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The pervasiveness of fracture
Inescapable fact: Any structure subjected to sufficiently large forces will fracture 



The equal pervasiveness of fracture models… 
Since the early 2000s, fueled by advances in math and computation, tens of models have been 
and continue to be proposed annually aimed at describing when and where cracks nucleate and 
propagate in solids

• The vast majority of these models focus on 
very particular aspects of the problem, while 
ignoring others that have been well-
established.

• As a result, such models are, at best, descriptors 
of fracture under a restrictive set of conditions, 
while they predict grossly incorrect and even 
non-physical behaviors in general.

that do not work 



A minimum standard
To address this predicament, we propose a vetting process — or, put differently, an obstacle 
course — in the form of Nine Challenge Problems, or Nine Circles, sensibly selected so that:

1. They can be carried out experimentally with 
standard testing equipment;

2. They can be unambiguously analyzed with a 
sharp description of fracture;  

3. They span the entire range of well settled 
experimental knowledge of fracture nucleation 
and propagation accumulated for over a century,

 

and most critically

this for the elementary case of isotropic elastic 
brittle materials, both hard and soft,… 



…the elementary case of isotropic elastic brittle materials
An elastic brittle material is a material that responds in only two ways to mechanical forces:

1) It can deform elastically 2) It can create surface, that is, it can fracture

stored-energy function strength surface

I. The mechanics of deformation II. The mechanics of strength III. The mechanics of toughness

for the material of interest, whatever these may be.

For the elementary case of isotropic elastic brittle materials

fracture  toughness

Any potentially successful formulation of nucleation and propagation of fracture must account for

A hard example: 
glass

glass

A soft example: 
rubber

Kumar, Francfort, Lopez-Pamies JMPS (2018); Kumar, Bourdin, Francfort, Lopez-Pamies JMPS (2020)



Definition of the strength surface (Kumar and Lopez-Pamies, 2020)
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Experiments on graphite tubes (Sato et al., 1987)

The strength of an elastic brittle material is the set of all critical stresses S at which the material 
fractures when it is subjected to a state of monotonically increasing, spatially uniform, but otherwise 
arbitrary stress. 



A minimum standard
To address this predicament, we propose a vetting process — or, put differently, an obstacle 
course — in the form of Nine Challenge Problems, or Nine Circles, sensibly selected so that:

1. They can be carried out experimentally with 
standard testing equipment;

2. They can be unambiguously analyzed with a 
sharp description of fracture;  

3. They span the entire range of well settled 
experimental knowledge of fracture nucleation 
and propagation accumulated for over a century,

 

and most critically

this for the elementary case of isotropic elastic 
brittle materials, both hard and soft,… 



The Nine Circles



The Nine Circles
Uniaxial tension Biaxial tension Torsion

Single edge notch Indentation Poker-chip

Double cantilever beam

Trousers

Pure-shear

Remark: If a model fails to deliver accurate predictions for one of these problems, then such a model is 
                not a viable candidate to describe — and hence predict — fracture in general 



The phase-field formulation of Kumar, Francfort, Lopez-Pamies (2018)

Governing equation for the deformation field  

Governing equation for the phase field  

Remark 1: When the presence of the strength surface is 
removed, 

and

these equations reduce to those of the AT-1 model



Uniaxial tension on soda-lime glass (strength nucleation)
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Uniaxial tension on a PU elastomer (strength nucleation)

u, Pu, P
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Torsion of a thin-walled tube of soda-lime glass (strength nucleation)
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Torsion of a thin-walled tube of soda-lime glass (strength nucleation)
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Torsion of a thin-walled tube of soda-lime glass (strength nucleation)
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Kim, Suh J. Am. Ceram. Soc. (1992)
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Single-edge notch test on soda-lime glass (mediated nucleation)
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Indentation on soda-lime glass (mediated nucleation)
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Indentation on soda-lime glass (mediated nucleation)

u

nucleated
ring crack

subsequent
cone crack

Roesler (1956)



Indentation on soda-lime glass (mediated nucleation)
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The DCBT on soda-lime glass (Griffith propagation)
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The trousers test on the PU elastomer (Griffith propagation)
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The trousers test on the PU elastomer (Griffith propagation)
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Parting thoughts
• The proposed nine challenge problems aim at establishing a minimum standard that any 

computational model of fracture ought to pass, if it is to potentially describe fracture nucleation and 
propagation in general. 

• Not passing one test makes a model not viable.

• The representative results on soda-lime glass and a PU elastomer have served to illustrate that only 
models that account for the

• No existing model, other than the phase-field model, accounts for these three material properties.  

stored-energy function strength surface fracture  toughness

as three independent macroscopic material properties can possibly pass all nine challenge problems

 Link to the CMAME paper: https://doi.org/10.1016/j.cma.2025.118449 

 Link to the data (including the FE meshes): https://databank.illinois.edu/datasets/IDB-6684845 

https://doi.org/10.1016/j.cma.2025.118449
https://databank.illinois.edu/datasets/IDB-6684845
https://databank.illinois.edu/datasets/IDB-6684845
https://databank.illinois.edu/datasets/IDB-6684845


The original Nine Circles of Hell
The Divine Comedy (1321) 

Uniaxial tension

Biaxial tension
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