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The long use of bending of beams to determine material “strength”
The classical work of Rankine (1858)

294. The Transverse Strength of 2 beam, ultimate, proof, or work-
A MANUAL ing, as the case may be, is the load required to break it across, or
| to produce the proof stress or the working stress, as the case may
be. It is found by equating the greatest moment of flexure, ex-
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WILLIAM JOHN MACQUORN RANKINE, Fig. 181.
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Postulate: Fracture nucleates whenever either the maximum tensile

or minimum compressive principal stress at a material point in a
structure reach critical values characteristic of the material.
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The long use of bending of beams to determine material “strength”
Fast-forward to today (2026), ASTM standards still use the debunked postulate of Rankine

Standard Test Method for

Flexural Strength of Concrete (Using Simple Beam with
Third-Point Loading)’
9. Calculation

Head of Testing Bearing Piete L } . L
Ba" e Optional positons 9.1 If the fracture initiates in the tension surface within the
Loading for one steel bal

Floct A gn sl o middle third of the span length, calculate the modulus of
ot | z25mm rupture as follows:
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where:
_ R = modulus of rupture, MPa [psi].
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Testing Machine | - Structure P = maximum applied load indicated by the testing machine,
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Side View End View . .
FIG. 1 Schematic of Flexural Testing Apparatus for Thirc-Foint Loading Wethod L = span length. mm [in.].
i = average width of specimen, mm [in.], at the fracture, and

Open Question I: When, where, and why beams fracture under bending?



Four-point vs. three-point bending tests (classical tests)
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Four-point vs. three-point bending tests (our recent tests)

Four-point bending on a 3D-printable mortar
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Open Question Il: Why three-point bending tests yield smaller modulus of rupture

than four-point bending tests?




The necessary material ingredients for (any theory of) fracture

Lopez-Pamies and collaborators established in 2018 that, for elastic brittle materials under arbitrary
mechanical loading:

Any potentially successful formulation of nucleation and propagation of fracture must account for

I. The mechanics of deformation Il. The mechanics of strength lll. The mechanics of toughness

for the material of interest, whatever these may be.

For the elementary case of isotropic elastic brittle materials
W (F) F(8) =0 G

stored-energy function strength surface fracture toughness

Kumar, Francfort, Lopez-Pamies JMPS (2018); Kumar and Lopez-Pamies TAFM (2020); Kumar, Bourdin, Francfort, Lopez-Pamies JMPS (2020)



Definition of the strength surface (Kumar and Lopez-Pamies, 2020)

Definition. The strength of an elastic brittle material is the set of all critical stresses S at which the
material fractures when it is subjected to a state of monotonically increasing, spatially uniform,
but otherwise arbitrary stress. Such a set of critical stresses defines a surface

F(S)=0

in stress space — potentially, any star-shaped surface containing the origin S = 0 — whach is referred

to as the strength surface of the material. o [T . -

Experiments on graphite tubes (Sato et al., 1987)
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The phase-field formulation of Kumar, Francfort, Lopez-Pamies JMPS (2018)

Governing equation for the deformation field y
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Governing equation for the phase field z

Remark 1: When the presence of the strength surface is
removed,

ce(X,1) =0

these equations reduce to those of the AT-1 model
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Phase-field predictions for a 3D-printable mortar

* Evolution of the regions of strength violation
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Phase-field predictions for a 3D-printable mortar

Evolution of the regions of strength violation
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Phase-field predictions for a 3D-printable mortar

e When and where cracks nucleate
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Phase-field predictions for a 3D-printable mortar

* The global response
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Phase-field predictions for a 3D-printable mortar

* Direct comparisons with experiments (on beams of different size): Four-point bending
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Phase-field predictions for a 3D-printable mortar

* Direct comparisons with experiments (on beams of different size): Three-point bending
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In short: The answers to the Open Questions | and I

1. The maximum global stress S,,, ..., or flexural strength, at which fracture nucleates in a beam under
either type of bending can be effectively expressed in the form

(LS D 1L, EGC)
Smaa: =g Ots

H'H H’ Hol,

2. The function g > 1 is a monotonically increasing function of its last argument, the normalized material

length scale
EG.

2
Hog,

This implies that:

O  Smaz = Os irrespective of the beam geometry, loading configuration, and material; and

o For fixed span-to-height ratio, fixed depth-to-height ratio, and fixed loading-span-to-height ratio,
fracture occurs at lower Smaz in beams of larger height H .



In short: The answers to the Open Questions | and I

3. The dependence of Smaz ONn the material length scale EG.

s— Is a telltale sign of the process of fracture
. o
nucleation. ts

As the load increases, fracture nucleation occurs when the strength surface F(S) = 0 of the material

is exceeded over a region of sufficient height from the boundary such that forming a crack within that
region is energetically favorable.

This critical height is a material-specific length that scales with EGe

2
Ots




In short: The answers to the Open Questions | and I

4.

3D effects are essential
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USACM Short Course on The Phase-Field Approach to Fracture
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