ . —n-3 ifJ=1
o— eo-Hookean filler particles 1

| O ‘Q O ‘7Wr (Neo-Hookean filler particles) WNH(X,F) _ 9 [ ]
| +00 else

and 60,(X) is the characteristic function for the pores

The effective stored-energy function for any (n-phase) isotropic Neo-Hookean composite containing
vacuous pores is accurately approximated by the compressible Neo-Hookean stored-energy function

_ ] Remark: Separable in I; and .J
W(F) = 5 [ I, — 3] +g(J)

Not separablein IT =F*-F*and J
[t effective shear modulus from linear elasticity where F* = J~1/3F

g(J) response under hydrostatic loading

Shrimali, Lefevre, Lopez-Pamies JMPS (2019); Shrimali, Parnell, Lopez-Pamies Int J Non Linear Mech (2020)



A generalization: Isotropic Neo-Hookean composites with pores

Consider now the more general case of a Neo-Hookean composite that contains pores. For example,

Wa (Neo-Hookean matrix)

Here, the local stored-energy function is given by

—— 11 — 3]

it J=1
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© ® O C:Q\> W, (vacuous spherical pores) W(X’ F) — [1 o HP(X)] Wi (Xa F)

® o o 4 where

e o u(X)

®— eo-Hookean filler particles

| O ‘Q o ‘7Wr (Neo-Hook filler particles) WNH(X,F> _ 2
| +00

else

and 60,(X) is the characteristic function for the pores

For a Neo-Hookean matrix filled with monodisperse rigid spheres at volume fraction ¢ and spherical pores at

volume fraction

Cp
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Shrimali, Lefevre, Lopez-Pamies JMPS (2019); Shrimali, Parnell, Lopez-Pamies Int J Non Linear Mech (2020)



Going Non-Gaussian




Going non-Gaussian

Having a result for the effective stored-energy function of isotropic Neo-Hookean composites, we can make

use of comparison medium methods to generate variational approximations for isotropic composites wherein
the elastomers are non-Gaussian

* Examples of non-Gaussian [;-based models: W/ (F) =
+oo  else

{ U(L) ifJ=1

nkT —
Arruda-Boyce (1993) V(I1) = 5 > Crllf =3
r=1

3
Yeoh (1993) W(I1) =) Cp [l -3
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I I -3
Gent (1996)  W(I) =~ In [1 - ]
2 31—a7~
Lopez-Pamies (2010)  W¥(I;) = Z pr [ 17— 3%7]

200,
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Application to Elastomers
Filled with Nano-Fillers



Application to (nano-)filled elastomers

Microscopy analysis of a TiO,-filled silicone elastomer
I -

SEM

TEM

e

(~50% in volume)

ions: occluded silicone
(~50% in volume)

AFM

local shear modulus (MPa)

local shear modulus (MPa)

distance (um)

Meddeb et al. Compos. B. Eng. (2019)



nominal uniaxial stress S (MPa)

Application to (nano-)filled elastomers

Uniaxial tension tests
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Application to (nano-)filled elastomers

Based on the microscopy analysis, we have the following local description of the filled elastomer

TiO, nanoparticles

“interphasial” silicone

“bulk” silicone

Meddeb et al. Compos. B. Eng. (2019)



Application to (nano-)filled elastomers

Making use of the corresponding Neo-Hookean result, the comparison medium method yields the effective

stored-energy function

4 , 2\
(1—cp—co—0¢i)V,, (Z7) if detF =1 . I; — 3 g
— i 1 =
W(F) = | with (L= —co— )72
+00 otherwise
N J
For the silicone elastomer, we use
2 gl-ar Fitted material parameters
o Qo
(D) = > oo [ 17 = 37 )
r=1 r
0.5% vol. TiO, 0.005 0.2503
1% vol. TiO, 0.01 0.4552
4% vol. TiO 0.04 0.5863
py (MPa) aq M, (MPa) 05)
Unfilled PDMS 0.1878 0.3250 0.0524 2.5164
0.5% vol. TiO, 0.1802 0.3087 0.0519 2.5541
1% vol. TiO, 0.1673 0.3249 0.0361 2.5479
4% vol. TiO, 0.0553 0.3245 0.0102 1.7410

Meddeb et al. Compos. B. Eng. (2019)




Application to (nano-)filled elastomers

Theory vs. experiments
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Application to Elastomers
Filled with Micro-Fillers



Application to (micro-)filled elastomers

Microscopy analysis of a glass-bead-filled silicone elastomer

Leonard et al. JMPS (2020)



Application to (micro-)filled elastomers

Leonard et al. JMPS (2020)
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Application to (micro-)filled elastomers

Based on the microscopy analysis, we have the following local description of the filled elastomer

Leonard et al. JMPS (2020)



Application to (micro-)filled elastomers

Making use of the corresponding Neo-Hookean result, the comparison medium method yields the effective

stored-energy function

4 N\
(1 —cp)¥, (Z1) if detF =1
W(F) =
+00 otherwise
\_

with

J

For the silicone elastomer, we use

7, =

31—ar
V(1) = D S5 [1}7 = 3]
—1 r . .
" Fitted material parameters
1 (MPa) pz (MPa)  a@q o
10N 0.5254 0.0952 2.924 ~19.77
15N 0.2624 0.0314 1.600 —12.40
20N 0.2036 0.0143 0.8393 —34.60

Leonard et al. JMPS (2020)
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VISCOELASTICITY




Formulation of the local problem for nonlinear viscoelasticity

* Geometry and time-dependent deformation = time-dependent deformation field
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Local viscoelastic behavior: Two-potential framework

oY
S(X,t) =
Y OF

15t Piola-Kirchhoff stress
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Formulation of the local problem for nonlinear viscoelasticity

* Local viscoelastic behavior: Two-potential framework (continued) qu
. 1\
Y =y A(F) + ¢ PY(F, FY)
\ — o
v T a measure of the “viscous part”
§b — gb(F, F°.F ) of the deformation —!I—/mm——
Qb wNEq
Yy
yv/\
7 T 7 T™a
o 0° Q)

Zener (1948) Kumar and Lopez-Pamies CR Mecanique (2016)



Formulation of the local problem for nonlinear viscoelasticity

* Local viscoelastic behavior: Two-potential framework (continued)
¢ = PPIUF) + VPR, F) ¢ = ¢(F,F’,F)
Most internal-variable-based models are specializations of the two-potential framework:
Le Tallec et al. (1993), Reese and Govindjee (1998), Bergstrom and Boyce (1998),...

» The model of Kumar and Lopez-Pamies CR Mecanique (2016)

31—051 31—052 .
pBa— ) S [ =3+ o [17% = 3] i T =1
T 1 2
Energy storage accounting +00 otherwise
for Non-Gaussian elasticity q1—as 31—as
PNEa — 20, ma [I7% —3%] + S mo [I§9% — 32| it J¢=
+00 otherwise
| %F”F’”_l feme kB E ] i (BE) =0
o(F,F* F") =
Dissipation accounting +00 otherwise

for shear thinning o — Nee + K1 { A 361}

P
1+ <K2 A EQ)

with 7K = Too T+



Formulation of the local problem for nonlinear viscoelasticity

e Balance of linear and angular momenta

Automatically satisfied if ¥ and ¢ are objective

[DivS:O} SF! = FST
e Putting things together leads to the Governing Equations
T _[o
ﬁ : (91,& 1) 3% _ \ //‘ Ld .\
DlV[a—F(X,Vy,F )]—0, (X,t)EQQX[O,T] ///.o.o.o.o.o.b
o s i} N ‘e'e 0’0 'e'e’s
< [a—F(X,Vy,F )]N:S, (X,t)E@QO X[O,T] /‘o.o.o.o.o.o’/’
(] (] () (] (] (]
v (X,t) =7(X,t), (X,t)€dp x[0,T] / 909869690 /
‘e‘e‘e‘e‘e'e |
&ya(X,O):X, X € Qg / \.o......./V
. \ “ole'e>
(W L 9 _heq x [0, T] o
! OFY = 9Fv ’ ’ Again, we are interested in taking the
v limit of ti f length scal
\‘ F9(X,0) =1, X € imit of separation of length scales as

J
for the deformation field y?(X, t)and the internal variable F*°(X, ) Ld 0 }




Formulation of the local problem for nonlinear viscoelasticity

* The expectation is that in the limitas § \, 0 the deformation field y°(X,t) will converge to the solution
of a macroscopic deformation y(X,?) solution of the governing equations for a general homogeneous

nonlinear viscoelastic material \
i.e., infinitely many
internal variables

//f‘:‘:/.—:.?\
areeday
6'0'0‘'0‘'e‘e'e
[e‘e‘e ‘e ‘e ‘e
‘e‘e‘e‘e‘e’‘e |
te‘e‘e‘e‘e"’
Nel'e'e”




Formulation of the local problem for nonlinear viscoelasticity

* Even for the simplest cases in linear viscoelasticity (Kelvin-Voigt and Maxwell models), the homogenized
behavior turns out to depend on infinitely many internal variables.

Lecture Notes Homogenization and Mechanical Dissipation in
in Physics Thermoviscoelasticity
Edited by J. Ehlers, Miinchen, K. Hepp, Ziirich G’ILLES A. FRANCFORT & P] M, SUQUET

R. Kippenhahn, Minchen, H. A. Weidenmiiller, Heidelberg
and J. Zittartz, Kéiln

Managing Editor: W, Beiglbéck, Heidelberg
Communicated by C. M. DAFERMOS

127

Enrique Sanchez-Palencia ELEMENTS OF HOMOGENIZATION
Non-Homogeneous Media and FOR
Vibration Theory INELASTIC SOLID MECHANICS

Pierre M. Suquet
Springer-Verlag
Berlin Heidelberg New York 1980



A Fundamental Problem:

Isotropic Suspensions of Rigid Particles in
Rubber with Gaussian Elasticity & Constant Viscosity



A fundamental problem

Isotropic suspension of rigid particles in an elastomer with Gaussian elasticity and constant viscosity

0/—0\ m Vm e .
PP ES '%[1—3]+5[11—3] if J=1
/ [ ) [ ] ® ® [ ) N _y N _/
e'e‘e’ee’e ) ~ ~—
o _lo _Jo_Jo_|o_|e n(F,F7) = < YE(F PpNEL (FFU L
/o'e’e‘e'es"r Y ( ) (F) ( )
i'. ‘e'e‘0e’0 'Q/ | +oo otherwise
[e‘e‘e‘e‘e e/
o _o_lo_le_ o _o 1. . .
[0.0 ‘o000 [t it i ow(BE) <o
\t o'e'e’e bu(F,F, B") = {2
{Q.\../.y | +oo otherwise

Remark: The rubber reduces to a Neo-Hookean solid when 7, = 0 or 7 = +00

The rubber reduces to a Newtonian fluid when pp, =0 and vp = +00

Ghosh, Shrimali, Lopez-Pamies JMPS (2021)



A fundamental problem: Governing equations

After some work, the problem amounts to solving the following equations

( Div [(1 - 6:(X)) (1 Vy —pVy T + 1 VyC' ') + 0:(X)pus (Vy - Vy~T)] =0, (X,t) € x [0,T]
det Vy = 1, (X,t) € QM x [0,T]
| y(X,t) = F({)X, (X,t) € 8 x [0,T]
| ¥(X,0) =X, X € Q

coupled with

(

. _ 1 _ n
C’(X,t) = 7”7_ Vy'Vy -5 (Vy'Vy - C° h cv] (X, e Q™ x 0,7
< m

| CY(X,0) =1, X e Q™

for the deformation field y(X,¢) and internal variable C"(X,t) = F'I'F?, And finally computing

1

Q0] Ja,

[{S(t),te[o,T]}, S(t) = —

Q0| Ja,

S(th)dX} [{F(t),te[O,T]}, F(t) : F(X,t)dX}




A fundamental problem: Asymptotic solutions
l.

In the limit of small deformations as ||H(¢)|| — 0 where H(¢) := F(¢) — I it can be shown that

( -V v \
H'(t) = 2 [H - HY

S(t)=m(H+H") —pI+7(H+H" —H" —H'") + O (|IH|]*)  where '

\ HU(O) = O /
and 1= g(C)pw, T=9g()th, T =9g(C)h

\
T
/SO
This is nothing more than a Zener model o— @

3|

N




A fundamental problem: Asymptotic solutions

II. In the limit of infinitesimally slow applied deformations when

Ft)=Fy+t 'Fi +0(t™%) and t—=T =400

we have approximately that

() =7Fo - pFy” + 00" |

lll. In the limit of “infinitely” fast applied deformations when
F(t) =1+ H(t) (Fo —1I)

we have approximately thatat ¢ = 0+

[S(t) = (E+7)Fo—pFy T + O(t)}

These are nothing more than the effective macroscopic responses for
particle-filled Neo-Hookean elastomers with different initial stiffnesses



A fundamental problem: Asymptotic solutions

IV. In the absence of storage of elastic energy by the rubber matrix when

fn = 0 and Vm — +00

we have that

[S(t) =M (FFF T+ FTFFT) —pF T 1005 }

This is nothing more than the response of a non-Newtonian fluid



A fundamental problem: An analytical approximation

Remarkably, as opposed to the generally expected long-range- —/ 30505050\
memory behavior, the above asymptotic solutions suggest that the
viscoelastic response of the suspension is of the same functional ¢ ¢
form as that of the underlying rubber matrix. That is _‘I_/mm\_
b \IJNEq

The solutions further suggest approximations for the effective potentials:

(

I, — 3]+ g[lf—S] if J=1
v ~— Remark: As opposed to the viscosity of
\Ij F F — q q v—1

(F.F7) = vEF) v (PR the rubber matrix, the viscosity

o | =

~

| +00 otherwise n

of the suspension must be nonlinear. As

1|’:r"|:v—1 : {2 7K FUF”—l} fotr (FUF”_l) — (0 itturnsout, it must exhibit shear
2 thinning

(

O(F,F*,F ) = «

| +oo otherwise



A fundamental problem: An analytical approximation

Remarkably, as opposed to the generally expected long-range- —/ 30505050\
memory behavior, the above asymptotic solutions suggest that the
viscoelastic response of the suspension is of the same functional ¢ ¢
form as that of the underlying rubber matrix. That is _‘I_/mm\_
b \IJNEq

The solutions further suggest approximations for the effective potentials:

. _
g[ll—BHg[If—s] if J=1
; —_——— N—— Remark: Comparisons with computational
U(F,F") =4 v whEd (FFY 1) results suggest that the formula
. B N ~ I’U _ o~ I’U
| +0o0 otherwise 7= (1Y) + o (L7) — Mo (I7)

1+ (K1 JY)?

( 1 X)) _ — .V . U _
. “E'FY 1.[2771<:F F 1} if tr(F F 1):0 y .
@(F,FU,F ): < 2 provides an accurate apprOXImatlon

| +o0 otherwise



A fundamental problem:

FE solutions vs. approximation

Uniaxial tension/compression

- ¢=0.05

® FE -
——— Approximation |
----- Matrix
0.5 1.5 2



A fundamental problem: FE solutions vs. approximation

0.8

0.6

0.2

Two-step relaxation simple shear

Stress-strain response

T T T T ‘ T T T
¢ =0.25

L’ 'E'.' ® TFE
'."‘ 7 ——— Approximation | |
- R PP Matrix
0.05 0.1 0.15 0.2 0.25

F12

0.8

Stress-time response

10-1 g1

® TIE
——— Approximation | |

Matrix




A fundamental problem: Lessons learned

* Contrary to the generally expected long-range-memory behavior, the response of the suspensions appears
to exhibit a short-range-memory behavior akin to that of the underlying rubber matrix

* The effective viscosity of the suspensions exhibits shear thinning, this in spite of the fact that the viscosity
of the underlying rubber is constant

» Much like for suspensions of rigid inclusions in Newtonian fluids, the shear-thinning viscosity can be
attributed to the evolution of microstructure that invariably occurs under finite deformations

» On the other hand, the apparent short-range-memory behavior is likely the manifestation of the fact that
there is only one relaxation mechanism in the suspensions: the shear relaxation of the rubber



A fundamental problem: Lessons learned

A single mechanism of relaxation: an illustration in isotropic linear viscoelasticity

S(X,t) = /t LX) X ndr with LX) = 2u(X) f(OKC435(X) F () T

ot

The Laplace transform reads

S(X, s) = sf(s) 2u(X)K + 3x(X) T H(X, s)
\

The homogenized behavior is then given by

— o0

S(t):/ L(t—T)Z—I:(T)dT with L(t):Zﬁi(t)K+3%f(t)J

Conjecture: the same remains true at finite deformations

DivS =0



SUMMARIZING REMARKS




Take-home messages

1. We now have robust analytical and computational techniques to model the macroscopic nonlinear
elastic response of incompressible as well as compressible elastomeric composites from the scale of the
bottom up

2. The techniques apply to other physical responses (e.g., electro- and magneto-mechanical), so long as
they are conservative (no energy dissipation)

3. We have uncovered that materials with a single mechanism of relaxation may be the key to model the
macroscopic nonlinear viscoelastic response of incompressible as well as compressible elastomeric
composites from the bottom up
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