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Bottom up vs top down perspectives

How should we describe the mechanical response of a 
rubber band subjected to quasi-static stretching?

A “simple” example to get us going:

1. From the top down:

• large campaign of macroscopic experiments for large ranges of deformations and histories of deformation

• continuum viscoelastic model fitted to experimental data that (hopefully) is able to extrapolate for all 
types of deformations and deformation histories.

2. From the bottom up:

• We first need to define the bottom, i.e., what is the smallest length scale that we are willing to consider as 
the bottom: Angstroms, nanometers, micrometers…?

• A model needs to be constructed that describes the mechanical response at the bottom length scale

• Finally, the governing equations at the bottom need to be up-scaled to the length scale of the rubber band



Bottom up vs top down perspectives

How should we describe the mechanical response of a 
rubber band subjected to quasi-static stretching?

A “simple” example to get us going:

1. From the top down:

2. From the bottom up:

• Difficult/impossible to explore all deformations and deformation histories of interest in practice.

• Exploring the subset of deformations and deformation histories for which experiments are possible is 
expensive

• (Currently) impossible to choose the nanometer length scale of the polymer chains as the bottom

• Choosing hundreds of nanometers as the bottom is possible, the up-scaling is difficult, but doable! 



ELASTICITY



Formulation of the bottom (or local) problem for nonlinear elasticity

1 mm

Rubber matrix

Carbon-black 
filler particles



Formulation of the local problem for nonlinear elasticity

Undeformed Configuration Deformed Configuration

• Geometry and deformation

• Local elastic behavior

deformation field

deformation gradient

1st Piola-Kirchhoff stress

with

rubber stored-energy function carbon-black stored-energy function

filler characteristic function



Formulation of the local problem for nonlinear elasticity
• Balance of linear and angular momenta

• Putting things together leads to the Governing Equations
Automatically satisfied if                   is objective 

for the deformation field 
We are interested in taking the limit 
of separation of length scales as 



Formulation of the local problem for nonlinear elasticity
• The expectation is that in the limit as               the deformation field              will converge to the solution of 

a macroscopic deformation              solution of the governing equations for a homogeneous nonlinear 
elastic solid

is the effective stored-energy function that describes the macroscopic elastic response of the composite



The macroscopic or homogenized response: a visual example



Formulation of the local problem for nonlinear elasticity
• For the case of periodic microstructures, there exists a formula for the effective stored-energy function

Hill (1972); Braides (1985); Müller (1987)

unit cell

where

The associated Euler-Lagrange equations read

The computation of        amounts to solving this PDE

In general, this can only be done numerically

Remarks:



A powerful analytical approach: Iterative dilute homogenization

Bruggeman (1935); Norris (1985); Avellaneda (1987); Lopez-Pamies JAM (2010)

Suppose that the effective stored-energy function for an elastomer filled with a dilute concentration of 
filler particles is known: 

Ad-infinitum...

That is: from dilute 
solutions, we can construct 
exact solutions for 
arbitrary concentrations



A second powerful analytical approach: Comparison medium methods

Talbot and Willis (1985); Lopez-Pamies et al. JMPS (2013)

Suppose that the effective stored-energy function for an elastomeric composite with local stored-energy 
function is known: 

with help of suitably selected Legendre transforms we can generate a variational approximation for other 
elastomeric composites with different stored-energy functions  

That is: from solutions for a given 
type of elastomeric composite, 
we can construct variational
solutions for other types of 
elastomeric composites



A computational approach: Finite elements

Gusev (1997); Lopez-Pamies et al. JMPS (2013)

Given a microscopy image of the microstructure, we can construct a unit cell that is representative of the 
material (e.g., random distribution of spherical filler particles) and compute the associated effective 
stored-energy function numerically by means of FE: 

Care has to be exercised in choosing a stable 
hybrid FE discretization to be able to deal 
with the typical near incompressibility of 
elastomers

Remark:



A Fundamental Problem:
Isotropic Neo-Hookean Composites



A fundamental problem: Isotropic Neo-Hookean composites  

Treloar (1943)

The simplest prototypal model for the elastic behavior of elastomers is the Neo-Hookean model: 

where

In general       is functionally very different from        
Isotropic Neo-Hookean composites are a rare exception !!!

Lefevre, Francfort, Lopez-Pamies J Elas (2022)

The effective stored-energy function for any (n-phase) isotropic Neo-Hookean composite is accurately 
approximated by the Neo-Hookean stored-energy function 

Remark: While in 3D this result is an approximation, in 2D it has been conjectured to be exact!

where      is the corresponding effective shear modulus from linear elasticity 



A fundamental problem: Isotropic Neo-Hookean composites  
The simplest prototypal model for the elastic behavior of elastomers is the Neo-Hookean model: 

where

In general       is functionally very different from        

Lefevre, Francfort, Lopez-Pamies J Elas (2022)

For a Neo-Hookean matrix filled with monodisperse rigid spheres at volume fraction 

Lefevre and Lopez-Pamies Extreme Mech. Lett. (2022)

with



A sample of other isotropic Neo-Hookean composites studied  

Lopez-Pamies et al. JMPS (2013); Goudarzi et al. JMPS (2015); Lefevre and Lopez-Pamies JMPS (2017)

Polydisperse rigid spherical particles

Monodisperse rigid spherical particles with interphases

Monodisperse rigid and liquid spheroidal particles 
with interphases

Among others…



A generalization: Isotropic Neo-Hookean composites with pores 
Consider now the more general case of a Neo-Hookean composite that contains pores. For example, 

Shrimali, Lefevre, Lopez-Pamies JMPS (2019); Shrimali, Parnell, Lopez-Pamies Int J Non Linear Mech (2020)

where

and               is the characteristic function for the pores

Here, the local stored-energy function is given by

The effective stored-energy function for any (n-phase) isotropic Neo-Hookean composite containing 
vacuous pores is accurately approximated by the compressible Neo-Hookean stored-energy function 

effective shear modulus from linear elasticity 

Remark: Separable in      and 

response under hydrostatic loading

Not separable in                         and 

where



A generalization: Isotropic Neo-Hookean composites with pores 
Consider now the more general case of a Neo-Hookean composite that contains pores. For example, 

Shrimali, Lefevre, Lopez-Pamies JMPS (2019); Shrimali, Parnell, Lopez-Pamies Int J Non Linear Mech (2020)

where

and               is the characteristic function for the pores

Here, the local stored-energy function is given by

For a Neo-Hookean matrix filled with monodisperse rigid spheres at volume fraction     and spherical pores at 
volume fraction  



Going Non-Gaussian



Going non-Gaussian
Having a result for the effective stored-energy function of isotropic Neo-Hookean composites, we can make 
use of comparison medium methods to generate variational approximations for isotropic composites wherein 
the elastomers are non-Gaussian 

• Examples of non-Gaussian I1-based models:

Arruda-Boyce (1993)

Gent (1996)

Yeoh (1993)

Lopez-Pamies (2010)



Application to Elastomers 
Filled with Nano-Fillers



Application to (nano-)filled elastomers
Microscopy analysis of a TiO2-filled silicone elastomer

10 mm

50 nm

dark regions: TiO2 
(~50% in volume)

light regions: occluded silicone 
(~50% in volume)

SE
M

TE
M

Meddeb et al. Compos. B. Eng. (2019)

0

2

4

6

0 0.2 0.4 0.6
distance (mm)

lo
ca

l 
sh

ea
r 

m
od

ul
us

 (
M

P
a)

AFM

0

5

10

15

20

25

30

0 0.5 1 1.5 2
distance (mm)

lo
ca

l 
sh

ea
r 

m
od

ul
us

 (
M

P
a)



0

2

4

6

1 1.5 2 2.5 3

Application to (nano-)filled elastomers

Uniaxial tension tests

Meddeb et al. Compos. B. Eng. (2019)
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Application to (nano-)filled elastomers

Meddeb et al. Compos. B. Eng. (2019)

“occluded” silicone

“bulk” silicone

“interphasial” silicone

TiO2 nanoparticles

Based on the microscopy analysis, we have the following local description of the filled elastomer



Application to (nano-)filled elastomers

Meddeb et al. Compos. B. Eng. (2019)

Making use of the corresponding Neo-Hookean result, the comparison medium method yields the effective 
stored-energy function  

with

For the silicone elastomer, we use
Fitted material parameters
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Application to (nano-)filled elastomers

Meddeb et al. Compos. B. Eng. (2019)

Theory vs. experiments
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Response of the silicone elastomer
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Application to Elastomers 
Filled with Micro-Fillers



Application to (micro-)filled elastomers

Leonard et al. JMPS (2020)

Microscopy analysis of a glass-bead-filled silicone elastomer



Application to (micro-)filled elastomers

Leonard et al. JMPS (2020)
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Application to (micro-)filled elastomers

silicone

Glass beads

Based on the microscopy analysis, we have the following local description of the filled elastomer

Leonard et al. JMPS (2020)



Application to (micro-)filled elastomers
Making use of the corresponding Neo-Hookean result, the comparison medium method yields the effective 
stored-energy function  

with

For the silicone elastomer, we use

Fitted material parameters

Leonard et al. JMPS (2020)



Application to (micro-)filled elastomers

Leonard et al. JMPS (2020)
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VISCOELASTICITY



Formulation of the local problem for nonlinear viscoelasticity

Undeformed Configuration Deformed Configuration

• Geometry and time-dependent deformation time-dependent deformation field

deformation gradient

• Local viscoelastic behavior: Two-potential framework

1st Piola-Kirchhoff stress

internal variable

evolution equation defining



Formulation of the local problem for nonlinear viscoelasticity
• Local viscoelastic behavior: Two-potential framework (continued)

Kumar and Lopez-Pamies CR Mecanique (2016)Zener (1948)

a measure of the “viscous part” 
of the deformation



Formulation of the local problem for nonlinear viscoelasticity
• Local viscoelastic behavior: Two-potential framework (continued)

Most internal-variable-based models are specializations of the two-potential framework:  
Le Tallec et al. (1993), Reese and Govindjee (1998), Bergström and Boyce (1998),… 

 The model of Kumar and Lopez-Pamies CR Mecanique (2016)

Energy storage accounting 
for Non-Gaussian elasticity

Dissipation accounting 
for shear thinning 

with



Formulation of the local problem for nonlinear viscoelasticity
• Balance of linear and angular momenta

• Putting things together leads to the Governing Equations

Automatically satisfied if       and        are objective 

for the deformation field                 and the internal variable 

Again, we are interested in taking the 
limit of separation of length scales as 



Formulation of the local problem for nonlinear viscoelasticity
• The expectation is that in the limit as               the deformation field                 will converge to the solution 

of a macroscopic deformation                solution of the governing equations for a general homogeneous
nonlinear viscoelastic material

i.e., infinitely many 
internal variables



Formulation of the local problem for nonlinear viscoelasticity
• Even for the simplest cases in linear viscoelasticity (Kelvin-Voigt and Maxwell models), the homogenized 

behavior turns out to depend on infinitely many internal variables.



A Fundamental Problem:
Isotropic Suspensions of Rigid Particles in 

Rubber with Gaussian Elasticity & Constant Viscosity



A fundamental problem
Isotropic suspension of rigid particles in an elastomer with Gaussian elasticity and constant viscosity

Ghosh, Shrimali, Lopez-Pamies JMPS (2021)

Remark: The rubber reduces to a Neo-Hookean solid when                or 

The rubber reduces to a Newtonian fluid when                and



A fundamental problem: Governing equations
After some work, the problem amounts to solving the following equations

coupled with

for the deformation field                 and internal variable                                    . And finally computing 



A fundamental problem: Asymptotic solutions
I. In the limit of small deformations as                         where

where

This is nothing more than a Zener model

and

concentration function from linear elasticity

it can be shown that



A fundamental problem: Asymptotic solutions
II. In the limit of infinitesimally slow applied deformations when 

and

we have approximately that 

III. In the limit of ``infinitely’’ fast applied deformations when 

we have approximately that at 

These are nothing more than the effective macroscopic responses for 
particle-filled Neo-Hookean elastomers with different initial stiffnesses



A fundamental problem: Asymptotic solutions
IV. In the absence of storage of elastic energy by the rubber matrix when 

and

we have that 

effective viscosity tensor

This is nothing more than the response of a non-Newtonian fluid



A fundamental problem: An analytical approximation

Remarkably, as opposed to the generally expected long-range-
memory behavior, the above asymptotic solutions suggest that the 
viscoelastic response of the suspension is of the same functional 
form as that of the underlying rubber matrix. That is

The solutions further suggest approximations for the effective potentials: 

Remark: As opposed to the viscosity of 
the rubber matrix, the viscosity 

of the suspension must be nonlinear. As 
it turns out, it must exhibit shear 
thinning 



A fundamental problem: An analytical approximation

Remarkably, as opposed to the generally expected long-range-
memory behavior, the above asymptotic solutions suggest that the 
viscoelastic response of the suspension is of the same functional 
form as that of the underlying rubber matrix. That is

The solutions further suggest approximations for the effective potentials: 

Remark: Comparisons with computational 
results suggest that the formula

provides an accurate approximation



A fundamental problem: FE solutions vs. approximation
1
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A fundamental problem: FE solutions vs. approximation
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A fundamental problem: Lessons learned
• Contrary to the generally expected long-range-memory behavior, the response of the suspensions appears 

to exhibit a short-range-memory behavior akin to that of the underlying rubber matrix

• The effective viscosity of the suspensions exhibits shear thinning, this in spite of the fact that the viscosity 
of the underlying rubber is constant

 Much like for suspensions of rigid inclusions in Newtonian fluids, the shear-thinning viscosity can be 
attributed to the evolution of microstructure that invariably occurs under finite deformations

 On the other hand, the apparent short-range-memory behavior is likely the manifestation of the fact that 
there is only one relaxation mechanism in the suspensions: the shear relaxation of the rubber



A fundamental problem: Lessons learned
A single mechanism of relaxation: an illustration in isotropic linear viscoelasticity

The Laplace transform reads

the entire s dependence can be factored out in
The homogenized behavior is then given by

the same time dependence as the constituents

Conjecture: the same remains true at finite deformations



SUMMARIZING REMARKS



Take-home messages

1. We now have robust analytical and computational techniques to model the macroscopic nonlinear 
elastic response of incompressible as well as compressible elastomeric composites from the scale of the 
bottom up 

2. The techniques apply to other physical responses (e.g., electro- and magneto-mechanical), so long as 
they are conservative (no energy dissipation)

3. We have uncovered that materials with a single mechanism of relaxation may be the key to model the 
macroscopic nonlinear viscoelastic response of incompressible as well as compressible elastomeric 
composites from the bottom up 
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